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ADVERTISEMENT.

THE Mathematics in general, and particularly ithe Fluxionary
and Integral Caleulus, having, for many years, been greatly
progressive, itgwould have been a great omission on the part
of the editor of a work of such standard excellence as
Simrsox’s Fruxtoxs, to have cntirely overlooked the obvious ,
improvements. It has, therefor., heen the primary object in-
this new edition, in addition to a corrccted copy of the text,
to furnish the Student with the most elementary theories, on a
variety of new and interesting subjects—to present him, as
it were, with the links, cum‘wcting past with present science.
If the labours of the editor effect, in the smallest degree, a closer
union between what have been too long separated, he will have
the satisfaction of feeling they were not made in vain.

To the Student, any explanation at present with regard to
the Appendixes would be unintelligible, and to the Adept,

* unnecessary.

An author of Simpson’s celebrity nceds ne recommendation.
The ablest Geometers of this and other countries, have at all,
Aimes bestowed upon him the most liberal praise. The following
extracts will serve as specimens :
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ADVERTISEMENT.

« Demgustrationes ‘olim ~contrabere ostudui_ut suditarum
meoruin comodo consulerem et Theoriam Fluxionum paucis
exhibére: quod fere eodem tempore in Anglin prastitit Thomas
Frisius, Vol. 1, page 287.

« Thomas Simps8n, the ablest Analyst (if wereggrd the useful
garposes of Analytical Science) thyt this country can boastof, & »
| Woodhouse, Phys. Ast. page 202.

« At the moment when we now write, the treatises of Mac-
Iaurin and Simpson afe the best which we have ontthe Fluxionary
Calculus, &c.” ‘
‘ Playfair's Works, Vol. 4, page 323.

7 The last qume(i ‘author, however, proceeds to state, that ex-

: Y

odllent ‘as these treatises are, they are still inadequate to the
present state of science. '

-January, 1823.



TO THE

RIGHT HONOURABLE
GEORGE EARL QF MACCLESFIELD.

&c. &ec. &ec.

My Lorp;

AS‘ I esteem it'a very great honour to be permitted
to placé the following sheets under -your Lordshié{s.
protection, who is not only an encourager of, but an
ornament to, mathematical leai'ning 3 I have taken,
more than ordinary pains, fixat, what is here ushered
into the world, with such adyanfiée; may not be found
altogether ku'nworthy of so distiiiguished a patron.

I am not vain epnough-to imagipe, that, tg one so
deeply read in these abstruse andvb};rious speculatiofs,-
as your Lordship is universally allowed ‘to be,, this
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work wnﬂ. appear wnthom faults : =but, then, 1 have
the s@txsfactlon to think, en the other. hand, that,
whatever is here to be met with capalale of bearing
the Gr' it of an ‘exact and solid ]udgment will also
have. itse due weight, and not fail ‘of receiving your
Lordﬁlnps apgmbat:on “afid if, upon the whole, there
is, merit enongh found to entitle me to a favourable
Treception, it will gratify the highest ambition of,

My Lorb,
Your Lordship’s

Most Obedient Humble Servant,

THOMAS SIMPSON.



THY. AUTHOR’S PREFACE.

HAVING, in the year 1737, published a piece, on
this same subject, under the title of A Treatise éf
Flurions (whereof the whole impression hath been
long since soid ., it may bLe proper here, first of all, to
assign the reasous w1y this work is sent ubroad into
the world as a new book, ruther than a second edition
of the said Treatise. Which, in short, are these two:
First, becausc the present work is vastly more full and
comprehensive ; and, secondly, because the principal
matters in it which are also to be met w:th in that
Treatnse, are handled in a different manuer.

Besides the press-errors with which the said Treatise
abounds, there #re several obscurities and defects
{which the Author’s want of experience, and the many
disadvantages he shen laboured under, in his- first
sally, may, it is hoped, in some mesasuze excuse).
But what is now offered to the pdblic, being a per-
formance of more matuare consideration and judgmeiit,
it will, I flatter myself, be found much more correet,
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and clarm a favourable reception | especially, as par-~
ticular’ care "dnd “pains have heen. taken to put every'
thmg m a’ clear light,"and to obhge the lower, as well
as.thé more expegiénced; class of readers.

. “Thenotion ana‘explicanon héere given of the first
pnncxpleﬁ of ﬂuﬁxoﬁs, are not essentially dnﬁ‘ereut from
what they’ ‘gt in the above-meptioned Treatise, though
expreseed in oth& ternms. .The consideration of titne,
which I have introduced inito the g'eneral definition,
will, perhaps, be d:shked by those who ‘would have
fluxions to be _meére S velocities : but the advantage of
considering . them otherwise (not as the velocities
thenselves, but the magnitudes they would uniformly
generate inagiven finite time), appeat to me sufficient
to obviate any objection on that head.

By taking fluxions as mere velocitics, the imagina-
tion is confined, as it were, to a point, “and, without
proper care, insensibly involved in metaphysical dif-
ficulties : but. acéordmg to our method of conceiving
and explammg the matter, less caution in-the lcarner
is mecessary, and the bxghef orders of flixions are ren-
dered much ‘more easy ‘and mtelbgzb)e. Besides,
though Sir’ Isaac ‘Newton ‘definés’ 'ﬂuxxons ‘to -be the
velocities of motions, yet ‘he’ hath recourse to ‘the in-
crements, or moniuts, genérated in"cqual particles of
time, in order to duiermme‘thode velocities ; which he
afterwards teaches us to expound by finite mwgmtudes
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of other kinds? without which (us is already hinted
abgve) we could bave but very obscure ideas of the
higher orders of fluxions: for if motion in (or-at) a
point be so difficult to conceive, that some have even
gone so far as to dispute the very exisfenge of mssiod,
how much more pbrplexing musteit be to forrg d con-
ception, ot only, of the velpcity of a mouon, but
also infinite changes and aﬂ‘ectngus ofs 8¢, in one and
the same point, where all the orders of fluxions are to
be considered.

Seeingthe notion of a fluxion, according to our
mauner of defining it, supposes an uniformy motion, it
may, perhaps, seem a matter of difficulty. at first view,
how the fluxions of quantitics, generated by means of

celérated and retarded motions, can be rightly

signed ; since not any, the least, time can be taken
auring which the generating celerity continues the
same : liere, indeed, we cannot express the fluxion by
any increment or space, actually, generated in a given
time (as in" uniform motions). But, then, we can
casily determine, .what the contemporary increment,
or generated space would be, if the acceleration, or
retardation, Was tq cease at the proposed position in
which the fluxion is to be found: wﬁence the true
fluxion, itself, will be obtained, witheut the assistance
of infinitely small quantities, or any matapbysxcal con-
siderations.

Thus, for example, the motion of a ball, descending
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by the WW»&M; mm, ig elatinaally acc-+
lerated ; but, to bave Mﬂu:aén of the distance fallen

through at any, M Jposition of the ball, we must find

how far the-ball m{d. *uniformly, gescend, from that

;ﬁmr in g gived titne, 4f the sravity, of the earth’s ate

traction, from thende, was to ceasé bcting. By which

menis We shall’have s clear an idea of the Ruxion and

the troe miasure of the velocny of the ball, at amy point

assigned, as in thowe cases where the motion is,

actually, upiform.

Agsin, if a rightline be supposed to yove parallel
to itself with an equable motion, #nd to increasc 1n
Jength, at the same time ; the area gencrated thereby,
will merease with an accelerated veloeity ; but the
fluxiou therecf, at any given pomm of the liné, will
be had by taking that part of the increment which

would, uniformiy, arise, was the length (#8 well as the
veloity) of the line to continue fnvanable from the:
proposed*pmmwn For, if the length be stlpposed to
inercase, W&% !‘ﬁd Mﬁl%« M arch gémmted
from thenee, will be,evidently, greates than that which
would usiformly atise in’ the same, timb; siope the
new parts, pmdnced each wceédm"ﬁmmem are
greater and' gregtef. ' Therefore the m must be
less then any spacy, that can be described, Jit the given
time, when the line mmu Aud. W the same
manner, the fluxion will appear o be smw then any
spage that can be describedy in the sbme tinte, ‘when
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FLUXION S.

PART THE FIRST

SECTION 1.

Of the Nature and Investigation aof
Fluxions.

1. IN order to form a proper idea of the naturc of
Fluxions, all kinds of magnitudes are to be considered
as generated by the continual motion of some of their
bounds or extremes; as a Line by she motion of a
Point ; a Surface by the motion of a Linc ; and a Solid
by the motion of a Surface.

2. Every quantity so generated is called a variable, or
flowing quantity : and®the magnitude by which apy
Aowing quantity WouLD BE zniformly tncreased in ¢
given portion of time, with the generaling celery at any
proposed position, or tnstant ((was it ﬁvmn thence_to con-
tinue rnvariable ) is the fluxion of the said quantity at
that position, or instant.
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Thus, let the poiht m be conceived to move from A, |
- and generate the

. m m 1 variable. nght-
A- + +1 line X m, b‘)" a
R motion any how

Yegulated ; and
let the cdlerity thereof, when it arrives at any proposed
}osition R, be such as would, was it to continue uni-

orm from ghat point, be sufficidnt to describe the dis-
tance, or hne I} r, in the given time allotted for the
fluxion : then will R rbe the fluxion of the variable

line A i in tha} position.
3. The fluxion of a plane surface is conceived in
like manner,

B S s G by supposing
S M . n s a given right-
. $ line mn to

i move parallel

my...i F  to itself, in

A R T the planc of

' the parallel,
and immoveable lines A F and B G : for if (a¢ above)
R r be taken to express the fluxion .of the linc A m,
and the rectangle RrsS be completed, then that rect-
angle, being the space which would be uniformly de-
senbed the generating linc m 7, in the time that
A m would be uniformly increased by m 1, is therefore
the fluxion of the gemerated rectangle B m, in that
position, according to the truc meaning of the defini-
twn Y

4. If the length of the generating linc m» con-
tinually varies, the fluxion g'}nme a§ea will still be
ex by a rectangle under that line and the
fluxion of the abscissa, or base: for, let the cur.
vilineal space A m x be ted by the continual and

lel motion of the (now) variable line m », and
~ let R r bthe fluxion of the base, or abscissa, Am
before) ; then thé rectangle Rrs S will hore also be

fluxion of the Fnented A m n: because, if the
length and velocity of t;:e genetating linc m n were
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u;) léo?tinuc invary

able from the posi- .
tion R 3, the m- S
angle R7% S would
then be uniformly
gencerated, with the
very celerity where-
with it begins to be
gt;:gziatedi] or with
whi the, space
Amn is increased A R 7

in that position. .

5. From what has been hitherto said, it will appear,
that the fluxtons of quantities are always as the cele-
rities by which the quantities themselves tncrease tn mag-
nitude : whence it will not be difficult to form a notion
of the fluxions of quantities otherwise 1; as
well such as arisc from the revolution of right-lines
and plancs, as those by parallel motion: but of this
hereafter. I come now to show the manner of detex-
mining the fluxions of algebraic quantities; by which
all othérs, of what kind soever, are explieable. But
first of all it will be requisite to premise the following
obscrvations.

I. That the final letters u, w, X, y, 2, of the alphabet
are commonly ut fur variable quantities ; and the initial
letters a, b, c, &ec. for tnvariable omer: thus the
diamcter of a given circle may be denoted by a, and
the sine of any arch thereof (comsidered as variable)
by x. < . cee

11. That the fluxion of a quaniity represented by a
single letter, is usually ei;mscd by the same letters with
a dot or full-point over §¢: thus the fldxion of x is
represented by %, and thas of y by 3. L

I11. That the fluxion of a quantily which decreascs,

.nstead of increasing, ts to be considered as megalive,. .

(%]
~
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PROPOSITION I

6. T'he Fluxion of a Quantity being given. it i proposed
to find the Fluxion of any Power of that Quantity.

' L4

As a clear understanding of this problem will be o
great importance throughout the whole work, it may
<iot be improper to consider it first in ane or two of its
most simple cases. .

Case 1.  Let « express the fluxion of 1, (according
to the folegoing rotation) and let the Huxion of 17 be
required.

Conccive two points, m and », to proceed, at the same
time, from two other pomnts, A and C, slong the
right-lines A"B and C 1), in such sort, that the mea-
sure of the distance € 3 (y), deseribed by the lacter,
may be, alicays, equal to the square of that A R (v
deseribed by the former moving uniformly.

o )
c T e S eeeD
0 T:b - %

x 7

' L -

Furthermore, let r, & and I8, ¥ bc any contemporary
positions of the generating points, and let the lines
@ and y represent the respeetive distances that would
be uniformly described, in the same time, with the cele-
rities of those points at R and S, then those lines will
express the fluxions of Am and C 2 in this position,
( by the Definition, Art. 2 and 5).

Moreover, since Cs= Ar? and CS = A R (by
hypolhesis ), if R » be denoted by v, we shall have C S
(y)=xand Cs (= r—0!?) = r*—2ap + v*, and
eonséquently Ss (= CS — Cs) £ 2xv — v*; from
whence we gather, that while the point m moves over
the distance v, the point » moves over the distance
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Rrv—v?. But thes last distance '(since_ the square of
any quantity is known®to increase faster, in p -
tion, than the root) is not described with an uniform
motion (Ike the former), but an accelerated onc ; and
thercefore is equal to, and may be taken to express, the
uniform space that might be deseribed with the mecan
celerity at some intermediate point e, in the sfime time.
‘Thercfore, sceing the distances that might be described,
in ecqual times, with ‘the uniform celefityqof m, and.
the mean celerity at ¢, are to cach other as » to 2xv
—v?, or as 1 to Lx—uv, or, lastly, as £ to 2xx—od,
(all of which arc in the sane proportion) it is*évident,
that in the time the point m would move uniformly
over the distance &, the other point n, with its celerity
at e, wonld move uniformly over the distance 2xx — va.
This being the ecase, let v, R, and s, S,*be now sup-
posed to coincide, by the arrival of the generating
points at R and S, then e (being always between s an
S) will Likewise coineide with S; and the distance,
2vi{—r¥, which might be uniformly described in the
aforesaid time, with the velocity at e (now at 8), will
becowne harely equal to 2xx; which (by the Dcfin.) is
equal to (77, the truc fluxion of C »n or x2.%°

- It may., perhaps, secm inaceurate, that the fluxions ef
2 and »f are compared together, and expresscd both by
tines, when the flowing quantitics themaalves, considered
as a rightline and a4 square, admit of no comparison.
This objection would, indced, be of force, were the expres-
sions restrained to a gecomcetrical signification ; hut here our
notions are more abstracted and universal, not obliging us
to regard what kind of extension, may be defined by this
or that expression, but only the valucs of the algchraic
quantitics thereby signiticd; to which the measurcs of all
other quantlitics wbatever arc ultimately referred. And’
though quantities of @iffefent kinds cannot be comparged
with ecach other, their mcasures, in numbers, may. Thug, -
for instauce, though it would bc wrong to affirmn, that a
squarc whose area is 9 inches, is cqual to a line of 9 inches
long, yet it is no impropriety at all to say the numbers ex-
pressing their micasures, in inches, are equal,
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'é ‘Case 2.  Let tl:m fluxion of x* be required. ;,
Stpposc . every thing to rcmain as in the precedin
cape ongg let Cn gﬁ here equal to the cuhg,of A‘sﬁ
(instead of the square). " v

.Then, in the vory same manner, we have Ss (=C S
-~C s=w’-—w-—u‘f3)—.:8.:‘::-—-8:».‘-{-1"‘: from whence
it appears, . that the distances which might be described
in ‘same &1 with the uniform ceclerity of m, and
the mean celerity at ‘e, will in ‘this case, be to cach
other as v to 8x'v — Sxv* + v, or as ¥ to Sx*% —
Sswi4p*%: which lastsexpression, when s, ¢, and B
coincide ‘(as before) will become 8x°%, the true fluxion
of x? required.

" 8 Umiversally. Let Cn be always cqual to A ml*:
also let x —ot" (or x—v raised to the power whose ex-
ponent is n) be resented by 1*—ax*'v + ba™"0?
—cx*3p?, &c. and let overy thing else be supposed as
" Then, since S (F"—x=—0') Is=ax™'v—bx""* v?
+ cx™3v?, &c. -it is plain that the spaces which might
be described in the same time, with the unifotm ccle-
rity of m, and the mcan celerity at ¢, will here be o
cach other as v to ax™ "o —bx""2p* + cx*¥p3, e, or as
£ to ax* "t & = ba™ v 4 cx* v, &e. .
Thercfore, all the terms wherein v is found, vanish-
ing, when s, ¢, and S coincide, wc have ax*' B for
the required fluxion of Ca, or 5°; which fluxion,
because the numeral co-efficient of the sccond term of
a binomial involved is known to be, universully, cqual
to the cxpenent of the power, will also be truly ex-
pressed by ax™'%. Q. k. I. | ' '

9. If the quantity A m ‘(or x) be generated with an
acoclerated, or a retarded motion, instead of an uni-
form one, the fluxion of 2* (or Cn) will come out
cxaotly the same: | ) v

For the spaces » R and s S,-actually described in the
samie time, being always, to cach other, in the ratio
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of & to qx"‘“i.-—bx"'“‘ X, &c. the mican celerities,
at certain intcymediate, points between 7, R, and s, S,
must also be in that ratio: which, when v vanishes
(as aboYe) will become that of & to ax*' 3, (or nx™'4)
the very same ag before.

PROPOSITION L

. K
10. T find the Flusion of the Product or_Rectangle
of two variable Quanities. '

Conceive two right-lines DE and F G, perpendi-
cular to cach ‘ -
other, to move A
from two other
right - lincs, f
BA and BC,
contigually pa-
rallel to them-
selves, and : 1’ .
thereby  gene-
ratec the rect-
angle DF. Let . B
thepath of their
intersection, or the loci of the angle H, be the linc
BHR; alsolet Dd (%) and F f (), be the fluxions
of the sides BD (x) and B F (), and let d m and f'n,
paraliel to DH and FH be g'nwn. Therefore, be-
cause the fluxion of the spacc or area BD H is truly
expressed by the rectangle Dm (=yi*) and that of * Art. 4.
the area, or space B*F H, by the rectangle Fn, and
cqual quantities have cqual fluxions, it follows that the
fluxion of the rectangle xy=D F. (=BDH+B F II)
1s truly expressed by yi+ry. Q. E. L '

Y
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C . The mm otmt'ac.‘
1L Let- xy. be the iven restangle (as beforc) ; and
g‘:‘t s=x1y, then z'g‘kmg:x?-gi-hyi»y ,m")e have
i {;‘h(:nd = ay. thath::' ﬂumnndof T L
. emaequm)y t of its J, 15 2%
i —yy (by Ait. 6) ; thh Becauz z=?+1/ and

i=d +,g$£l;8 lllo equd to x+y xd +y-—n —yy=yi+

B : Comnumr 1.

19 Heuue the ﬁuxmn of the uct of threc va-
mhle qmtms ('J may be der for, if 2 be
put =2x, then = yr, and its fluxion
=y 4yt mabwe) but z being = =, and there-
fore dz=mi4ui, if .,tﬁele values be substituted in 2y
+ay, it wil become ™ xiu+u.+my—y 4 yui +
zny, the fluxion nfm requived. In like manner, the
fluxion of zyes will aqx?eu to be xysi + 1yin +
dysu - 2y, and ‘that rysuw=aymub + ryzie +
xym+rjzw+ayww
¢

_ Conou.ur 2
18. Hen&,‘dlo, the fluxion of a fraction -;- may
bedewrmmed. For. pumng ¥ —1, we . have rz=w,
mdm tz+n u(mal-m} mew,bymns-
ponnmw‘hmm, ai:-—-f;' '=---. 3 (by
5 wlpch uthetme ﬂuan

wntmg 7 ﬁn x )... _
‘of i or m,.equnl -, thc fmcuon pmpooed.

;” .14 Now, !xom the fo ltlons, and their
‘sybsgqvuem " eorollarics, :ﬁ OW practieal rules
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for determining theg fluxious of algebraic quantities, are
* obtained. :

-

RULE'L

To find the fuxion.of any given power of & variable
quantity. ;

Multiply the flurionsof the root by thegerponent of the
power, and the produclj;y that power of the same root
whose cxponent 1 less by wnity than the given eaponent.

This rule is investi in Prop. 1, and is nothing
more than w5 (the fluxion of 1) expressed in
A) otds.

Hence the fluxion of z% is S22 ; that of 2 is 514;
and that of a+y'7 is Ty xa+y, (bedduse a being
coustant, y is the true fluxion of the root a4y, in this
case).

Moreover the fluxion of e+ 221, will be § x 2as
xa-+31% or 8z vat¥z?: for here, z being put
=a'4%!, we have i=Ri, and therefore ;abi, the
flusion of & (or @®* 4 ¢'1) is = B2z Vot + 32 as

above.

RULE IL

15. To find the fluxion of the product of scveral
variable quantities multiplied togethef .
Multiply the fluzion of cach by ¥he product of the rest
of the quantities, and the sum of the preducts thus
arising will be the fluxion soughl* : eant
Thus the fluxion of*zy is zy+ys; that of Zyz is
vyt + 23§ +yzi s and that of rysw, is xyzi + oyt + Fapy
+yua.
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. ‘RULE NI
16. To find the fluxion of a fraction.

la
From the fluxion of the mumerator drawn tnto the de-
nominator, sublvact the fluxion vu?f the demominator
draon into the nimerator, and divide Yhe rematndcr by
the square of the demominator.®

Thus, the foxion of = is X239, ehat of —2—, i
¥ ANTY

.ix.n+y_-3t+y‘x.r= 'gx:_'t‘?; and that of =% +*'/i:,

aty’® t r+yl tty
P EXTdy— {43 X3
+y Ty

17. In the examples hitherto given, each is resolved
by its own particular rule; but in those that follow, the
use of twe, and sometimes of all the three rules is re-
quisite.

Thus (by Rules 1 and 2) the flunion of 1 y* i

or 14 ; ; and so of others.

B Ry Of.';; w2 ;‘21"‘:""/, (by Rul

1 and 8) and that of Z¥ is S T Xyl
Z PY)

where all the three rules are n ry.

When the preposed quantity is affected by a co-cffi-
cient, or constant multiplicator, the fluxion found as
above, must be n\%kiplied by that co-cfficient or mul-

t :

'P'l'bus, the flugion of 51° is 162%:. For thc.ﬂuxmn
of 2! being 813, that of &rf, which is 5 times as
great, must consequently be 5 x 8273, or 1527,

And, in the very sayo manner the fluxion of as® will
afpear to be nar"~'t.  Moreover, the fluxion of
a

T4y orax§7’{¢,“}, will be cexpressed by
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’ ® __l. ax i+ yy
U X —— %x%.f+2ijzg+§ﬂ ', or -~ E:._*_’*_"j,:}:‘,,
‘ ———— R —— a——
that of V.r-hy%a or x4y, by §£+§X‘§‘!).9-i b

- - - _i B .
SR ety o B AL

——ve——————t
ee—

Vaitys > " Vayrys
4 that z+4al’ x+al®.
an . Of V.’" -.a,.‘ or z‘edai & s by

‘2 xx+a><:r@—a:1\*-:m‘:xz‘-—a‘ﬂ“’l)ut-}-a‘sc .,
<+*; which

13—t .
2 xF—aP—gixri—al 'xifa
r—a
2 X I=qexi X T+ a_ 2 X T~-a X m:qg_x rda

r—axat—atl | s—axVr-a
_ TraxmEs

‘ r—ax\/.r”——a’ :

by reduction, 1s=

®
Ilaving explained the manner of considering and de-
termining the first fluxions of variable or flowing quan-
titics, it will -be propor to say somcthing now concern-
ing the higher orders, as second, third, fourth, &ec.

fluxions.

lfli; The second fluxion of a Quaniily is the fux‘z’ou
of the variable or olgcbraic quani cxpressing ihe first
[fluzion already defined.* By .li'rd fluxion i meant
the fluxion of the variuble qmﬁfi‘ty expressing the sc-
cond: and by the fourth, lhe furion of the variable
quantity expressing the third fuxion : and sp on.

Thus, for examplé, let the line AB :;presgnt a
variable quantity, ﬁe':‘exued by the motion of the point
B, and let the (first) fluxion thercof (& the spacc
that might be uniformly described in a given, time, with
the cclerity of B) be always cxpressed by the distance

54

11

¢ Art. 2.



12 THE NATURE AND INVESTIGATION

. of the point D from # given, or fixed point C: then
if the celerity of B

R be not every where
A : Frwes the same; “the dis-
D tance C D, express-

C jing the measure of
v F . that celerity, must
S WA
E : also vary, by the
G H : smotion of D, from
U A eSO or towards C, ac-

. i cording as the cele-
. rity of B ds aninereasing or a decreasing onc: and the
- fluxion of the line C 1), so varying (or the space
(E F) that might be uniformly deseribed in the aforcesaid
given time, with the celerity of 1)) is the secomd
fluxion of A P. Again, if the motion of B be such
that neither it, nor that of D (which depends upon it)
be equable, then E F, expressing the celerity of D, will
also have its fluxion G H ; wgich 18 the third fluxien

of A B, and the second fluxion of C D.

And thus are the fluxions of every other order to be
considered, being the measures of the velocitics of Khich
their respective flowing quantitics, the fluxions of the

sant. 2. preceding order are generaled ®

19. Hence it appears, that a second fluxion always
shows the rute of the increase or deercase of the first
fluxion; and that third, fourth, &c. Huxions; diffcr
in nothing (cxcept their order and notation) from first
fluxions, gbemg actually such to the quantities from
whence they are immediately derived ; and therefore
are also determinable, in the very same manner, by the
gencral rules already dclivered. ' .

Thus, by Rule 8, the (first) fluxion of x’is 2% :
and, if & be supposed constaut, that is, if the root x
be generated wi& an equable ceferity, the fluxion of
3vid (or 8 x*) again taken, by the samc rule, will
be 83 x 2xx, or Gx3*; which thercfore is the second
fluxion of x?: whosc, fluxion, found in like sort,
will be G#*, the third flusion of x*. Further thun

A



OF FLUXIONS,
L ]

which we cannoty go in this case, because the last
flusion 63 is here u constant quantity. *

20. 1n the preceding examlﬁe the root & is supposed
to be gonerated with an equal celerity: but i} the
celerity be an increasing or a decreasing one, then i,
expressing the teasure thereof, being variable, will also

have its fluxion; Wwhich is usually denoted by % .

whose fluxion, according to, the same methdd of nota-
tion, is again designod by ¥; and so om, with respect
to the h?;g:gr orders. ¢ :

21. Here follow a few cxgmples, wherein the root
1 l(o‘r ) is supposed to be generateg with n’variaz(l)c
(&4 C!’lty.

Thus, the first fluxion of a® is 3e%% (or 8a® x4).
And, if the fluxion of 347 x & (considered as a rect-
angle) be aguin found (by Rule 2), we shall have
()'; AxV4+82° x i=0ri'48s°%, for the second Huxion
of 23, -

Morcover, from the fluxion last found we shall in
like manner get 6% x 3¢ 4 G x i+ 6o x ¥+ 3! x &
(or 613 + 18rik 4+ 3a°x) for the third fluxion of a3.

This also, if y=nr""'%, then will §=nxn—1x
it nia™t; and of #=iy, then will 2=
Xj+yi: and so of others. Bat, in the solution of
problems, it will be convenient to make the first
fluxion of some one of the simple quantities (z or y.
invariable, not only to avoid troulﬁe, but that it may
serve as a standard to which the variable fluxions of the
other quantities, depending thereon, may be always
referred. The reader is also desired here (once for all)
to take particular rotice, that the flurions of all kinds
and orders whatever, are contemporancous, or such as
may be generated together, with thetr respuctive celertties,
in one and the same timg.

13



« SOLUTION OF PROBLEMS
4

'SECTION IL

Of the Appl&c‘ati«mr of Flurions to the Solu-
" tion of Problems pe Maxwmis er Mi-
NIMIS. : ’

22. IF a quintity conctived &8 be generated by mo-
tion, increases or ecte::as ﬂ!‘lg‘ it ar‘xl-wcs St a certain
magnityde or position, on the contrary, grows
lesser or greater, and’ it be uired to detcrmine the
said magnitude or position, question is called
Problem de Maximis et Minimss.

‘GENEBRAL ILLUSTRATION.

Let a point m, move uniformly in a right line, from
A tmvmd):]}, and let another point # move after it
with a velocity either innnuing, or decreasing, but so
-+ thatlitjmay, at a certain position, 1), beeome equal to
that of the former point m, moving uniformly.
This being premised, let the motion of » be first
eonsidcred as an in-
: creasing one; in
A D . ¢ B whichgeaset::zhdis-
) 7 mo.,. tance of n behind
' i m will continually
increase, till the two points arrive at the cotemporary
positions C and D ; but afterwards it will agan de-
crease {for the metion of x, ill then, being slower than
atD,itglalsod.owa m them&rmhm
m ypothesis)y-hut ng .quicker
zhm(lbz'hatofm, thé distance m» (a8 has been already
said) will agsin decrease: and therefore is 'a maximum,
or the greatest of all, when the - celerities of the two
points are equal to each other. - . .
But, if » arrives at D with a ‘decreasing ‘celerity }
then its motion being first swifter, and afterwards slower,
~ than that of m, the distance m n will first decrease and




mn MAXTMIS BT MINIMIS,

, then i mcrcase and therefore is a Mzmmum, or t.hc lcast
*of all, in the forementioned circamstance. *

Sincey then, the distance m » is a maximum or a mi-
nimum, M
when that distance intreases as fast thmwugh
tion of m, as i décreases by that of n, its fluxion ot

the vélovities of m and n arve ual or '

)

”

7’15 ’

that instant is mdent:z equal to nothing: }&'I;here-'Art Sk

fore, as the wotion of the points m and n nlay be con-
ceived such that their distance m#.m8y express the
measure of o any variable: g quantity whateVer, it fol-
lows, that the. ﬂnx:mn of any variable quantity whag-
c‘\cr, when a maximum or mmimum,, is equal® to ‘no-
t nng. e

EXAMPLE L

23. T'o divide a given Right-line A B to two such
Parts, AC, l? tlml their Product, or Rectangle,
may be the grcamc pomblc

Put the gi- o

ven line AB A 04

= a, .and let ¢ + B

the part AC,

considered asvaruble(by the motion of C from A to-

wards B) be denoted by x: then BC hemg = a—ux,

we have A Cx B C = av—x*; whose flyxion oy — 25

being put = 0, ncmrdmg to the prescript, we get ai

=2xx, and cohnequently r=la. ore A

BC, in the required circumstance, are equal to each

other : ‘which we also know from other pmmplw-

EXAMPLE 1.

24 Toﬁudtkrrwmmhchdﬂweam Csbcby
the greatest quantity possible.

-

» : ¥

Let x denotc a variable quantity, expmmg mmxbet .

in gencral ;. then the excess of x above x3 being uni-
versally represented by x—a3, if the fluxion thereof be '
taken; &c. we shall have :é--3x‘af=05 nnd therefore

x = ¥}, the fraction required.
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. the pery same as |

| SOLUTION, OF. $RORLEMS

‘ E,X.Auf;?w oI

Put the base
A C of the gi-
ven Triangle=
b, and its Alti-
tude B D=a;
and let the al-
titude (B S of
the inscri
, rectangle m ¢
) y | consi as
m B n variable) bede-
noted by a:

Thm,becauwofthcpuﬂld*.hc,mdac,bn

will boss B D4 - AC(h) DS8(a=x):

=gc: whence the area of the nscmxgalfE otaprS
will be:zb-f—&!f whose , fluxion __,:':?.{'ffw%
(as before) put.=0, we shall get x=1{ o. Whence the

m%aﬂ g}en whoso altitude is ;ust

m altitude of the
26. Tt will be proper %e here, that the valuc

of a quanmy, when 2 moximiom OT mimimaum, may
OW beofaezermmed with ‘paove facility by taking
the fluxion some. given ,mulmﬂe,,
thaeof,thlnﬁ-omzhe Pmoftl\gqyam E:lf
Thus, in the prededing exsmple, wm&qgmeml

expeihﬁﬂuws—‘x ;5 nfﬂ\emtant

vmulnplmar be nimed, we ;hdl l\sﬁe ux-x‘

whese fluxion uuwm put , we gvt s=1a,
The
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The reason of which is obvioys’; becpusc when the .
quantity itsclf (be it of what kind it will) is the greatest,
or least ossible, any given part, power, or maltiple of
it is also the greatest or least p%ssigfe.
L]

EXAMPLE IV.

27. Of all right-angled plane T'rianglesaving the same
grven Hypothenuse, to find that (A B CY whose Area
13 the greatest.

Let AC=a, AB=x, C
and BC = y: then, «

v 4y being = ¢, we
shall have y= v/a?—¥",

x
and consequently _2;? =
~

T e e
5 vV at — 1© = the )
arca (;f the triangle ; A B

a’a? r+ .
whose, square iy being also a maximum, * = Art, 2.
. aax . ‘
the fluxion thereof 9~ — r’s must -therefore

be =0+: whenee 1 is found = ¢ V¥, and Y+ Art. 22,
{\/d: - .t‘)-—- a t/_f

The same otherwise.

Since 1y is a marimum, and 2% y=a?, let the
fluxions of both be taken, and you vil have fzy +yx
=0, and Qi+ 2yy=0; from the former of whiqh ¥
will be== — L% ; and from the latter it will bez= .-*S;.;

Thereforc"ﬁ} and -’l are equal to each other, and. con- -

Y
sequently a =y (the same as before).
[
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8GLUTIOY OF PRODLEMS
N '
"EXAMPLE V.

. Of all right-angled plane T'riangles contairing the
same given Area, to find that whereof the Num of the
two Legs A B+ BT i the least possible. (See the
prctedmg figure.)

Let onc leg; A B, be denoted by v, and the area
of the trianfle by a; then the other leg will be de-

9

noied by —, and the sum'of the two legs will be v+
Qu Qui

-—; whereof the fluxien is \’—-'—-; which, put = 0,
P

USSR 0
gives 1 (A By= V% whence BC (’f) 18 also =
t

V/%. Therefore the two legs are equal to each
other.

EXAMYLE VL

29. T'o determine the Divensions of the least Isosceles
Triangle ACD thaf can circumscribe a given Cirele,

Let the Distance
(OD) of the vertex
of the trnangle from
the center c(b the cir-
ce, be denoted by i,
and let the remaining
part of the p('rpendx-
cular, which is the

v radius of the cirele,
, be represented by a:

: " then, if OS, perpen-

dtcular to DC, be drawn, we snall have DS = Vii—at;

« and therefore smee DS © 0S 1 D B:BC, we likewise

P

axr+a

Vi

have BC = ; which multiplied by 1+a(BD)
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DE MAXIMIS ET MINIMISe 1]

- q * ' *
gives ':/xft?—- for the area .of the trikngle: which
% —at ¢

being a )inimum; its square must be a ménimum, and

xald . !
consequently :'Z::%E’ or its equal ':H; y 8 mini-
mum also.* Whose fluxion, therefore, 'whicl{ 1B* AR
3.. . ",‘ — — ]; . ’ ]
Txrta xfw?g ixra , being’ put = 0, and
¢ r—a e
the whole divided by 13‘_1.‘.*_:1 , we glso geted xT—a

r—a
—1 4+ a=0; whence r=2a: therefore, O D being=
20 S, and the triangles O DS and BD C equiangular,
it is evident that D C is likewise=2B C=A C; and
so the triangle A C 1)y when the least possible, is equi-
lateral. ,

EXAMYLE VIL

30. T determie the greatest Cylinder, dg, that can be
inscribed in @ given Cone A D B,

Let a=B (, the altitude of the Cone;
b= A D, the diameter of its base 3
r=fg (dh) the diameter of the cylfnder, con-

stdered as §:xriablc.
p=(3,14159, 8¢y the area of the circle

- mpom— s

whose diameter is unity.

Then, the areas of circles being to onc another as
the squares of their Biameters, we have 1% 2.l
p . (px?) the arca of the circle gsgr: moreover, frog

the similarity of the triangles A B C and A d f; we have
—ar

1(AC) (a(BC) " tb—1ir (Ad) :df = ‘1’.’_5_.,
which multiplied by. the area pa? (found above) gives
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‘SOLU‘HQ’.! OF PROBLEMS
paba® —pax’

b
foprthe solid
content of
the cylin-
der: which
being a
maximum,
. its fluxion
. =\ D * 2pabrx _
A b

Spar’y
F must

£/
* Art. 22. be=0,* congequently 1 = 7 and d f = -% ¢ fiom

whence it appears, that the insembed cylinder will be
the t possible, when the allitudq thereof is just
% of the altitude of the wholc conc: S

EXAMPLE VIIL

31. To dctermine the Dimensions of a cylindric Measure
A BCD, open at the top, which shall contain a given
quantity (of Liquor, Gratn, &c.) under the least

internal Superficies possible.
Let the diameter
/..«-“"’“"""‘“'-«-....“ AB=u1, and the alti-
Df. 1€ twde AD=y; moreover

o,
e SOPRRURIEIORT L

let p (8,141591,) &c.)
denote the periphery of
: dhe circle whose dia-
1 : meter is unity, and let
¢ be the given content
of the cyhinder. Then

B , stwillbe 1. p!lxi(pr)
A<_,,> B “ the circumference of the

hacn « whinh mn'r;n‘;w‘




DE MAXIMIS ET.M!NIH!D.

. by the altitude y,* gives pry for the congave superficies
of the cylinder. In like manner; the area of the base,
by muleplying the same cxpressm into } of .the dia

meter x, will befound = ‘ 3 which drawn into the

altitude y, gives p Y for the solid -contenit df the cy--
linder ; which bemg,made = ¢ the amcave surface

4!:
pry will be found = —, nnd conseq\umtly the whole

2
surface = ;4? +’E—: whereof the fluxion, whlch is

4
dei prs
- + E—"?—, being put = 0, we shall get—8 ¢+ pa?

FE:
L]

z .
=0; and therefore .r=2\/—c' : further, because p1’

=8¢, and priy=4c, it follows, that =2y ; whence y
is also known, and frem which it appears, that the dia-
meter of the base must be just the double of the alti-

tude. *

EXAMPLE IX

32. Of ull Cones under the same given Superficies (s)
to /iml that (A B D) whose Solidity is the greatest.

Let she semi-
diameter wof~ ‘the
base, AC=r, and
the len h g; the
slant si Ys
and let (asun
thc )recedmg cX-

ples) denote the\
penphcr of the »
circle whose dia-
meter is unity.

I8 S




SOLUTION. OF PROBLEMS
Then the cizcumference of the base will be = 2pur, .

the area of the base = p2?, and”the convex superficics
of*the cone = (which last is found by mu)#iplying
half the periphery of the base by the length of the
slant side) : wherefore, since the whole superficies is

=pri+pay=s, wehave y= }-;-‘ —ux ; whence the alti-

" tude CB (WAB—AC) =47 2= _ %, which
Y
14
mifltiplied, by (’—:—f—) 4 of the area of the base, gives
'Y
pryff %

3 P - ;‘ for the oobd content of the cone.

o

AP Q
Which being & marimam, its square i.;._:%f;’_‘mw
aleorheamaxim‘um- and thevefore g-io—ll-&i’-'il-fzo

‘ T 9 9 '
8

whenee l#@ﬂzo, and consequently J= \/4-}) from
whichy (= P S L :E]—J;- =31 ) will like-

p
wise be known ; nnd,frmnwwhenoc it will appear that
the greatest cone under a given surfaec (or a given
cone under the least surface) will be when the length
of the slant side is to the semi-diameter of the base in
the ratio of 8 to 1, or (which comes to the same)
when the square of the altitude is ta the square of the
whole diameter i the ratio of 2 10 1.
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LXAMPLE X.

33 To\dctcmmc the po of a Right-line DE
which, passing Mrougbua:’y mtf P, shall cut
tco Ri wht-Yncs AR and A S, grven 5y posttion, in

such sort that the sum of the AD ond
A E, made thereby, may be the' Ieatt p :Qt '
S
E
P C

k D o

R\ Q /B A/
K 1WI1 H

Make P B parallel to A S, =4a, and PC, parallel to
AR, =b: andlet BD=2a: then, Jby reason of the

parallel lines, it will be, r : a..b.CE—-ﬁ?:

thereforc A D4+ A E=b+x+a+ a_{;' and its fluxion,

abi

{— —~ which, i the required - circumstance, being

--0, we havau'? ‘also = 0,.and consequently r=

v/ab ; whence ﬁ‘w of D E is known. But the
same thing may e otherwise determined, independent
of Hluxions, from theganenl solution of the problm
ﬁ:r finding the position of D E, when the sum of the.

onts A Dand AE {mstead of being a mintmum)
shull be equal to a given quangity. « Of which problem,
the geometrical construction migy be as follows.
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Complete tlg:dpardlel am_A BB P C (as before) and
m R A produded, take Ac=A C, and let ¢ F be cqual
ta the given sum of the two segments: alsg let two
semi-circles be described upon B¢ and B F, and let
A H, perpendiculat to B ¢, intersect the former in H ;
likewise let H K, parallel to F ¢, interdect the latter in
I; daw_ ¥ D perpendicular to F ¢, and through P and
D draw D E, which will be the position required. For
ABxAcbeinp=A H*=DI*==:BD xDV¥F, we have
BD:AB ' . Ac(AC) . DF; also, beranec of the
Enes, wehave BD : AB..AC:CE; whence
F=CELE, and ronsequently AD+AE(AD+AC
+F D) is equal o ¢ I, which construction is more neat
than that in p. 155 of my Geometry. But to show how
far this miy eonduce mt‘em first preposed, we are
to observe, that as the problem here constructed appears
to be impossible, when the right-lime H K (instead of
cuttisg or touching) falls wholly below the circle B W F,
the least possible valueof B F (and uently of AD
+ A E) must therefare be when that right-linc touches
the circle; thatis,when BD=DI=AH=vAB x AC;
which value is the very same with that found above.
The same conclusion may also be deduced from the
algebraic solution of the aforesaid problem : for, put-

ting b+ .r+a+g;b (AD+AE) =3 and solving the

equation, » will be f&mda";""’ + "";ﬁ —ab:
. . . . oy Smg=d 2
which equation being no lenges possible than till i

—ab 32-.-_-.0, we have r, in that cireumstance, =
8 e o y oo ’

3 sm,:tﬂl as Before. 1 }ilm manner the
macima and wuinima may be determined in other cases,
by finding the position @ circumstance whercin the
general problem ins to be impossible (supposing the
yquantity sought to be gisen). - But the operation by

»
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fluxions is, for the general part, muth oo short and

expeditious.

EXA Mﬂ]:::},ﬁ .4 XI.
3%. The same being givew ai in the preceding Example
to determine l:eg ﬁm’m when the Line D'E ﬁ!ﬁé‘
ts the least possible. ’ ' ‘

Upon A Felet fall the perpendicular PQ : make B Q-

=c, and the rest as before: .then D P being (=
DB+ BP?~2B Q x D B)=1"+a% —~2x, and D B!
DP: D A D E?, we have 1% 1% 4 a2 —2ex b4 2l

Ny B
. DE"’::EJ xr’"g hx+d=b+z‘“xl-—”&c+f; .
) . « =

whose fluxion, which is a';xrful-%‘u Z+

T3 x 22 B being pat = 0, and the whole

equation, divided By 21 x b+ 7, there mli mm.e outl—

O g! e <
4T exE—2 = 0; whence 2? — Axt+a'r -
r o oaxf = xi :

+0+rxcr—a*=0; that is (by reduetion) x%—cx®
+ ber—ab=0: from the resolution of which equation,
the position of D E is determined.

Lmnul

35. If a body orﬁoint(n)lcmppbied to move 1 @

right-line A B, its absolute celerity, in the direction of

that line, will be to the relative celerty, it tends
1o or from a given points C; any where out of the line,
as the distance Cn ts te the distance Dn, interoepted by
n and the perpendicular C D ; or as radius to the co-sine
of the angle of inclination D n C. ‘

. Yor, putting CD =a Dn=ur, gl Cn =.-:'y,

we have a*+4a*=y, and consequently Rua=2yy ¥rArt2&s
N ®
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M. SOLUTION OF PEOBLEMS.

Whence 1
¥y .y (Cn) v
(Dn) . Radius:
B eo-sine DnC: but
the fluxions of
tities arc as
celerities  of
their increase, *
thercfore the truth
of the proposition
is manifest.

CororLrany.

It follows, from henece, that the relative cclerities in
any two different dircctions, # E and nC, are direetly as
the co-sines of the corresponding angles D E and
DnC. Therefore, when n E is perpendicular to € n,
(and the angle D » E thereforc cqual to ) the celerity
in the direction a E, will be to that in the direction
n C, as'the sme of D = C is to its co-sine. From whence
it appears, that the cclerities in the dircctions D, C u,
and E n ( icular to x C) are to cach other as Ca,
D, and C D respectively.

EXAMPLE XIIL

L. B8. To determine the Position of a Point, from whenc:.

if three Right-lines be drawn to so many given Points

it

¥ " A, B, C, their Sum shall be the least possible.

i
»

N
2
«

Let HP G be the peri of a circle described
about the point A, as aP:;Ptbc::y at any distance A G
in which let the point P be conceived to move with an
hiform celerity, from G towards H. Then, because
the relative celerity thereof, in the direction P C, is to
that in the direction BP produced, as the co-sine of
the angle C I’ H to.the co-sine of the angle B P G (by,
- the preceding Lemma ) ; and since these celerities, when
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it follows, therefore,
that the sqid angles
CPH and BPG, as
well as their co-siges,
will in that circum-
stance become equal
to cach other; and
consequently AP C
also equal to A P B.
From whence it a
pears, that (take A
what' you will) the
sum of the three
lines, AP, BP, and
lC P, cang;n }ll)e the
cast possible when the
an lelt’;ou AP B and
AP C are unequal Q

And, by the same ‘

argument, it also appears that their sum cannot be
the lcast possible, when the angles BP A and BPC
are unequal: therefore, their sum must be the least
possible, when all the three angles about the point P
are equal to onc another; provided the case will admit
of su(:t an equality, or that no one of the angles of the
triangle A B C is equal to, or greater than } of 4 right
angles (for otherwise the point P will fall in the obtuse
angle) : hence this '

CoONSTRUCTION.

Describe, upon B C, a segment of a circle, to con-.
tain an angle of 120°, and let the whole circle B C Q

. be completed; and from A to the middle {Q) of the

arch BQ C, draw A Q, intersecting the circumference
of the circle in P ; which will be the point required.
For the angles BPQ and C P Q, standing uron the
cqual arches B Q and CQ, have their complements
APB and APC equal to each other; and thercfore'
the angle B P C being 120° (by construction) each of

. 27
the sum of C P and B P is a minimuh, mugt beequal * Arggs .
. & 22.
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the said angles AP B, AP C, will likewise be 120

After the samc
mann'er,d‘it will
appear that the
sym of all the
lincs AP, BF,
CP, &c. drawn
from any num-
bex of given
points, A B C,
‘ ~ to. meet in
R another poifit I’,
C D ~will be tlrx”ﬁelcast
' ible, when
the co-sines uf the RPA, RPB, RPC, &c
that the said lines e with’any other line R S, pass-
i:ng : h the ‘point of concourse, destroy cach ot%‘::r :
which will be when' all the angles APB, BP C, CP D,
&c. are equal in all cases where the position of the
given points will admit of such an equality. But if the
number of given points be four, the required point will
be in the intersection of the two right-lines joining the
ite points : formge[xnin_g APCand BP D wbe
continued right-lines, the cosine of R I’ A will be equal
and contrary to that of RP C, and that of RP B
equal and contrary to that of R P ).

EXAMPLE XIIL

87. If two Bodies move at the same Time, from tuo
given Places A and B, and proceed uniformly from
thence in given Dircctions, A P and B Q, with Cele-
rities in a given Ratio; 1t, is proposed to find their

- Position, and how far each has gome, when they are
the nearest possible to each other.

Let M and N be any two cotemporary positions of
the bodics, and upon A P let fall the perpendiculars
NEand BD; alsolet Q B be produced to mect A I’
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in C, and let M N be drawn : moreover, le! the

celerity in B Q be to that in A P, a8 n to m, let
AC,BC,andCD (which arf c.lso given) be, denotcl
by a, b, and X rwmwel , and make ‘he vanable dis-
tance C N=x: t reason of the uraﬂel lines
NE and BD, we shall have 5(CB) . x(CN) .. ¢ (CD)

CE = EE’ Also, becausc the dxstmc&s, BN and

AM, gone over in the same time, are as. the celeri-
tics, we have lLikewise, n :m .. r—~5 (BN) ZWAM

"‘“‘“”‘",r snd consequently C M (4C=A My=a+

—
—

Tl (by writing d~a+——) Whenoe

MN? (= C\("+CN-——CM x 2CE) will alsobefound =
(d—_) + 2__(1_&:* ':f.r__.d _ 2dmx +y:i

/ n nt
d. 9 TN
+ '3-—?1“—-i+gcm‘r , whos. luxion — 23 + Am ou
b nb n ne
+ Qi — chr 4emay

+ 5 being made=0 (because MN is
to be a mummm ) we get — bdmn + m*br + n*br —ncd
mnbd + n'cd

m b+n‘?b+9mnq-_
nd x mb-{-nc

s from whence BN. A M, and M'N
bxm: + nt + 2mne

arc also given. !

+R2mner=0; and conseguently v =
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ot The same otherwive. +

Beeause the relative celerition of the two bodics, at

M and N, in the direction of .the line M N (pro-

s Mo ooegine M eos. N

duced) a'refmly expressed by redius myand —-——

$Art. 35. X gespectively ;* and @i these geleritics, when the

distance M N is a minimum, do become equal to cach

+ Art. 92, oth‘e:r,-}- 1t fod ' that, in this circumstance, m ; n !

coune N. ' cosime M . secant of M ['secant of N
Clyplow Trig.) ' .

. Whence this onstruction.  Take C H to C B in the

given ratio of m to », and draw M B; upon which

Q

A M m C

uced (if hecessary) let fall the perpendicular AR ;
Hrrrvlr]lﬂwgllel to A H, meeting ("Q in N; lastly,
draw N M to A R, and it will give the position
re«kuired' or, first, it is plain, because AM (R N) :
BN(:CH:CB) _m:n that M and N are co-
temporary positions : it is likewise plain, that R N and
B N will be secants of the angles KN R (C M N) and
K N B (C N M) to the radius N X ; because the sngle
NKR (=ARK) 1s aright one. ‘Which lincs or
secants are in the proposed ratio of m to ®, as has been
already shown. ‘
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.. But the same solution may be, eyet, otherwise de-
rived, independent of fluxions, from princlples entirely
geometrical. For, let m and n be any two cotemporary
positions af pleasure, and let € H "(as before) be to
C B, as the celerity in A P to-that in C Q ; morcover,
let nr, parallel t8 A P, be drawn, meeting HB pro-
duced in 7, and let A 7 be joined. Then, since CB :
CH .. Ba . nr (by sim. triangles) and CB : CH
IBnlAm (by Hym) it follows, that'n; and Am
(which are parallel) will also be equal to each other ;
and therefore A'r and mn, likewise equal and parallel,
But A r is the least possible when perpepdiculas ® H 1.
Whence the solution is manifest.

EXAMPLE XI1V.

38, Let the body M mozc un;‘/brm{y from. A towards
Q, with the Celerity m, and let unother Body N pro-
ceed from B, at the same time, with the Celerity n.

Now it is proposed to find the Direction (BD) of

the latter, so that the Distance M N of the two
Bodics, when the lalter arrives in the Way or Direc-
tion A Q of the former, may be the greatest possidlc.

B

' D
Let BC be ndicular to A Q, and meke AC=

a, BC=b, an N=x. Therefore, if the *position
M be supposed cotemporary with N, we shall have # |

mx nx
m..x AM:_--;'-; whence CM = it and con-

81
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sequently MN (C N=CM)=V7—F .S
whereof the fluxion being taken, and made = 0, we

X »m
get —===— = = ; therefore x= ———===, and CN
V’x'-—-b’ n e s — ’

CN . radiu  cowine N. The same conclusion is
otherwise derived, thus, s

« Let the right-line B D be supposed to revolve about
the poifit B as « center, with the motion so regulated,

that the intercepted part thereof B N may increase with
the uniform celerity » : then, the celerity with which
* Art. 35 n X radius®

CN is incweased being = ———35-, this expression,
co-stne N

when M N is a maximum, must consequently be equal

4 Art. 22. to (m) the veloeity of the other body+ M ; and there-

fore m . n . radius  co-sine N, as beforc.

EXAMPLE XV.

89. Supposing a Ship to sail from a given place A, ina
given Direction xQ, at the same time that a Bout,
Jrom another given place B, sets out in order (if pos-
sible) to come wup with her, and supposing the rate at
which eack Vessel runs to be given; 1t is required
to find in what Direction the latter must proceed, so
that if it cannot come up with the former, it may,
hotoever, approach it as near as possible.

Let the celerity of the ship be to that of the boat
in the given ratio of m to n; also let D and F be the
places of the two vessels when nearest possible to each
othef, andl from:the center B, thmgh F, su{;‘pose, the
circumoference of a circle to be deseribed. Then (the
distance D F' being. the lcast possible) the point I' must

++-be in the right-lime (D.B) joining the point D and the
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. center B be-
cause no other
pomt 1y the
whole pcri})hv-
ry, at which |
the boat from
B might ar-
rive inthe same
time, 15 S0 near
to D as that
wherein  the )
line DB inter- A € o D' Q
sects the said

]wri‘vhory. But now, to get an expression for D F, in
algebraie terms, let B C be perpendionlar to A Q, and
makc A C=a, BC=bd, and C D=xr; &nd then BD
(VBCHCD:) will be= v/B*+ 1¢; moreover, becausc
min  AD (v+1) BF, youwill have BF =24

m

na+ ny
m

and consequently 1) F= Vit — .;  whose

LY Y .
fluxion, m - %‘, being made = 0, we find
nb

,z=7—-::=—:; whence the divection B D 1s known :
nme—ns

and, if the value of x, thus found, be substituted in
that of DF (found above) we shall have DF=
b vVt —nt—na
m .
And from which it is observable, that, as DF must be
a real, positive quantity (by the question) this method
of solution can only dbtain when m is greater than m,
and b V'm<—n, also greater than aa : for in all ofher
cases the boat will be able to come up with theship.
The same otherwise.
Let the radius of the cirdle E F H be conceived to
increase uniformly, with'the cclerity », whilst the point

; whenee the position of I is known.
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D moves uniform along A Q, wicth the celerity m :
then, the celérity at I, i the direction of B 1) pro-

duced, bcing:mm—-—xrm:c D, the relative celerity with
which the point I recedés from the periphery of the
said variable circle, will be ‘\mivcrsng; expressed by
’—"-3‘—‘“-’1“'—#5;-"‘2- — n; which being = 0, when DF is a
radius .

migimum, we have in this case m x co-sime D =1n x ra-
dius, and eonsequently m . n 1. radius . co-sine 1).
Thcmfgre, if at C, a sight-angled triangle Cbd be
constitutéd, whose base Cd =, and its hypothenuse
d b=m, and parallel to the latter you draw B 1), it will
be the direction required: in which, i there be taken
BF, a fourth proportional to m, n, and A 1), you will
also have the position required.

EXAMPLE XVL

40. To dctermine the greatest Parabola that can be
Jormed by cutting u given Conc A C D.

Let no, p:zaﬂd to C A, be the axis of the parahola
rom, and 7m the baso (or‘ordinate) thercof; putting



DE MAXINMTS ET WINIMIs.” 85
eDC=a, CA=), ‘and Dn=z; tl':m, because of the
parallel lines, it will be a : b :: x : éaf =nv: morc.

L
over, hy the property of the crcle, we have rn:
(=nm*=Dnx{ n) = ar—1% and consequently r m

e . - 2 bt X
WVar—r; w!uch,‘ multiplied by 3 .x f: (because
every parabola is% of a parallelogram of th? same base
and altitude) gives %’TV av—2* for the contet’of the

parabola: whose fluxion, or that of ax®—=x1* being

* Art. 26.

put equal to nothing, we find x= 2-.:: w.hence nr=
3

X AC,rm=CDx ;/—g, and the area of the greatest

or required parabola=A C x cDx l:—i

EXAMPLE XVIL
41. To dctermine the greatest Ellipsis BT ES that can
be formed by culting a given Conc ABD.

Let BE be the A
greater, and T S the
lesser, axis of the cl-
lipsis BTES, consi- :
dered as variable by
the motion of (the end ¥ E\H
of the transverse) E,
along the line AD;
moreover, let Ev ﬂ
“paiallel to A C, the axis P Z—1\n
of the cone, meeting T .
the diameter BD in v, Q
and ]e:! thcﬁiamitner: | 7
EF and np ralle
to BD, ‘{vhcrgz' the "qw\.
latter np is supposed B 32— D
p 2
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to pess through O, 'the centre of the'cllipsis: then, put-’
ting A C=«, C D=6, and ( v=12, we shall have Br =
b+ abo, beeause of the parallel Hies we have ¢ D

(). CA(a)::De(b—-1r) :'.'_.x_..z.."'..;'_-.: Loy whence
BE (VBV T Er) = 2¥ "_‘.’iiﬁbﬂ‘_“‘.i"’: i

Ly .
Furthennére, since the triangles E On, F B D, auld
H()p, BEF are equiangular, and EO (=2 BO)= (B,
e hkeyise have On={BD =), and Op= V=00
=u ; and conséquently O n x O p (=0T, by the pro-
perty of the circle) =ba ; whenee S8 T'= 2 Vb1, and

‘ S b1 Ty b1 w4
thercfore BE x ST= b "?..‘t:'_‘gfg’f._.’_"_ﬁ 11 x _

Now the area of any cllipsis being in a constant
ratio w0 the rectanglos of its greater and lesser axes
(namely, as 3,14159, &c. to 3) the last general ex-
pression must therefore be o marimum, when the
area is so; and therefore its fluxion, or that of 471 x
bt aty xb—r® (=b'r + QB2 4 bad 4 aha

s an. 22 —2a'%r® 4 a'r’) equal to mothing;* that 1., AW
+ 40308 4 3025 + a'bi—4abri 4 Sa1i = 0.

4br xat =B

)t
whenee %8 - = ~ =, and 1 =

_ EYITYE 3"
C Qoxa~b bV ZTsaib 4 .
e ] ; from which the

clhpsis is known.
ut it is ebservable, that, when a*—14a'b! 4 b+ is
negative, this solution fails, because the square root of
a negative quantity is to be ‘extracted. Therefore, to
«determine the limit, put at—146%* + b4 = 0 then,
. by ing the cquation, you will get o* =4 x
" T+ /388 a=bx 24 /3 ; and thereforea . 6 2
+¢/8: 1. Hence, if the ratioof AC to CD be not
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greater then that of 244801, or (which comes to
the <une thing) if' the angle D A C be not less than 15
degrees, the Huxion of the ellipsis can never become
«pual to nothing 3 but the cllipsis itself will inerease
continually from ghe vertex till it coincides with the
hase of the cone; and therefore is greater at ghe base
than in any other position.

But it is further to be observed, that this problem is
confined to yet navedwer limits. For either the
cftipsis will merease, continually, from the vertex to
the base of the cone (which ig shown to be thg case
when the angle D A C is greater than®15") or ¢lse it
will werease till the point 15 arrives at a certain position
11, and afterwards deercase to another certmin position 4,
and then increase again till it coincides with the base of
o the cone (for it must always increase agz?in before it
comeides with the base, because, after the point E is
got below the perpendicular B Q, both the axes of the
cllipsts increase at the same time).

The same thing also appears from the foregoing equa-
b xa—=b + b Ve —Mab + 1
Sa-+3b°
roots express the two values of r (or C ¢) at the times
of the muvimum (at H) and its succeeding minimuom

(at £). Henee it is manifest, that the ellipsis may ad-
wit of a maximum between the vertex of the cone
and the perpendicular B Q, and yet that mazimum
be less than the base of the cone, unless the fore-
saul angle D A C be so much less than 15° (above
found) that the increase from % to I be less than
the decrease from H to h.  Now, therefore, to -de-
tennine  the: exact limit, let the foresaid increment
and decrement be supposed cqual to each other, or,

* which is the same in cffect, let the ellipsis BT-E S B
=the circle BgDm,or BExST'=B L*, thgz.is, lIew

ton v= ; whose two

P xb+ri+ I:z" Xh—n* xT‘I:r__: b *rom which

.

37
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. . 3 ] 3 €2 —— E I
cquation you'will get a*= b b ;}_ Bt — 2",
r -—r
b 4548 4
=—X tj«:-” : * morcover, from .the equation
b + 4600 48BN + a'bx — 4a'bid + Ba'rii=0,
< N iz . 4,0
(given above), you will again get a®= I.'i.’.‘lf.'*'__._’f ‘3.:5,_
. =—bi44b1—3a"
b x by 4br + 812 '
= == Whenoe, Ly comparing these
b—rx8v-b

cq“al :a{lues, thtre ariscs 40° + 3br+ x* :b-: +‘::;,z' _;- BIE
1 QU =0

which, ordered, gives 1%+ 2br—047=0, and therefore

1=b y/2=b.
Moreover, %gheing-.:".’i’.;.: %j'j“ C i b —r be

substituted herein for its equal r*, it will become
o' _Sbitbr Bb+y  Sbihy/2-b 4+ yR
b bx—a* SBr—b 8by/2—8b—b —~4+5y/2
_ dHv/2x443y2 224162
—4+3y/2x1+3y2 2
Hence we have, 1:¥1148/2 :: 5 (DC) : a (AC)
. : radius to the tangent of the angle A D C=78"3':
whose complement DAC=11" 57", is the least Limit
possible.  Therefore, unless the augle which the slant

side makes with the axis be less than 11° 57, the
greatest cllipsis will be less than the base of the conc.

=11+8‘/2

EXAMPLE XVIIL

48. Of all Triangles, having the same gicen Perimeter,
and inseribed in the sume gteen Circle; to determine

o 'the greatest.

. Let the giigmeter 1) A bisect the base B  of the re-
quired triangle BEC in 11, draw AE, AB, and BD;
asa draw AT perpandicular to BE, and G E parallel to
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, BC, meeting ADinG: .
then, putting AD =",
half the given perimeter
of the triangle =), and
DH=y; wehave BH=
v ay—y*, and therefore
EY =b-v ay~y:.* More-
over DI (y) - AD[a)
DB DAz EF¢
(b~yay=y:!) : EA
- ‘;-’ X i)—— t/&y—y"la H
Y ==¢ -
therefore A G (é—fl—-)=é:—_{_;~.y.i, and HG =

A D .y L]
b =20V ay '-—y";
Y

(AG—AH=) ; whenee the area of

the triangle BEC (BHxH G) = 1’_‘.{1:3_’::3_’.—26«

R
dabty .
—==t== being put =0
Way—gy P
gives yVay—yy = 1ba; whenee y, and from thence
the sides of the triangle may be determined.

+ 2y, whose fluxion 2y~

EXAMPLE XIX.

13. To determine ' greatest Area that can be contained

under four given Right-lines.

Though it is demonstrable from common geometry -

that the area. will be & muaione s vwhen the trapezium
ABCD, formed hy the v lines, may be’ip-
scribed in a eirele, 3'».-1 I <hafl here give the solution
from the prineiples of fuous (whoseﬁw,l am now

¢ By Prop. b3, page 62, Flon, Trig,
+ Sce page 117, of Elem, Geometry.
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illustratng). Ia ar,det to which, let the diagonal AC
be drawn, and* uzou CB and AD let fall the poq»cndn- :
culars A E and

p-lttmg AB-—a, BC=b, CD=c,
DA=dBE=1,
and DIV =y

chen A K being

=V a'—17, and
CF=vc—y,
the area of the
trapezinm
1BC x AE +
{AD x CF)will
be= b\/ a—‘—:;
_—ibri e}dy_‘g___
Vo T Vg =
d therefore =2 b Moreor
an therejore m -—'- V-‘-‘-E-:—-:- zareover,
since 62 a* + 2br (= ACY) =d?+¢*— 2dy, by taking
the fluxion thereof, we have 2bi= —2dy, or —dy=
bi; which, substituted for ~—dy n the foregoing equa-
biy bax

y
= ‘ d ——=m— =
tion, gwcs \/c?—-y" Va—g- an Vet -y’

x —
by sl and consequently, vV ¢t =y (CF) . y
(DF)  vea AE) .« (BE): from which it
ap t}m the truné(.es DCF and ABE are similar,

that {D + ABC being=2 right angles) the trape-
mnm may be inscribed in a circle; but this by the bye.
We are now to get an expression for the area in known
terms, and ip order thereto we have b°+a*+2%r=

&4 22y, y=—— and CI"--—::-KE-:"l (becauseA B
“BE::DC . PF, &c) therefore, by subsmutwn, b7+
a"+"b1..d*+c“-—2—-’:—-:,, and the arca (} BC x AL
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“+ IADXCF) V=7 + 2 =7 =

th+ed
‘—-Q-"L\/ a-—at; and therefore ,the square thercof =

abtcd® e d¥d? e — el
da X Itz Mt,——-x rxa—r= 2

x1+%xl——i}. Buj since b'+at+Qbr=di+c?—~
L

Qedr d! 4+ = b —q?

- * T_
— Mv lave — = 0%’ 1+ -a..._ +
:F~‘+r';‘ﬁb’~'—-a‘3 _ 2mb 4 2%d + & -}? t=bl—qg?
S Bed T 2ab+ 2cd =
d+f~b=a and 12 200+ 2ed-d—c"+ b 4 a°
Tedi%d a Qab 4 2cd

S byat —d=ce
i e and consequently the square of the

%

abred’ diet=b—a® bt at—d—c?
e = X T ¥ %d T % +2d
A5 —b—a P xbgal—d—e® ..
=+ —b—al 1’56("*“7 ¢ which (because
the difference of the squares of any tw:nguantities 15
cqual to a rectangle under their sum difference)
d+c+b—axd+ec—b+axbt+at+d—c »

willalsobie =

4
Pt ot e i Toa x 0T o o Bl

x id+ fc+ §b+‘ja-—c % fd+fc+ 10+ le—d. Whence
it appears, that if from:§ the sum of all the four sides
each particular side be® subtracted, the continual ‘pro-
duct of the remainders will be the square, or seeqnd
power, of the area. e ]
I'rom this theorem, the rule in . practice,
for finding the ares of a trianglc, having the thrce
sides given, is deduced as a corollary : -for, making
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a=0. the traperium becomes a triangle, and the second
power of its area = §d + fc+ 1bxid + le+ib—b
‘x‘{fe+ {c+{b—cx §d+jc+ §b—d: which, in words,
18 the common rule.

©

¢ EXAMPLE XX
4. To find the greatest Fulue of y tn the Equation a‘rt=
m }Jo“ .
By ‘phtting the whole equation into flunions, &c.

we have 22471 =225 1 2yy xS x 174 - *; which in the
required circumstance, when y = 0,* becomes Za¢ty

=6r# x2:+y)*; whence 1 +'yf=:(‘/:§, and x4y °
a* -
=3,/3° but, by the given cquation 2+ y:1* = a%*;

consequently a4y = -3;-%, and therefore r =
1 . 8 . 2
a\/é—‘-—/—s-; whence y* (=§-=—’ -2) = 3——‘—/3, and

y=a \/ ....2._.
3/3

The same otherwrse.

Since 32 +yy)* is given = a‘z®, we have *py=
“’x“}: md tbu'cforcy"uﬁxx’-lzﬂ; whyse fluxion,
T

talxrs—gri, being put =0, we also get ? x;

+
. . ab x 1 at
—’V;wl?onouheu 5 q:z’,o:m:—..z’;

whence 27r¢=a, snd eomeqnquy r=uq \/ 3 :7—3- ’

the same as before.
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45, When, in the general expression, whose mari-
mum or mintmum is sought, there arc two r more inde-
terminate quantities, independent of each other, their
xespective values, in the sequired circumstance, will
be determined, by making them flow, one by one, while
the others are sx&;posod invariable; as in the folloging

EXAMPLE XXI,

Wherein it & proposed to find three suck Values of x, y.
and z, as shall make the Value of B —at 5 3522
x 1y—y* the greatest possible,

First, considering y as variable, and the rest constant,
we have ry~2yy=0;* whence y=4r, end zy—y'= * Art. 22.
i1%. By making ¢ variable, we have r%— 23=0;

T . - 213 ‘
whence = =7—§, and gy -2t = 375" Now let these
values of 2y —y¢ and 2°z— 2} be substituted in the given

e 3
expression, and it will become % X ??5-5- X b - zi=

bhirs— 2t . aurs
m o 3 therefore 50'24%—8275=0: whence r=
b6y3

‘ x
x5,y (=1r) =xy5,and z (= 73):..— 1bx
V5

The reason of the foregoing process is obvious:

for, if 'the fluxion of the given expression, when' any

ouc of the indeterminate quantities is made variable, be

not eyual to nothing, that expression may become
yreater, without altenng the values of the rest, which

arc considered as constant 4 and therefore cannos be Art. 22,
the greatest possible, unless the said fluxion is equabto

nothng. ; .
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EXAMPLE XXIIL

. 4B. To determine the different values of x, when that of

3x' —28ax? + 84a’x? —96a’ x + 48b* becomes a Maxi-
mum of Minimum.

The fluxion of the given Expreasion being (as usual )
put equal to nothing, we have 12:' — 84401 +168a%x
—96a? =0, or 2 — Tar +14a’x—8u*=0: from
whence (by the method of divisars) we get a —a=0,
*—2=20, or r24a=0: therefore, the roots of the
z.untion, «or the three values of r, are a, 2u, und

e e ScHOLIUM.
4 It , from the last example, that a quan.
tity may t of as many marima and minima (ac-

* Art, 23 cording to the meaning of the definition®) as there

%"

are possible roots in the cquation, arising from as-
summg its fluxion equal to nothing. Now to know
which of those roots point out a maximum, and which
a minimum ; find whether the value of the said fluxiun,
a little before it becomes equal to nothing, be positive
ar negative; if posiice, the succeeding root gives a
mazrrmum ; but if negative, & minimum: the rcason
of which is extremely obvious; because so long as any

nantity increases, its fluxion is positive, but when 1t
3ccrease-, the fluxion is ive.

As an example hercof, let’ the quantity 3r4—28qs’
+840%*—98a%s + 480, be agan resurned; whose
fl%i: 18 x 13 —Tax® 4 14a°x —8a* = 1 x 2 —a X
r—2a x xr-3a : whereof the valae, before it boeomes
cqual to nothing, . the first time (or before 3==a) being

negakive (beganse the product of three tive factors
is negativé) its first root (‘a) therefore indi a mi-
“nimum: W "we may. conclade, without consider-

“‘.K further, thas the second rood:(2s) gives a mawi-
mum, aMl the -third (4a) another minimum. . But, if
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Jou would know whether the first or thigd roof gives
the lesser value of the twd 5 it is but substituting in the.
given quantity, which will come out 48b¢—37a¢, and
48b+—0da* respectively ; therefore the latter is the
lesscr, and the very least value the proposed expres-
sion can admit of. ' .

When all the roots prove impossible, the quantity
proposed (as its fluxion can never become=0) musg
cither increase, or decrease, continually;® apd therefore
can neither gdmit of a marimum nor a nunimum.

Morcover, it may so happes, that the roots are
sible, the Huxion=0, aug yet the quanbitri!selm
neither a maximum nor a minimum in that circum.
stanee. 4

For let us again suppose the point » to move aftex

m, as in the general illustration (vid 4rt. 22), only
et the velocity of n (in the first case) increase no
longer than *till it arrives at D ; after which let it again
decrcase:  then, thougl. the fluxion of the distance
ki, is nothing, at the position C 1), vet the distance
itself will not be a marimwnm ; because = (havi
afterwards, s well as before, a less velocity than m) wi
still continue to lose ground.—In the same manner the
matter may be explained wich regard to a minimunm.
And it is evident, that these rases will always happen
when the fluxion of the given quantity is of the same
denomination (with regard to positive and negative)
both before and after, it becoms equal to nothing:
which, by the rules of common algebra, is known
to be when the equation admits of an even number of
equal rpots.—~An ‘example hercof, however, may not
be improper. . .- o

Let then the quantity proposed be 24a’r—30a%z?
-+16ax? —8r*; whose. fluxion is 24a’s-—60a%zi+
48ar*i -1 =1 xa—r xa—x xW—7 :  which
being made==0, it appears that the two least, roots #re
equal. Thereforc there is neither a maxtmum  nor mi.
nimum when x=a {because whether & be taken a litdle
less, or a little greater, than a, the value ofthe-flwxion
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willstill be afirmative). The gréatest root, however,
mot. being affccted with anothér equal one, indicates @
maximum, according to the rule above prescribed.

To render what ha¢ been observed above still more
oconspicuous, let the given expression, 24a’x—30a'1*
+ 16ax® —8x4, be represented by the variable ordinate
PQ of the curve AQMNR, whose abicissa AP is (as
usual) denoted by x.

Then, whilst (12 x a—rxa—r x w—1) the
fluxion of the ordinate continues positie (or till &
becomes =a=AB), the ordinate itself will increase :
but at thie positibn B M it becomes stationary (if I may
be allowed the cxpression) the fluxion being then=0.
After which, the fluxion being again affirmative, the
ordinate will again increase, till » becomes=2 (=
AC); whed, the fluxion becoming nothing (a sc-

A P B PC \

cond time), and afterwards negative, CN will be a
maximum : soon after which the curve desconds.
below its axis, and continues to recede from it in in~

Sinitum. v .

Another thing there is, that ou%)bt to be ded in
the selution of these kinds of problems, and that is,
whether the maxima or .minima, found by assuming
the fluxin=0, fall within the limits prescribed by
the mature of the question or figure; which is often
restrained by conditions that do not enter into the al-

v gebraic computation. _ )

Thus, for example ; su it were required to find

that point (F) iua given ellipsis ABHD which, of all
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others, is the most emotc from the extreme B of the
conjugate axis BD.

Then, drawing
FE parallel to the - D

transverse A H, and ‘ E F
putting AH=gq, “BD . .

=b, and }iE:.r, we : .

have, by the property H{—

of the curve B E: . A
(=Bl‘.‘a"’ + EF"‘ ) 1"?" .
+br—r* xg—,:;; from . = -

whenee x is found=
iab

pos
. greatest value that  (=BE) can possibly.admit of is
b (=l} D), therefore if the relation of a and b be such,

that 222 is groater than b, this solution is manifestly
impossible. To determine the limit, therefore,

make 2% ~5; then it will be found that 2'=cc.

Whence the foregoing solution can only obtain when
2QBD* is e(!ual to, or less than AH?

Again, 1t ought to be also considered whether the
value of x, found by the common method, gives a less
quantity for the marimum, and a greater for the mini-
mym, than will arise from the extremes themselves by
which x is limited. ‘ ,

Thus, let it be
required to deter-
mine the test
ard least ordinates

in a curve, APR,
whose cquation is
y*=6a'x—9ax* +
42, and whose
greatest  abscissa
c},\D is given cqual
~d.

P A But, from the nature of the figure, the

47
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Hﬁe ‘we ghall, by taking the fltixion, §c. havé r=
ajvl, ot r=a: the former of vbhlch values gives the cor-

5
) res]mdmg ordmsae BPua=o e and the latter, CQ

but the firit of these is not rhe greatest of all
othem, Bemhe the extreme DR exwengmx't, being =
2 ; wor is CQ ‘the losst possible, because the ordinate
attheoﬁm'wtmmeAunathmgnal

Sometimes one, or gnore, of the points Q. S, &
detarmining the marima and minima, will fal bcluw
the axis AF (as in lhe amnered figure). In which
case the corresponding value of the general expression,
represented by, the ordinate, will be negative:  but at
the points &, ¢,'d, &c. where the curve interscets the

, N . T
/ \Cl D c(

axis, it will be equal to nothing: whemee (by-the
“Ly the roots of.an equation (+*

—ax™ 4 b, =0) arc impossible by pairs
is evident. For, sean{Ab,Ac Ad, Ae¢, &c. are the
roots of ‘that equation, or or die difiwent values of ,
when' 'the ordinste 2*—ax*™ 4 d%*". i d;—gf
MN)»beéomes ual to nothmg,' it is plain, ,
( e?en term mmed’Pchu;Pa.

MAF theneomadmgw )maycou the curve
in 8, the adjacent roots Ad snd Ac will then become
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cqual { and if ¢" be farther ‘incremed, sp that the axis
* may fall wholly below ‘the curve, not only thosc two,
but also the other roots, Ab and Ac, will become im-
possible. ‘ .
Various other observations' might be madéj relating
to the limits of “equations, determined by these maye-
ma and minima ; but this being foreign to the matter
in hand, I shall content with one remark mare,
vis . ) -

Thus, an equation, havi oqfial roots, has
both its first (Lu] mdMequd to* nothing,
when the finent itself is equal to nothing. ‘

Hence we have another way (besiscs that given
above) to know when a quantity may have its fluxion
cqual to nothing, and yet neither admit of a'maximmm
nor a mimimum : for, since this circumstance always
takes place when the cquation admits of an. eben num-
ber of equal roots (as has been already shown) the
number of orders of fluxions, egual -to nothi
at the same time (including the first) must also !
even. ‘

Hence, also, we have an easy method for disoovesi
when some of the roots oeryanequatm' ?:""““8 equal ;
and, if so, what they aze. , - A

Thus, let 2* — 8ax? + 4a* =0 be propounded ;
whereof the fludon Ss%8—6axs being assumed egual
to nothing, we find r==%a; which also be a root

Uf thc i “‘tim’ it admits Otm W‘ 3 2
" to tryig: therefore, 1 cﬁnﬁtute 2 ﬁrx,‘mﬂ,mt
answers. - . Lo EDe

Again, let, By' —28ax’ 4 180t + 2Va’r R8T =0 ;
whereof the first antl seoond fluxions being: S$%r*s—
84ax's + $6a°ui + a's and 962%3 ~ 10Baxst+
86u%42, if the latter of them be assumed=0; * wilk
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be found= -—4 2.)0‘ 3“ : one of which

quantities, |f the equmon ro)oscd admits of three
equal roots, will be the vdue of cach of them: by

trying {_3__ag it'will be found to succeed. Whence, by a

well lmovm rele, the fonrth root (bemg..g.-gf——%'
X8§=—a ) is also g;e .
* Theggason' of these. bperations, as well as what is

asserted above, miay be thus demonstraited.
Let r—-.rxr—x &e. x A+Bx+Cx? & =0,
be any wmon, having two or more equal roots, re-
resented, each, by r : put y=r—u, and let the num.
of the equal roots be denoted by n; dncu, b) sub-

stitution, we have y'x A4+ Bxr—y+Cxr—y* &
=0; which, by expsnding the powers of r—y, and
putting a-A+Br+Cr'éc b= !B+‘£( r+'ﬂ)r‘ &c.
will be further transformed o 3 xa-—by+('1/ —-dr/ &r.
=0: whose fluxion’ nagy'—n+1 . by +n+2 x
gyt & is evidently equal to nothing, when Y or
its equal r—x, is nothing (provided = ﬁ( greater than
unity). It is cqually plain, that the second fluxion
a.n—1.ay Y —n+1.nby "'+n+2n+l gy
&c. will also be equul to no{mg, in the same cur-
cuimstance, if n ter than 2, &c. &ec.

Hence, umvemﬁmﬂ let the numbcr (n) of equal
roots be what it will, that of the orders of fluxions
equal to nothing, at the same time, will be expressed
by that number minus one, as was to be shown.

-
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. SECTION IIL -
The Use qu‘ Brux10wns in drawing %gﬂ“

to Curves.

Iz.musngg;ox.

48. LET ‘A C G be a curve,of any kind, and C the
given point from whenge the tangent issto be drawn.

AR /EXIL
i :

A ¥Fwom o m ) Q
"W

Conceive s right-line mg to be carried along-uni-
formly, paralicl to itsclf, from A towards Q, and let,
at the same timé, a point p so move in that line
as to describe, - tg trt(we oixt. ;be glﬁ':]n cntve ACG:
. #lso let mm, or Cn (equal und parallel to mm) .express
the fluxion of A’ 'm..*:rq ‘the cele?ity wherewith)*thé hge
mg is purried ; andlét 1 S express tho co ding
fluxion of m p, in the position m C g, or the eclerity of *
the point p, m the line mg. Mareover, through the
point C let the right-line S F be drawn, meeting the
axis ofthecumlgAQ) in g .
E
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N!:', it is, evidemt, if the motion of & along the
.1 was to~become ﬁquﬂble gl: int p
g;tss when th:, lx;:e “:;e“ imd az\:gd thlc
m 8 g (hecause, thesis, C » RS ex-
the dni‘nhu n{ngl{tpobe described by the two

Thml in thc same time). ¢

And, weg he ummndm represcnt any other posi-
tgn: of that hﬁ t}on )of
t pmnt (still su an equable of p);
dxulmaenﬂl Om s :}me over, intythc same

s

57}

®
by the two motions, will, always, be to cach
= the enh:uea, or 88 Cxn tonS: therefore,
Co{vs:"Cn: *8('M:£,k:iwn pﬂf)ysmy
qmi&r t 2 WRYH,
w mlt appears 3&, if the
modonﬂfdu tpabngﬁehneugwutobeeomc
uniform a¢ C, that point would then move in the right-
11:);{ cs,mm&‘ the curve-lmeC?ge
* Now, sepingithe motion of p, in deseription of
. curves, mjust, either, be sn ape’odu;wd‘-or a retarded
one, let it be, first, consideted s an' socelerated onc :
i ' which case the arch C G will fall; wholly, above

the right-line CD (as in fig. 1), bepawse the distance
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wof the pomt p frod the axis AQ, *at the end of any
given time, 18 greater than it would be if the accelera-
tion was to cease at C; and, if the aoceleration had
ocased at C, the point p would (it is proved) have
been always found in the said right-line F 8. g
But if the motion of the peint'p be & one,
it will appear, by reasoning in the same manner, that
the arcch C G fall wholly below the sightline C D
(as in ﬁ . 2). . .
'Dhilicing the case, let the line mg, and the pai

p» along that line, be now Su to moye
again, towards A and m, in the sawe fanner they pro-
cceded from thence: then, sinec the celerity of p
(fig. 1) did before increase, it must now, on the con-
trary, ; and, therefore, as p, at the end of a

| given time, after ssing the peint C, i$ not so mear
to AQ, as it would have been, had the velocity con-
tinued the same as at C, the Ch (as well a8 C G)
must fall wholly above the rightdine FC D. And, by
the same method of arguing, the:arch Ck, in the se-
cond cuse, will fall, ﬁ;l{y, below FCD: therefore
F CD, tn both cases, is a t to the curve at the

point C . whence, the trianglos Fm C and Cx S being

1]

similar, it appears, that the sub-tangent m F is alwa
a fourth-proportional to (#S) the fluxion of the onﬁ-
nates (3‘1:) , the fluxion of the abscissa, and the ordi-
nate (C m )

Otherwise.

49. Let ACG tepresent the proposed curve, and let
the right-line FC D be a tangent to it, at any point
C, mecting the’ dxis AQ (produced if necessary) in
F: suppose a point p to move along the curve, from A
towards G, and let the, abeolute celerity thereof at,C,
in the direction of the CD,ordleﬂA!?’ of
the line A p so genera ,boieno:edbyq ,aﬁg
art of the said tangept: thén, if A M, mp and m

made perpendiular, and 1 p» parallel, to A Q, the
relative colerities of that poing, in the directions C »
aud mC, wherbwith Ip (=Am) and mp increase in this

SArt. 28.5.
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“Art. 5. willbe truly expnmdhytaan&ns' but

““““ﬂl hvvlmhqum ingrease arc as the

qnmhu therefore (CS  be-

ing the fluxion

I of the curve line

Ap)Crandn$

mdmthe ﬂeones—

uxions

g?‘thes abecissa

A mc and the or-

dinate mp: and

we hawp Sn : nC

::mC . mF, the
same as before.

Hence, 1f the

i abecissa A m be

A ™. m Q put:.z,lnd the

ordinate mp=y,

-, we ghall have mF hy means of which general ex-

and the equation expressing the relation be-
mmd &entxouftheﬂuxx:gsamd will be

found, and thence the length of the sub-tangent
(m F) a in the following Examples :

EXAMPLE 1L

50. To draw a Right-line C T, to touch a given Circle
BC A, in a given-Point C.

I&zFShmMH&em:l?, and
[ =
Snaands‘(z’)’

the circle, y-
} (C8)=BSx
’*.Ab(:mrxa-—x)

="ar — r%:
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whercof the fluxian hemg t.aken }u order to determirfe
the ratio of % and y,owe get ny_a.:’—vﬂxx, conse-

quently ;_éy-ﬁ—x— fas g%whlch mulﬁphed by v,
. yﬁ yl - . |
gives = 7 i-‘-l—-- the bub-tangent S T*. thnce &ﬁ;t: 48

(O being sup)osed the center we have OS (ia——.r)
CS (y)::CS (y) : ST ; which we:also; know from
other pnnctplcs =

EXAMPLE W

"~

51. 7o draw a Tangent to a‘nf given Point C of llhc
contcal Parabola A C G

If the Latus Rectum of the curve he dcxwted by a,
the ordinate M C by y, and its corresponding abscissa

1\[“" ' ):IL

AM by v; then the known equation; expréssmg the
relation of x and y, bcmg a.r.._y,w:c have, in this

case, aﬁaz‘yy K whende .1;_3 %_’ and wan“ently :yrf 1- All 13
P

W
-

=? x..MF Therefoss the' sub-tangent »

t the double of its cobresponding ‘4 AM:
Wc likewise know from other prinéiples. ' =

:*Eﬁ
-
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EXAMPLE HI

52 TadmaMmteaPambolaqfcaykind.

) MMWdedwwmmg
. A=y, » have uc‘d“‘x=a+nxy’+"“ L)

andtbem!‘ehe”i 1-% .‘sz

R XYW Py
%g% _y"‘za ) =
mxx:ﬁeﬂwﬂu of the sub-tangent : which,

thmlote,ufoﬁqwa,mdmmtmwof

m4n t0 N 5o

"
[

nwaui-x.z Iv.

ﬁ. rom aTﬁgMBT 10 a gives Péint B,
o a;ﬁuEllapauBRA

If R§bean
© ordi to the

axis
A B, and there
,:W ( “""WU

S=x, RS
AB:nd’ and
lmrea’ b aa‘-n' xAg) y‘(RS nndthem—

fo:eux"maay whence §2 x a3 Rk e= La"yyj,
and\-’?‘-.-: —-%i and moeqqnﬂy 'the sub-tangent

. i f& ar—z*
w 2 T
axt. 40. 9T (!5 »=7 x,a% b‘ x Bxdars
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nxr—2zx°

Whenee the pomc '1' being given, through
which the tangent mugt pm;"the tangent itself may
bc drawn.

But if you would derive an explmum for the sub-
tangent, i any other kind of elliptis (besidestthe coni-
cal) lot the equation g—1* x.r'::—- X ¥V, exhibit-

:ngthcmmmofﬂlkildsofelhpm,beu-

sumed . théh, by ta.hng the ﬂuxlon thereof, you will

have — mt X ¢ =2 xs’+1¢1"‘x'a-—x|
c

=-..;-xm+u><‘y"""'3/,mv.lflmx-aﬁm:%’-2 =

%xﬁnxy"’"

“mox a3 x = + " X @ — 2"
- m+nx-;:;l x:“ Mw x
-_-—»w'xa-—ﬂ T A x a—zI" r3

——-h.—-u.—-—-

y"‘":z a‘-“j x ”')= m+AXa—T X T

—m+nxa-—§
m+l X @1 —2*

— T — 'hich 18 ‘he sub'mgent mmrd‘
NG =13 -t M { x . )

K

) »
EXAMPLE V.
f

54, TOWGTW toanygweﬂpmntﬂ " a
: grven Hyperbola BRA '

aand ¢ be put to denote the two principal dis-
‘memolthelgypperbola, the oq,uatmng the curve

will be c* x az+ +'=a'y*. froni whence we have c* x

57
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LN

i; ...g'az”, ,,.7 -——&-, and consequent-

*c~x§a+r
yr a‘y®
4 ‘y & = !.y
. y ¢ X3a 4 v
]‘ : L)
¢t X ar + x*
X ia4a
. »
rar + r¢

—:m.'—' S'l

whence BT (ST—-

B S).. 1s also
&
T B N known ; and there-
fore the poin¢ T being glven, the tangent R T may be

wn.

The manner of drawing tangents to all sorts of

perbolas, universally, will be the same as in the

K Gﬂl the equations of the two kinds of curves differing
n nothmg but their sxgns

. Lo
CR

EXAMPLE VL

55. Le! u‘u: pmpnscd Curve be that whose Equation is
) art 4+ xy* + 2t =y} --0 .

Then we shall have 2axi + y° a+"xyy+8.\ x—&y_y
=0; thereforc ari+ Yy’ + Sxts= Ry _y—%yy, 7 =

3y’ -2z,

o “‘d“wd”t‘mw‘-rw '

&49. +y° +3\'c"’

B -~ :
N . .



]
1IN DRAWING TANGENTs. 59

EXAMPLE VIL
56. Let the given Corve be the C.‘isn?ofDiocles,uhen

. . o
Equation s ¥=—0

8% x a—x+ 803 * Sguti— Ak

Here we have 2yy =
=
whence —;—:: %% , and conseqficntly fhe sub-

tangent *Zl“ __gy‘xa—.ﬂq__ sl X a—x\? =
A ¥/ Saxrt=2' a—x 3ag® — 25 .

EXAMPLE VIIL

57. Let the Uond/iid of Nicomedes be proposed ; where-
of the naturc is sueh, that, if from a point B, called

Do

2 TR '
H R F
c AT =
B

the Pole, any number of rightlines, BA, BR, *
BR, o be drawn, the parts of those lines C A,
o R, UR, &c. intercepted by the curve and its axis
C T, shall be, all, equal to each other.
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Inthﬂu&e (su AB and‘RS dicular,.
‘andl R H parallel toc s and putti grgma, Ro
(AC) b, CS=y, and R S=y) we have, per sim.

Z!riug a+y (m x(RH) »:;y(RS) —-——...Sv
ht Sv k\/ RS) is nho—‘/b -y thcrefo:e

;:_‘j”"b‘—y’, or I’y‘ea-}-j 'x b — y* is the
general equation of - the’iwrvc, which, . in ﬂu\lons,
gwes%;‘gy+2y¢x£=9y!<a+y xZﬁ- By xa+y

-—2y¢x aty xif-ba‘y — 2y?; and therefore -3 =
aty x¥ —ay "By - ay

T xyt
a+yxyxb’—ay—-2f—¢ﬁy’

P —ay—2°—a+yl2 x b —
= TR ST Gy
— Yeal)? — bty 4y
=% ‘xb' f)zb’.v a_&v b +dy'—~bly +y

oy % Iy [
: ;T;fi':z:: wlgch being a negative .quantity, the

ﬁmﬁamm@wm of the
\. anduo,bydungmgthc
aigns we Mhﬂe-& for the pub-ungent

" e =
STmMm WY

o of 1“ b-m t,
By g o b
c«mmdg. gt the a thcachma, ot line terminatipg the

the mzbdmmumwﬂlwwg

e

s consequently z; =
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. EXAMPLE'IX.

mﬂm&' nt B, and let G Re be parallel to TPo ;
tting P arch (or abseissa) BP = s, m ordinate
hz 9» AF =4, and BPA=c: wen
ottheu:urxe, we shall have ¢ g)PA b (A
(BP) ; y (PR) : therefure y=,—, and’ j==- =re:
buy, by similar mngla, re()) mb(grn.;)
PR(y): PHpﬂzpeu (because y = — )., Thers
if in e @Tamauﬂmrnqu
fﬁhgf 4*;“““‘”mlﬂﬁm@l
oft!nqdoidpmtpnu won ¥

)
L

EXAMI’Lﬁ X. .

. 59, LﬂBPhbeacnmofmy,kmd,to wlnehthc
gwthed of drawing the tangent ¢ Pg is known;



. v s
62 - 1R ugE or rivxions

BR& be'amgther aurve of such & ature, that the or.
dinate PR (y) shall always bt a mean proportional be-

e noo v

SR

L £ -

. “‘*“lg ' PR
4 . B " S = A

9

tween BS (1) mdAS {(a=x)'s RPS perpendi-
* Ar, qgoulsr 0 AB: put Po=4#, S Fsv,gnczﬁ‘ and ey
&4. =y: then (as above), er (j).Re (=Pc=
Vaits) ;. RP (y)'PHay' j""": but, by
the eqaation of thequveféu-#, whence 2yj=

at—Rri,, and 3—9-——-&—; and therefore PH =

ng;:"w’ whwh mll be expressed inde-

geuden? \vlieuthe ofthecurvc
» rehhmoftaﬁlﬁ,
B P4 be the common ﬁ mlamne-
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Yum ; then v hemg:‘t/__‘, 5 will Be = —=

‘VE;’
- _f___ :Z’x4w+0.
W t=ge 4 4? = and theml'ore‘ PH
—-Wx\/&“-fv- a—:x\/h“-i-axl
(W ax—2xx )"' a—2x

Thus far relates to,curves whose ordinates are pa-

rallel to each other: we cogge now to cutves of the.

spiral kind, *whose ordinates gll issue from a point:

such as the spiral B A G, whose ordingtes C B, C A,
C G, are all referred to the point C, called the center
of the spiral.

l LLUSTRATION. -

60. Let SAN be
a ttlmgmt to the
iral at ar nt A,
also let C '%Pl: per-
pendicular  thereto,
and let the arch CBA
(considered asvariable -
by the motion of A
towards . G ) be de-
noted by z, and the
ordinate C A by C
Thm g1y K C -

(v) : xT=£—”’—‘ ;

chee, if u CA, as a diamcter, a semi-circle be
described, - wp;nm it, from A, aright-line A T equal

to .-?1 bemlcribed t.hat nght—hue will be a tangent
to the spn-al at the pomt A - »

EXAMPLE I

. 6).i-Let the nature of the curve CBA be such
that the acch C B A may be, always, to its cor-

* Art. 5
& 35.
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teponding gadinate C A in a comstant ratio; namel
"y tomf: then, becawse ¢:y::8: 5, we havebz‘-:.!

a- o M
%!a:-g!, and consequently AT("-?')::: = =x
A C »igherefore, AC.and AT being in a constant matio,
the angle C A T must also be invariable, Whiech is
a known property of the logarithmic spiral.

EXA&(PL'E IIL

62. Lot B A A be the spiral of Arohimedes ; whose
naturetis sucl. that ﬁedl:“,Eﬁth? n{:]raéin 3:
am) lpl!ﬂ a
laﬁbedahutmzecmw(},isal s in a constant
ratid s the corresponding srch B E of that circle.

N ’ A

l

B . C &
v A By “
., Su ‘Auauphdimw#c &e.
we, CAzmy, rasip of A E
to BE, be l;!ﬂ-oij: uﬁ”ﬁg 53: c.:y—e (AE) "
Ll =BE: whae fusion therefore is==F, . Now



IN CURVES/OF cpurna’v FLEXURE.

df the right-line CE A a be supposed to revolve about
the center C, the angular celerity of the generating
point A, in the perpendicular direction A n, will be to
that of E as AC'to EC; thereﬁveast!\elatterofthege

celmtmuex]upsedby , the former willibe ex-”
pressedbyy x —b,or-—'y:-y.-: which is to () the celerity

of A, in the direction A a, a8 %—to unity, %r e y to
&4 Therefore C'T and A T hre in the same

Art. 35), and consequentl AC:dT:; yi4bi:
y; and AC: AT:: Vy*+%* b; whcneeCT lnd

AT are given cqual &o-—-x——-— and ——

gren 9 Vit b Vy .;f“+b2
* spectively.  From either of whxch the tangent A T
may be drawn by Art. 60. And. in the same manner
may the position of the tangent of any other spual be
determined.

i

SECTIO& IV.

¥

Of the Use of Fluziows in dctermining the

Points of Retrogyession, or contrary Fle.i'ure
inCurves.

68. WH.EN & curve AR S is, in one part AR
concave, sud in the other part R S convex, towards its
axis A ('Jorthe point R fimiting the twoﬁpaus iy m{}gx
a t Wou, or conmry CxXure. |,

mul)::‘r of detérmining which will “appest hm” the

following* .

Art. 5
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. TLLUSTRATION,

LYW

w:,tﬁne BD t be carried along uni-
fosmly, to itself, from A gowards C; snd Tet

b D

By

S

P |

[
n
n

A B

C

the point r so
move in that
line, at the same
time, as to trace
out, or deseribe,
the given curve-
linec ARS.
Then (by Art.
48) while the
celerity of the
wint 7, i the
inc BD, de
creases, the curve
will be oconeave
toutsaxis AC;
but when it m-
creascs, Convex to

the same: 1 , 4 any quantity is a minimum at

the end of its decrease and the n
o Ast. 2. crease,* it follows that the said celerity, at thc_}mim
of inflexion R, mustbe a minismum . Wwhence, 1

+ Art. s.fluxion of the ordinate Br,
he (as usual) denoted by

beginning of 1ts -

the.

expressing that cclerity.+
then will y (the fluxion

+ Art. 92.0f §) be equal to nothing 1n that circumstance,
So

far relates to curves which are, n the former
rt concave, and in the latter convex, to their axes:

t if (on the contrary) the celerity

-

aml thep docreases, that celerity at

L
s between, the inerease andl,decreasc,

:{ r ﬁrst.j:a:rmges,
¢ required point
will l;:‘alz‘ maximunt :

and thesefore its fuxion (or 7) is likewise equal to

" § Art, 92 nothisg in this case.

%mmwgsmw

considercd as an axis,

complement B r=y) be suppossd

' (a5 AB was supposed before)

ealar to A C) be now
shecissa Sz (or its
to flow wmiformly,
; then,
. ment, the sccond fluxion (—%) 0

by the s#me argu-

£ the ordimate nr



IN CORVES OF C\)MRA‘.Y FLEXURE,
gr its gomplement A B=1) will be equal to nothing.

[}

ence it is evident that, at the point of contrary flexire,

the second fluxion of the ordinate will become equal to
nothing, if the abscissa be made to flow ﬁuﬂmly;
and vice versd.

EXAMPLE I

64. Let thte nature of the curve AR 8 /sec ihe pre-
ceding figure) be defined by the cqustipn ay=sel st +
av (tlie abseis:dAB anddzhe m&xgnste B?beﬁg, as
usual represen x. and y respectively). * Then y,
expressing the oele?:yty of the“pointpf,min t.{lzz lipa B ﬁ,
, Wil be equal to iﬁ‘.’..’i_.'if'.:t.?ﬁ: whaose fluxion, or

a
that of §a; ™44 2¢ (becausea and % are constant)
must be equal to nothing ;* that is,— }a’r‘f" {54 2%
=0: whence alr—i =8, a! = 8n, 641} = a?, and
r=}a=A B; thercforc B R(:‘-‘:ffg—‘lj = a:

from which the position of the gzint R is given.
4

EXAMPLE IL

65. Let the nature of the progmcd curve be defined
by.the equation a2 —a%y —a3=0. '
Then, by taking the first and sccond fluxions thereof
supposing 1 constant) we shall also have 2ayy —a’s—
82%8=0, and Qaj“+2a‘y'——6;.i-‘ = 0; whercof the
latter, when 1/3 is = 0, Iy 2«_1}‘-—6.1’&‘3-.:09;::1&
o Srat . 0%4-%a%
therefore ° = —- but by the. former J{TW—’

2 gl Be-xl \
whenee?ﬁ} =E—§%—.M, and consequently 12arg°
4

}2
F2
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§§=¢*+ *; but, by the *ngen equation, 12azy”
1Ra%0t + 1214, therefore 12¢%° + 1214 = @+ f]
’%r ar‘+6¢'3"-—a‘==0 whence z will be found=

w._..((;/ 8-1).
Oereie
v o towo L N ) . ‘ al i
.'**, “Since ayt=atr+r) we have J"ﬂ‘}g:" and
' .

Tt
] i ’-_i?&+iz*’xxa T+

whose

ﬂnm, or that of —i-s‘m"‘xa*.t+x’|"i (because
& is cimstaht) being put = 0, we_get 6r xair+o1™ ’
+a‘+3x“x-—"a9 'ﬂxax+x!|-i-0, or Ga A

“’*23”: whenee 814 + Gar

- «u%-}-:;&-&a‘-i-&“ X -

' ‘;?0‘-’-"0; ‘ndxz ‘/1 = (V38-1), the same as before.

*

EXA!!PLE 1IL

*,

. 06 ‘Let the propneed curve be the conchoid of
. Nicomedes, whereof the eguation- is w._(‘_*_y‘
* Art. 51 ;""‘"0 . GAY X b —3f
. M . ] m‘r—_._—q;z—-——————

-t
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, nmweha"w_yxaj—yxbv-—y;-‘—wxa+ﬂqx‘yz
—yy xa+y’ x B—y* aty x abt +y's*_ _
- K y‘ == yl " -
—ab® ab® - AR
~——g———p=—a—yxy: whence, making ¥y inva-
Y ¥

riable, .we also have .’c’-’+x.‘v‘-—3ay b +—§—-—1 x y
which, because & is=0%, wxllbex’:s-%‘;-b— 2.3.1;—2—1

.. 3a°b" + b’y ~ y‘

Xy = 7 x . But smoc, by the

former equation, ri= -w x y, we like-
r+ )2 x ab® '—\~ . ‘
atyl xab+y’ x 3%, and conscquently

wise get it== iy
m..’ +2ab'-"y__'y‘ X x’-‘y‘.‘:a.}y'ﬂ xab@ +yil‘l: but, by
the cquation of the curve 2% is=a+ * xbi—yt;
therefore 3a°b* + by —y* x a + y' x b —gyr=aty®
x ab* + g3, and a- b"+2¢1b_y-y" X b —y=ab*+y';
whence 4 + day? —i«ﬂa Qab" -2a: b =0; which
divided by y+a, gurcs ¥ +&!y" b =0; from
whence f’ may be determined. But if b=gq, ‘the equa-
tion will become more simple by dividing again

* Art. 63.

y+a; in which casc we get ¥° +~ay-—-2¢ =0, and

P

consequendy y-—-a/ﬁ—-a

"EXAMPLE IV.

67. Lot aly=180a’x*~110a%> + 30ax‘--&r‘

Then will a{/ 860¢° ri —330u*x°% + 120&:3.\-'

15248
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Tuk I}ﬁ: oF (FLUXIONS.
a4 9606" ¢ — B60a%zx° +'860ax 42 — 604, ,

Art. 63. 6at-11¢%r + 62z -2 =0"*

+ Art
& 48

Whichi being divisible by any one of the threc quan-
Gities awx, La—x, of 8¢~z the root + must there-
fore mdma values, a, 22, and $a, and consequently
the ¢ mhy_tbe given equation, as many points
of ennmng .

* B, i w& know whether the part of the
eurve any two ‘adjacent points, thus
ﬁlmd‘ or goncave towards the axis; see

; of "the expression the sccond
fluxion, of the ordinate, between the tWo correspund-
ng roots, bé positive or megative: for, in the former

- § case,' the curve i convex, and i the latter concave f

(provided the whole curve lies an the same side the
axis). Thus, in the examplé before us; because the
second fluxion of the ordinate is always as 62’ —11a"1
+6ar*—3? (=g—1 x2a—x x3a—1r) and it appears
that the value of this expression, while r is less chgn the
first. oot . @, Will be positive; the curve, therc-
Rore, mﬂw bgg{hhmg, will be convev to its axis:
but whth 2 becomes greater than «, the said expression
bemg negetive, the curve will then be concave, and so
contmue till 2 is equal to the second root 2a: after
which the fluxion again becoming affirmative, the
emrve will accordingly be convex ull x=8a; beyond
which Limit the eurvature continually tends the same
way,

nt it will be proper %0 observe, that therc are cascs
where the second fluxion of the ordinate may become
equal to nothing, without either changing its value
from positive to negative, or the contrary (similar to
those already taken notice of in Sect. I1. p. 45 and 46),
which cases always happenswhen the equation admits of

. on even uumber of equal roots: and then the point

. found s above is not a point of inflexion, because the

‘1 curvatuffe on ¢ither sido of it tends the same way.



)

SECTION'V.

The Use of Finrions in determining the Radi:
of Curvaturg, and the Evolutes of Cprves.

68. A CURVE p O H is said to be the evolute

“another curve A R By when it is of suchl a nature, that
a thread RQH, coinciding therewith (or wlapped upon
the same) being unw or di from it, by
a power acting at the end R, shall, by thawend (the
thread continuing tight) desgribe the given curve ARB.

ILLusTRATION.

From the point O, where the right-line R O (called
the radius of curvature) touches the evolute pOH, °

let the semi-circle S RID be described : w_hich semi-
circle, having the same radius with the givert cugve,
at R, will consequently have the same d of cur-
vature.——But the cutVature in two gurves is the *
same, when, the fluxion of their abscissas being the
same,, both_ the' first, and second fluxions of their




i OF THE uiu OF LURVATURE,

eama;;% ing ordinstes B n and R’m-are respectively
equal to other : %ﬁ, the first fluxions being

equal, the two curves will have, at the’ common point

Art. 48. R, ope’ and ' the same® tangent ¢t R A:* and, if the
_second flpxions be. likewise equal, the curvatire, or
deflection ‘from that tangent, will also be the same in

both ; because these last express the increasc or decrease

+ ‘Art. 19.of 'motion in thg direction of the ordinate,+ upbn which
3 Art. 4. the curvature entirely dermd&: K
This being premised, let the abscissa Sm of the semi-

cirele (considered as variable) be put=w, its ordinate
Bm=v, Rr =, rh=v, and RA=:: then, R A be-

Il Art. 48.ing a tangent to the circle st R,|| the triangles RAr
and R O m will be equiangular, and thereforc & (R r):

.2 BA)1:o€Rm): RO= ‘_;-v whith,* because the
. radius of every circle is a constant quantity, must be
e inv)griable, -and copsequently its tluxion w =0:

w .
. 8% & - : . .
whence v is founda:-—-—‘l;::-—;; (because, % being
— — -
constant, and @*+9°=3% we  have, in fluxions,

. ¢ 2 . .
0 =2:%, and so -2-;,2 ) Thercfore since v is=

-D ,
# . P 2} % + o)
—, wealib get SOWRO(S ) = —- = ———
which last is a al, expression for the radins of an
circle, wmgm:mm -of the fluxions of its ab{
scissa (‘w0 ) and ordinate’'(v). But, by what is)premised
above, these fluxions are rgspeetively equal to those of
the abscissa A # (z) and évdinate Rn (y) of the pro-
posed curve ARB; Therefore, by writing 4, y, and 7,

N ’ ! ~o .3‘* 4,';
instead of ., o, and o, we haveyn+x_ (= _;)
for the geneval vllue of the radius of curvature, R O.

|\ &
—

N .
W
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le same othetwisd. .
If the radius of the circle be R "and every
thing elsc be supposed as above ; -tﬁen (by .

of the cirele) we shall have v* (Rwm*) = w*-ur
(SmxDm): wHenoe in fluxions (making dmseam)
we get 26 = 2Rue-—2ww, and 28* 4+ Qw.---ﬁw‘

from the last of which, equations v is found= —

20 3 ¥
-—-—-—; ; and comequenﬁy RO(” )a:«;—; = -:—-x‘_;
the same as before. ‘ Lo

(S
Otherwise wzt’wut the Circle.

Let RO and 7 O be two rays pupcndtcuhr to the
, curve, m&eﬁmtely near to cach nther: and from their
interscetion O, let OF be drawn parallel to A, cutting
Rnand A F (paralld to R 2)in L and F

Therefore, su pusing R E=v. An=1, Rn=y, &c.
(as beforc) we s Eall have, by similar triangles, as R P

,‘é‘é

(X):Pqg(3).:RE(v): EO:: ; and cnmequmtly
FO(Arn+EO)= x+—g: which value (as well as

ety

3
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that of AF).continging the same whether weregard th
radius R O, or the r&m r O, its fluxion muﬁmﬁ

fore be equal to noshing ; tha is, 4429478 X =19
AR

i’ .‘ . ’ .
=0; M v= y"—""‘"xt;g, and cousequently R O
L L A T T
() =gy = oo gy "heh i ¢
. . 53

i suppesed oenstant, eor =0, will W°-zfj’ as
aboe' ‘e v . ' ’ . '

But if § be uppmeammm,nmubcy-; And,
if # be ensidnt, it will then be%: for, since 3%+ y°
==$2, by takmg the fluxion thereof, we have 2+
L§=0; whenee j= -;‘%x; and thercfore RO (=

z‘ 5’ » . 3 . o
- ...):: - =.:..-—.ﬁ-___"7-£-——_'=y—,,f, as before.
yx =2y g +‘i‘f PeHaixi ¥

o ¥
. Now from the several values of the radius of cur-
vature RO, found sbove, the corresponding values of
A ¢ and ¢ O will likewise be given.
Thus, if & be made constant; then, R Q being =

B
. a3 ’
-~

=5 we shall have. Ac (Ax-+Om=An+ xRO) =

i & # -
x4+ L—, and ¢O ~Ra=—xRO~Rn)=—r2
- ®Rm % . ) -y
-.yt oo » 23
But, if ¥ be made constanty then, R O bein =§§’

, " ) . 20
yeshﬂl]mré%c: x +%,md¢0=f§§ -y



Awp THE EYLUTE bF cunves.
Lastly, if ¢ bé tuppoged constans ; then'R O being
='-g, we shall?have Ae;;:x+%,'qnd e 0=g.——,y-

Which scveral expressioms will serve as so man
neral theorems for l;’.ﬁ:rlx'nining the quantity ofycﬁ‘r’:
vature, and the evolutes of given curves: but, before
we proceed to examples, it will be proper to observe,
that the right-line A p, denoting the radius of curva-
turc at the vertex A (to be found by making r, or g,
=0) must always be subtractui from RO and A, to
have the true length of the arch p O, and its cor-

M ’

responding abatissa p e.

.. - EXAMPLE L,

69. Lt the given curve ARBbe the common porabola,
whose cquation is y=tatzd: Then will y=1labir—t

= g, and (making & constant) j===—1} x&afi?;"*

—ate ‘\/4_@ a
_ —ak \. et S + a
== whence 7 (Vit+§) = gV =

%
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L

4 : 1+ 1l
and the radis of éurvature RO{-——Z—S—) =% :
. -3 2V
which at the vertex A, where a=0, will be=ja=
Ap. M‘omvcrAc (z+ :—'f—%,)s{a-r&, and there-
forepe (A e~A p)=3x, the abscissa of the cvolute:
likewisc Oe (% -y) =~3~2 the ordinate of the
cvolute. Therefore, O ¢!® x a being in a censtant ratio

to pe’, (oamely as 16 to 2%, the curve is, in this
case, the semi-cubical parsbola: whosc arch p O

t
R O—A p) is also given=21421
( p)’ll.ﬁho given e

—ia.

EXAMPLE IL

70. Let the curve A R B denote a parabola of any

other kind: then, because y=ar® is an equation to

.all kipds of parabolas, we have j=nax & and y=

axn—1xaor*?it: therefore 5 (Va'4j%) =
- 1 -+ nfatz?™4}

V1 gy, RO =)= —— ’

a‘+” ’ (-’V),—uxn——lxaf’"

JRN _a + wtata™

Ac (24 ) ===y —

, O¢ (é}_y)

,__:“ﬁ_ x n—1

‘ P |
which, if .%;wmmme:%; but, if # be
* greater than §," 1t will be=0 ; and, if » be less than §,
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it will be infinite :* whence it appgars, that the radius

of curvaturc at the vertex will %e a finite quantity in

curves whose first (or least) ordinates are in the sub-

du licate ratio of their abscissas, and in all other cases,
nuthmg or mnfinite.

EXAMPLE I,

7. Suppose the given curve to be an ellipsis ; whose
oquxmon (putting @ and c'for the two pnncxpal dia-
meters) is @'y =c® X ar—a%.

Here, by taking the first and second fluxions of the

gncn uauon, we have 20%yjy=c xa—2r, -and
Wyt 4 2a'yij = ' x — 2= —2ci%;, whence § =

(_'__J_a(ﬂ-—zl’ and — § = A : which, by sub-

2’y aty
stituting the values of y and j, will become 5 =
o xa—2z a%c®i® x a—2rl°
-y and — = T e
%y ar—1° A x ar — xr X acVar — 2°

cxt cxt a-—i?‘+4xam—1" cax®
aVar—i* a x 4.-xax—1~‘/azv-ﬁ 4xa.r-x“§ .

—

therefore ¢ (V54 %) = ‘\/w_—__—-__——- 4 i

4a? x ar—2x°

+

2q% 4 g — —Ax® .
=—J-E- gata —E X dar 4x, and the radius of
a ax—z*

29 _alettai—c x dat — 4.1]’ L
curvature ( )_. e —: which
when the dxameters « and ¢ are equal, or the elli
fl_egnerates to a circle, will be. cvary where eqwss
2...:?..*,0: la; agrecable to the defini nof & circle. .
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& ! &
o, o T IEXAMPLE IV,
?3, To find tlacﬂqdwz'qf Curvature, and the Evolutc
Wd

I.et ARB B¢ the given cuwe, andAOH its evolute ;
alsolet Rl axﬂ mllal &oAQ,.and ¢O and R

~ 8
14
tr ¢ '
A e
St
. ’.v,k
N o ;G L - H

‘ dxculartoAC mdmtA.RB (=2BC)=q,
A'g-—z{A we=T, cnd Rn:g:y then BR=a~—:, Bk
=la~g; --sud,. by..the Wty of the curve, a*

(A.B) \i=z (BRY):: 1 (BO) : dawy. (BE)

¥ Qag - 32 a — zi
Mmy«--"’é‘a"’—", «Mrc J« - az, 52:—)

(x‘)—__#, and.ié& _)? . Whence

(m;f wmm) £= ﬁ*’.‘_i’;i-.'. from _}vhich

a¥/2%:—z*
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. ’ 1Y 68.
weget RO,or AO (=’—§-)=V§z-—zﬁ, and ¢ O, Art *

Qa;:z‘ ;* which, when z' =g,
or ROH eoincides with BH, become AOH (BH)=q,
and CH (AG)=4a. “Hence, bécause it appedrs that,
AHY (a0): AO® (2«:— ) 1AL (Ja):'AS
(2’”2';”')& follows that the evolute A O H is also a
cycloid equal, and similar, to the involpte A B B.
If the evolute had been' given, or supposed, a cycloid,
and the involute required, the process would have been,
more simple, as follows :
Let AH (2A G )=a, AO (=R O)=z, A S=u1,
SO=y, BR=v, BA=w, Rr=9¢, Rt=#, &c. Then
it willyhc,"' + Art. 45,

51£(::0m:OR):Re (%) Rr = Eyf ‘

or AS (=j;—-y) =

rae

152 (RO)Y : Om.-_-.f;_i,

e

1312 (RO) : Rm=2,
Whience we have f:.—:%’z, Ra(Rm—AS) =$§£—I,

and An (0 8—~0 m)=y—:-:—j; whigh expressions an-

¢

swer to any curve whatever.
But, in the casc above proposed, A H* (a%) : A O®

. (:'~)£:AG ({a) ; AS (1).; therefore .r.-i-.%, %= f-";
£V g -2
a

and j (Vi—3)= ; and . sequently R »
L TR LU A S i T
(_g-x)gz—%_%_fa w(or CB=B#h)

-



* Art.

“
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L

wbgneedm w..-.t—-——--—, end % (~- -;/—;—-_‘__

75:_— therefore it will be o : % (;:a; V' 2aw)

Vs}a‘ w,tlm:s,uRr Re:v'BC : vBk:

which is a of the cyclmd
Hitherta iegargm had to curves where the
ordinates #re “to ggpch other; but when the or-

amm d:l M;ﬂ mvm point, as 1(111 spirals,
eoTems W e necessary ; and may be
thus desived. y
78. Let AR B be the proposed curve, P the point,
or oenter, towhwh its ordinates are referred, N O L.
the evolute,
and R O the
ray of cur-
vaturc at R:
moreover, let
PH be
dicular to
and, supposm i
the ordinate
PR (y) to be-
come variable
by the motion
of the point
R along the
curve, let the
fluxions of AR
aud PH ¢, p ),
e m the
ez‘l of
ints R
aml' i di-
rections ' - per-
RARS L 3 h to
c v 0’, ‘& dc'
W by ¢ and pmpecuve@» "
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« _ Thercfore, the telerigies of any twospoints, in a
right-line revolving about a center, being as the dis-
tauces from that center, it follows that p : : . OH :
O R ; whonce by division (putéing R H=v) we have
impiiiio(RE)  RO=—o = B2 Bt p

ﬂ S e A 2 (4
=yy ¥y Art. 60) and thereforc RO = —,—v‘—y%)—;
which, bcca:xse '_y” —p:" is= ot (and therefor ;yy—ppi
r#) will also be = fi';/:?~==yjy.' ‘
P

1

The same otherwise.

Let SR D be a circle described about, the peint O,
as & ecnter, and sappose the distance P R to be variable
by the motion
of the puint R - . T
along the arch R eso

Q

of the arcle '\4,..:--,/;-' '
4
/
/

tinstead  of the
/ I

curve ) : then, Fd
drawing O P, / &
and putting Oit »

=r, PR=y, &c. / A F \kL
as  before, we ¢ 77 o

dall get O 1 D
(OR*+PR--20RxxRH) = r*4+y°—2v; which °
(as well as ») being a eonstant quantity, its fluxion
Qy¢—2rv must be equal to nothing ; and therefore r=

v"f{i, the very same as above. Nor is it ‘of any con-
o ; .

sequence whether 3 and # be here Jooked upon as

ing the circle, or the gutve ; sinee, at R, they must be

the same in both cases ; otherwise the curvature vould

not be the same®. Now from the value of R O thuse Art. 66,
found, which (corrected, when nccessary) will also.ex- .
press the length of the arch N O of-the evolutet, + art. 68.
the ordinate P O and the tangent O H of the evolute



.

&

. sinilar to the involutc; and that a right-linc «

OF THE RADIT OF,CURY. ATURE,
mayebe easily dedueed. For d'n(no RH)=4
wn?wMP0v=ou+PW)“@+g

~ whence the nature of the cvolute is known.

Emmw L.

74. Let the given cutve AR be the 1ognmhmw
spiral, #Mosc natare is such, that the angle PRQ (or
p H) which the ordinate makes with the curve is
every where the same.
hen (denotmg tbe sine of that angle by b and

therndmsofthe mh!ea by @) we have Rl[ (v)=

;and therefore RO (W)__‘%/ = '-lg- ; “huh bcmg

wPR()mtheeon »ramoufulob o of PR to

R d\e wiatigles RO P and R P 11 must therefore he

ar, «and so the “angle P O I, which the ordimate

P Q.makes with th %ute, being every where g al

to PR Q, will likewise be invariable. Whence it ap-

pears that the cvolute is also a logarithmic s{unl

rawin

fram the center, pétpendicular to the ordinate, of any

logarithmic spiraly, will pass chrough the center_ of cur-
vature.

EXAMPLE 1L

. Leubc cuirve proposed be the e spiral af Arehipedes ;

b & B 4
¥h ré*we = nd
e ‘bave p= o i an o= v'y’ =
('ﬂ! Art. 62). Thetefore ; KR xy=~ +.b"'"+‘y X
. . . v . # Mr \ ) .

A
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Y 347 .
'~%x2vyxy+b ! L

= i
Wi Xy +b +b-ar’y 3’y +2byy b radi
’+b'|§ ; ﬂ.ﬂ 3 henee the radms of
* curvature < -"-y is here = ¥ %i }’- whwh bemg = —-" Arf 13.
when y...(), thL arclr of tl# e&olnte,‘r xpc}oned fromf Art. 65.

2t b¢ }1 b

the vertex, T therefore = 1-- G —3, -

* After the very same manner you may proceed in other

cases : but if the value of ¢ (or ’y‘y) ehanges in any

case, from positive to n tive, ' the mdms of curvs-
fure (RO) after becommg infinite, will fall on the
other side of the tangent, and the corresponding point
of the curve, when ¢=0, will be a point of Contrary- .
Flexure. Whence it may bewhserved that the point
of inflexion, in 4 curve whose ordinates are referred
to a center, may be found by making the fluxion of
the perpendicular, drawn from the eenter to the tangent,
equal to nothing, which case 18 not taken notice of in

the preceding Section.
Fol
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"SECTION VL

' Of the Inverse: Method, or the Manner of de-

LS

termining the Fluents of given Flurtous.

76. IN the Inw%i‘et&d, which teaches the man-
uer of finding the réspecve flowing (uantiies of given
fluxiong, there will be ne great difficulty in concetving
the reasons, if what is already delivered in Seet. 1 on
the Drvect jla'ﬂwd, has been duly considered :  though'

the difficolties’ that occur in this part, upon another

account, are ipdeed vastly superior. _
It is'an easy mattér, or not impossible at most, to
find the fluxion of any flowing quantity whatevert

-, but in the fnverse Method the ecase is quite different :
" for, as there is no method for deducing the fluent

from the fluxion, @ priogi, by a direct investigation, so
it is impossible 1o, hydo:’n,mles for any otger forms
of_fluxions than those particular ones which we know,
frovs. the direct methiod, belong to such and such kinds of
ﬂoﬁniqmtiﬁe&- Thus, for example, the fluent of
223 is known to be 1%, because it is found in Art. 6 and
14, that 22% is the fluxion of 1*; but the fluent of y¢
s unknown, since o expression has been discovered that

. produces g for its fuxion.

77. Now, as the- principal rule in the Direct Method
s that for tHe fluxions of powers derived in Art. 8
(where it is proved that the fluxion of z° is umiver-
sal{yexwxl; by nr*'%): so the most gemeral rule
that can be given'in the fnverse Method, must be that
arising g:m the converse thereof ; which shows how to
Qrigp, the fluent of an er 'of a variable quanti!
drazon into the fury :y t mt:qfund,\,yhich, exprweg

in words, will be as folfows. o
expoment of the power, and divide by the cxponent so

by the fluxion of the réot, add wnity to the

mer
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. For, dividing tht fluffon ma*'5 by s+ (the fluxion
of the'root 2) 1t becomes n1™' ; and, adding 1 to the
exponent (n—1) we have nr*; whlch divided by »,
gives 27, the true fluent of #2*~'%, by Art. 8 -

* Hence (by thc same ru!c) thc
¥ lucm of 8% will be = «'

-3 .
That of 8178 = l}_‘; :

K

That of a3 = ! s
at 0f ~a'a 3
- That of gty = 24},

That of ayly = _i_g-y_z ;

;i..

‘o RPN e
» L3 »
That of y* § = Lo = Vs
'y .V 'E'." -% A
art~*

., ax R .
Ihat of —, or ufx™, =
L]
x -

. 4
..'Thitofu-i—‘ x.‘z:a'*':} G

W

' T
Amd that of @ +"‘;7" X 2% e
" mxn+lj;‘
for hm: the root, ar the _quantity under the . enexal '
ipdex n, being a” +4"’, and its fluxion: = W
(Art. li) we shall by’ 'ﬁimdmg by the hst of ﬂ}ese
-t “%“‘ Tn
quanmm, have --%—-—-— whencc, morenm!g 7 the

;,,-.- . RERTIN
i
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+ imdex by unity, and div'i&iugrby (A+1) the index so.

. .o T
ifioreased, there comes put = £
‘ o mxntl

After thevel:y same manner the fluents of other .
expressions may be deduced, when the quantity,
or. mulm)hmor, without the vinculum, is cither
Lquﬂ,. of in' a cowstant ratio, to the fluxion of the
quantity under the vingulum : as in the expression
a¥cwx dz*-\%; where the number of dimensiops
_of 2 under the vinculum (or gencral index) being u\%
to those of r without the tinculum + 1, the tlue
may thereforc be hadg as in the preceding examples ;

‘and will come omt —-=—=: and, that this (or
. , nexm+ 1

any other expression derived in like manner) is the true
fluent will’ evidently. afipear, by supposing + equal to
a & ‘c® the guaptity under the vinculum; for theu
(equal quanuties” baving cqual fluxions) & wil be

'

. R . o e Cds
“An. 8 = MCZTEG Y and consequently « + ez x &7
e iy des .
= 1*x-=) = ——; whose fluent is thercforc
ne ‘ne .
-

- S .
dr=t dxag+c| as before.
= T&= — .
‘+"A“'"'n¢xm+l mexm+1 "’ :

Tk

%8, In sssigning the fluents of .given fuxions, therc
itmg,iﬂwtgpar.ﬁ,culgr that ought. to be attended o, not

» et eaken“motice. of; and that is, whether the ﬂo;i:dg

/ﬁ:cnntity,ufounﬂ“by .the common rule above delivered.
."'does not require the addition or’subtraction of some
» 4 donstant quantity o vender. it complete.  This indeed

R
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ran only be known frm{ the patyre of ,the problem
under  eonsideration ; but that such ap - addition
or subtraction may, in some cascs, become necossary,
s evident from the subject imclf; since a flowing
quantity increased or decrensed by a censtant guantity,
has still the satae fluxion ; and therefore the fluent
of that fluxion is as properly expressed by the ‘wholc
cowpound expression, as by the variable part of it
alonc: thus, for instance, the fluent bf n2™'x may
he either represented by x* or by 27, £ @, because (a
being constant) the fluxion of” x" =t a, as well as of 27,
TR T at ‘

. 9. Hence it appears that it is the variable” part of
a flucnt only which is assignable by the common me-
thod ; the constant part (wgiwu stach beconles necessary)
being-to be ascertained trom the particular mature of
the problem. Now, to do this, the best way is to con-
sider huw much the variable part of the fluent, first
found, differs from the truth in that particular circum-
stance, 'when the required quiintity which the whole
{luent ought. to oxpress, is equal to pothing ; then
har difference add:s to, ot,suqbuacﬁl‘ﬁ'om, the said
variahle part, as occasion requires, will give the fluent
truly corrected: for, sinee the difference of two -quan-
titics flowing with the same celerity (or having equal
fluxions) is either nothing at all or constantly the sume,
the diffepence in that circumstance will likewise be the
differcnce in all other circumstances: and therefore

being added, o the lesser quantity, or subtracted from

the greater, both become ogual.

80.""T'0 render what " is above delivered as familiar as

may be, I shall put down a few examples; in which

* the variable quantities riprosented by & and y are-sup-
W to bcgm their exlsm Wgﬁdlﬂ: mi«jwwbew&
rated av the same time. " A

e R - y e

87
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1 Letg g, thm t{p ﬂuent, foumias usual,
mbey.ig?—‘, ‘whare taking y=0, ' also va-

wﬂ (because then x=0 by hypochesm) therefore
Hueat reqmq#m oomon in this case.

% I.et j*ga-&-a’ x &: here we first have y =

* \mtwhenyz:o,thena*"J ‘ =5§
(smee kA ’by hypothem. is then = 0): therefore
“:F ! dmyxexeeedsyby‘ andsothe fluent pro-
»Myemectedwiﬂbe ;—.f..'.t.‘_‘ ! = o 8‘;"

? e
+ +i" ’

Bnt the . very same ﬂnem may be otherwwc found,
wiﬂwut peeding qny correction : for the given cqua-

=a+3’xi), by expanding a+x)® is trans-
fotmd to g = a‘i+5a‘a£+ 8ar®i +a’a; whenee y =

43*4..?.'%‘5‘;4-&4-‘-. thaumemabm

Heme it. . appedrs M ﬂ‘m ﬂumt of an expresswn.
 found scodnding to one for% may requiré’a very dif-
»ferent carfetion from the ueﬁtofthe same fuxion

udwdingwa ’ ¢
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G—Eﬁw littl al
5 15 too ittle byg;

, o |
== g} therefore —

. 3
and so the ﬂuent"ém'réciedz;will”be y‘-..: %—

4. Lety-:—.a"-}-z:'}' x ™% here we first have y=
° - .

R el
E-i-f—:.——.—-; and making y=0, the latter part of the
mxn+1 . :

m et T qentm . .
, equation becomes &_T;..-z-z g ——; whenee the
mxn+l mxndl

equation, or fluent, truly corrected, is y =
S — gmen |

mxntl

5 Lastly, let y = a + bx" + 1 x
mbx™'3 + ncx™'% ; then, in the first place, we have y =
arbr e N

s wl‘xicl‘n,'coméwﬂ as abgve, becomes

81. Hitherto « and y’are both smsrosed cqual to no-
. thing at the-same time ; but that will not always be tit
cage 1n the solution of probloms. Thus, for mstance,
though the sine and tungent of an arch are both gqual
o nothing when the arch itself 1§ equal to nothing, yet

89.
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the secant is then equal to th& radivs : 1t will be proper
thevefore to add an' example or two wherein the value
of y is equal to nothing, wheu that of r is equal to any
given quantity a.

Let, ‘then, the equation y=x*1 be' first proposed ,
whercof the flyent (first taken) is y = ;—;‘; but when
. »,

3 1) *
y=0, then% = %—, hy. hypothesis ;  therefore  the

‘J__ aJ

fluent, Sorrected; 1s y= 5

Again, let the proposed equation be §y = — 1
then will y = —

a-+l — a.,ﬂ-l

n+1
Lastly, let y = ¢ + bs*|d x xa; then, first y =

s b.’lf"} Y (Fy/
f‘%""i and when y:O and r1=a, ‘Lj 7 be

- 3b N
H 2

a3 thevefore the fluent corvected 1o

L

, - ST - ‘

3b [N
8%. AH the examples hithurto given relate to such

"H'l

roe ; which, eorrected, beeomes y —

-

" fluxions as involve one wmkiable ity enly in each

term, whose fluents sre gssi ‘from the converse of
the first genesal vule, in Seciron 1. . But, besides these,
various other forms of fluxions may be propesed, in-
volving two or more varisble quantities, whosc flucpts
may alwp, be found by help of thu. uther two gencrgl
rules delivered in the same section.
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Thus the fluent of yx J.ry iggqxptgssed hy xy ;* that* Art. 10.
i : R S .

"f'?il;r,ﬂ b)'-;;f that of a¥+ay+yt by ertay;? LAN G

! . 2
and that of n1yg™ + yi—nar'™ % x y'x— a*|" by
pm ¢ ’

: for, dividing (in the last case) by

m x.'y".xﬂ"—- (u‘] "
P+m

the fluxion"of the root y'r - ar,* which (by Art.* Art. 77
14 and 15) is my‘" JH Y- nar? ¥, we ﬁ;st have

——— b ' . :
yr—ax'{*; whence, adding unity to the exporent
. .

) . .qe , 8 V; .
%—l? and dividing by the exponent so.increased, we get

e P e E

1 "\ - .I - " i "} ”'

gl__r___‘aﬂ___ = MXYPT=A " oo the true fluent of
t 31 ptm

the quantity pror)sedi But it seldom happens that
thescq kinds) of fluxions, which mvolve %W%Pi!iﬁ'ercm
variable quantitics in onc term, and yet admit of known
or perfect fluents, are to be met with in practice; I
shall therefore take no further notice of t{:em in this
place, but refer the rcader to the second part of the
work, my design here beiug to'insist only ull:an what is
most general and useful in the subject; which brings
me to fugther consider those forms of fluxions, involv-
ing onc variable quantity only, that frequently occur in
the solution of problems, whose fluents may (after
proper transformation)®be found by the rule already
delivered 1, Are. 7. ‘. "y

B J
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83, It hya becn, lready ‘blated, »that if a fluxion of

the binomial kind, as a+c?} x d>'%, has the index
(n—1) of the vanalil.e quantity [s) without the vin-
culum +1, equal to (n) the index of the same quan-

tity under the vigenlim, the fluent theeof may be then
truly found by the forementioned rule. But the samc
observation may bc farther extended to those cascs
where the inder tithout the bincrlum inereascd by unity
is equal to any multiple qf that under the vinculum ; as

in the LXpressions, a a+ 2 x d¥': @ + et X
™' 5, a + " |" x d:“"'"z‘, &c. Whose Hluents are
thus determined.

£

. —-a ‘
- Put a 4 ¢ez* = 1, then will "= , and " :

X ) . e X =—a x
= —;* and therefore 2% = (R — =
[ d I nc

;

—ai U
f‘.’f__f- whenee by substitution we get a + 3"
nct

' x"x&xm’:-—-‘ax 2" N - g™ ¥
Ixe1 3 oy .
dz#=' i = o = d x <

v

" W R fv.'i{' .
whose et (by Art. TT) i ;ﬂmcfore%;w % x

.—;—:;r.—-—-iwnwv—‘

z - 2 the aluc 1}
TR ﬂ+1 w!nch, bymtarmg : value o
R

L X . . . NN -
bood o ¥ gt 4'; a.x a+cz"?"“

x‘,ﬁW:;z; x ‘”“w .+ ; \ . .,“ y n + ]

K
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.

———— aﬁi

fIxa+czl a+cz"f_~_ a. =_."°dxa-§ cz")
net m+2 m+1 nc‘-’

' o

thefmieﬂuﬂntofa+ !

cz a
m+2 m+.8xm+1

dz=t g,

Agam, for tho fluent of & +cs”] X dz*'3, be-

° o
., X r—a .y
cause ¢! i = ~, and, 2* = ——, we have »':
nc

[

e, . i R
x—af & r'%—2aai4-a*x
--.-r—- D -~ SR e .

= 2% x " ¢
.( @ = ¢ ne nc’

whenee, @ + ¢2*|" being = «", we get @ + ¢| " x

A = Ay X x' = Qars 4+ a* _ d N
-~ - — 3 —— "’——
ne nc’

2" — Qar™™ £ + a‘r"y; whosc fluent is there-

g d 1;7-4 gax.-!-u' a‘x =+
ME e Y ars  mee Twmyi T

v T TTew T A _dxagalttt
ne* m+3 m+2 m+l nc*

Ry T N M Prr - Wl
w8 m42 m+ 1 ne’ o

T A d&ms" + 2a* , )
m+8 mt3xm+2  m+Sxm+2xm+l
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Umiversally, let r denote (Lny whole positive number

. ..whatever, and let the fluent of a4 ¢z x dz'-: be

fequired ; then, by puttng e+czs"=x1, and procecd-

"ing as.above, Qg? profiosed fluxion is transformed to

fh‘j’ “ "5' "‘ ’. o ee— )
e X r—a s which, expanding @ — a.
» . L

"

%

(by the Bipomial Theorem) beoowes —

»

-
Y

‘ . e
| — P8
T ey =1 X aa™t R ra] X —— X o il |

-~

"

7

.- d T
&c. whose fluent “is therefore = — x -
: ne” m-+r
r—1xar"' r—1x7r—2x ar*—* &e
. e s XC, =
m+r—1 Lxm+r—2 "
d:t"*‘x ¥ r—1xar? r—1l xr—2 xav
ne m+r  m4r—1 Axm4r—2

* &

Where, r being a whole positive number, the mul-
tiphicatars 1, r—1, 7 —1 X r— 2,r—1 x r—2x r—3.&c.
will thereforc become equal to nothing, after the r first
terms ; and so, the seres terminating, the fluent itself
will bt truly exhibited in that number of terms: eox-

t  when m+7 is likewise a whole positive number,
Jess than r ; in which circums:ance, thodivisors m+r.
x+r—1; m+r—2, & becoming equal to nothing,
before the multiplicators, the corr g terms of
the series will be infinite. ~‘And jin case the fluent
;s“:nd to fail, since nothing can then be determined
at nel T e ’
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84, Besides the” ﬁxegmlg, there is: ‘another way of
deriving the fluent of . Q*tz‘b d:!“"“ 2, m terms
of the original flowing: gunmy:,@» ‘which'

theorcm more commodious 1
given : the method of i ux"

Let dxa+ce +
&c.) (where p, v, A, B,ﬂy &c‘ dena&e“ 2
determinate quantinea) assumed ‘for:" th
sought: them by taking.the fluxion of#h quanmy 0

assumed, we shall have
[ [ 4

den xm+1x % xa+c2 | X Azt + Bz + CsP™ ¢

+1

D& +d x a+ """ x pAzrti 4 p p—v X

. e s op ettt i . .

Ber=—ii g p—20 x Cotig, &c.* which being put *Art. 8. 10.
“equal to the given fluxion, d'_-i—-“c?'?' x dz 3, and

the whole cquation divided by a+ce*)™ x d==" 2, there

comnes out

+ cn X n;—-;“—]'sz'xK:P+B:"‘+62""’+Dz""’ &c. }

whence, by collecting the coeﬂicxents ‘of the like powets

of £, we have .

llx;i-t:i pn nx;n_:—l' o . nxm N b
"]’}'xCAJ, “+ apeu ; xeBz #+ ++p_2v} CCW&:‘:}zo
-+ .paAs” +p-—v xaBe~ &c.J

»

' .
where, companng p+n and rn, _the two greatest expo-
nents of z, we find p-—rn—-n-—r-—l X n; and by com-
paring thc’two next inferior cxponents p+n--v, and p,

£

.
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w iiemgu o=n; vhlhvahesbemgnhnnued
Mmreqm reduced to -

m+r xnw.;. 1-.3 xgﬁr*-;—u-*-r—ﬂ X neC:

5

=0
-s"'+ . qﬂtgnw +r-—§xnaBr""'&c.%

where, pnmng ‘m+4r=s, and comparing the coeffi-
cients of, “hornelogous m"’pa‘::g have A =

1 r—-;‘lxaA, r—1xe

ﬂB: —e = - == . = -
me e, s—1xc sx3~1xne
r—2xaB FAxr—2xa r—8xaC
s—2xpr  sxs—lxs—2xn’ s=—8 xc

(1
s —— 3
 r=—lxr—2xr—8xa
exs—1x3—2 x8—3 xnct’

&c. &

WS —

“which values, with those of p and v, being substituted

in the assumed fluent, i becomes dxa+ef| ™" x

r—1xa™" r—1xr—2 x gtz

P il
Z e e + e
;e sx8~—1xnc sXg~1xs—2xnc
&e = dxatc ™ g r—1xaez™
= g x = - el
sne * 71 s—1xc

r—1xr—2xa’z™.
B, , &ec. the true fluent of
PP e .

ater ™ x dem'z, which was to be detormined :
which fluent thcrefore, when » is a whole positive
number, will always terminatc in as many terms as -
sre expreued by that number, except in that particular
case spemﬁed m the last sruclc. Thus, if r=2, or

* Vide p. 181 of my Treatise cy' Algebra.
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the given fluxion be T + 67 " x et i 5 ﬁiﬂlx :
(m+7) being =m + &, the flumt jtself will -besolls

dxate|™" 3 Ta 7 dxateai™" %
n '/;t':—_g 1 ;-l:i xrt‘y T et wr .
' ¥
ezt a

—— ; which s éxactly the sime
m+Q m-l-ﬁ‘v( m+1 . -
. - -
with the first of those found in Art. 83 by a different
method. o, ‘
The like agreement will likewise be found, when »r
is = 3: but when 7 cither denotes a hroken or a
negative number, the series for the tHudhr will then
run on to infinity . because no onc of the multiplicators
r—1, r—2, r—8. r—4, &c. can in that case be equal
to ncthing.

85. The foregoing fluent, it may be obscrved, was
found by assuming d x o +c2*|"*' x AzP 4 Bz~ + Ca
&ec. and comparing the two greatest exponents of
the equation thence resulting : but if, instead of
Az’ 4 Bz~ 4 C2#* &e. ap ascending scries, as As? +
Bz#* 4 Cx#* &c. (where the exponents of ¢ con-
tinually increase) be taken, and the two least ipdices
of s in the equation (in like manner resulting) be com-

‘together, the same fluent will be hud according
to a differgnt form, which will be of good use in nany
cases when the foregoing fails. or runs out into an infi-
nite sertes. .., -

Thus, if p+v, p+2v, Kc. be wrote in the rocm of
p—uv, p—2v, &o. ivcly, in the first equation of
the last article, it will appear that ‘

3

97
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a4 pr’+p+vaa'*'+p 3 x O™ Ke.

“

'mn ummn oF ninma PLUENTS.

+¢”; ixrxu B;;'é-(:s'*“'&c. }

)

— R
—

which equatiori may be reduoed to

paAs+p+o xbaw-yp’“ B0 xaCo*™ Ke. z
=0

e XM *1 nxm+41 , phnby
+ 4p }chw+,+p+° }ch;HS

where, by companng the two least exponents, &e. p
1 1

" will be ﬁund =rm v=n, A= — = —; B=
‘ . pa rna

pHaxm4lxcA - r4+m+1xacA

—-— T - -

ptuxa - r+1xna

c4mtlxe C= p+v+nxm+lxcll
rxr+1xm“.' p+2oxa *

r4+m+42xncB r+m+1 xr+m+2xc‘
o = &ec. &c.
s r42xXne rxr+l xr+2xna’

T herefore, denoting 7 +m by s (as above) the fluent of

a4cz'|"x de™' will falso) be truly represmted by

a4 1 x ez
dxa+ 9‘ X ( - i
rxr+1xna
om0 +1
s+1xﬂ~,ﬁxcz 8¢ o its equal “XE +cz".__~>:_!ﬁ_

——E
rxr+lxr+2xna’

T+ 1 xcz" Tr1xs+2xemz™
x1 - == —--——-—-—.:&-“-— &ec.
r4+lxa r+1xr+2xa“

Which series will terminate when s (or 74m) is o
whole negative number ; and therefore in all such case:
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also a tive in lellthma, for in
cxrcumm iy riag ikl
equal to nothing.  Vide Art. 88.

The use of themww:ggeﬁndw
for she fluent of e+E3"" x da™t4, mmbﬂ

the following exsmples,

EXAMPLE L

" b
86 Let a2t be red ¢ ’
& Waﬂkwdﬁn
ot 9 ¥ xdan.

By compwng the fluxim heve peopesed  wigh
a+c|Mx dz™' ¢, we have a=a, c=1, =%, u=],
m=—}, d=b, rn—1 (or r—1) =1; wl\ence r=.-2,
and ¢ (r+m) =§; whereof the former
sitive numbet, let these values be thereﬁ:e mbmtu

dxa+cz“] N (__ _ r—1x g™ +
1 s —1x¢

Eiﬁm—-—— Txat™ co) the fist of the twe go-
s—1xs~2xc

neral expressions for the fluent, and it will besome
‘l avat — .
bxa:x *(x__%) 8{&“"!::‘ ’1 s‘w M,ﬂw ﬂl n

tity sought in this case.

x2
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ol

EXAMPLE IL

¥ .

Lo |

87. Let ‘he Fhmm proposed be ~———r Ve or
a+?;!"“ x bx*ig,
Here, by procpeding &8 above, we have ¢=ga, o f.

z=x, n=n,m = —§,d=b, r=8,and s (r+m) =,
whence, by -substiiting these several values m

the sdme gemeral expression, we get‘x“']’ L

Rz R bxatfrit
PR ¥ o L
'65"'“"7—"85‘210-—-&#4-1 '

15

EXAMPLE III

88. Wherein the Quantily proposed is __‘g_.i'l,
' M EF Ly
&‘"g we have a=g*, c=l, 2=y, a=Q, m=1{,

=1, en—1(0 2r—1) = —6; vhence r (-_-."'62”’1)

L

.,..,._.g, and s (r+m) = — 2; whereof the latter

being a pegative xiumber, let' the several
walues hm exm be therefore substituted in
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*

a+c )™ xde* *. s+ixer s +Ixs+2 X cla®
X {x-—-:::::——- E————————
rma v Tr4+lxa re+lxr+2xa?

&G) the lstier of ;‘0 two gama! expneaniom gbove
, ;e
derived, and it Will become +y_'_]5; ; X

(1‘-_:_—1——:%:)%""2{2"” ; the true finent

required.

EXAMPLE 1IV. -

89. Lastly, let the given Fluvion be a—f=|k x
¥ Pk bV 2

Then, a being =a, ¢ = — f, m=§, d=1, r=—3,
and the rest as in the general fluzion a4 ¢)" x
dz™~'i; we shall, by substituting in the second
form (because s is here eqnal to (—8) » whole nega-

— 'f --5" “'2 — "
tive number) have = L ];;: x (- :’aﬂ
. *' % N
—2x—1xficry _ afEf A
= xmie ) = rme il A 1~
P BT
= e ) " rusamer
105na’s¥, '

A

90. Having insisted largely on the manner of finding
such fluents as can be truly exhibited in algebraic
terms ; it remains now to spy something with regard to
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Mhb dher monl sf ressions, uwo‘l;‘!,ct edcne vara-

are %0 com-
w&%ﬂtyvm l{h radical qy:,lnutaes, that theuznents
edotiot, be accuretely determived by wny method what-
woever ; .of whieh there are imnumerable kindé: but
dmamegmudmahodﬂlqhy;h!ﬂmuof mch

expressions are any mned d?ree

exaciness ; m&d eres
whaich it will, louphm, so far
as relates to the manner the ralue of any

mpundﬁ-mmns help of such a

‘"EXAMPLE I

91, M,%wmu—-hﬁrd given; to be
\F mrMManlqﬁmSerm

Dmdn dsennm’um ax bythedepommnmr a—u,

u:;ymddm-m sonmon algebra :
tbﬂdﬁwum stand as follows . = :

!
a~32)ar (t+*;+;;+;;+&c.

't ame-at, v

+a® o
dar— 2

aln

X

alnaln

o+
+
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. . 3

where 'the quotient, or series r -+ ‘ﬁ+f—+f-:+
a a* a

r \T"

ata

the value of the propescd fraction ',{ﬂ';

&c. infinitely continued, is taken to expound

92. But, though the series thus arid t to be
carried on o an ﬁ)hﬁnity of terms, to hav‘:swm:ﬂle value
of the quantity first proposed ; or, though the quotient,
continued to ever so great a number oof terms, will be
strll something d ve of the truth ; yet, if the value
of the quantity (1) in the pumerator be but small in
comparison of the quantity (a) in the dgnominator, the
remainder, after a few terms in the quotient, will be-
come so excoeding small. as to be neglected without
any col:;sidcmble ezor; and then :lg .;)e ue of the idtole,
or of the quantity first proposed nearly.ex-
hibited, !?y mﬁtzg a sn?all nunber of th:‘;;yading t{:rms
only. .
us, far instance, let the value of ¢ be expounded
by 10, und that of z by unity; then the remainder

(-“—;) after the two first terms of the gquotient, being
1
10
(a—x=) 9, will thgrgfméi’ve % = O,Giﬂi'lll, &
for the defect, by taking the two first terms only:

but, if the three first teyms be taken, the defect will
be still less cogmiderable; amounting to nb more than
Z)%(.), or 0,00111111, &,

This may likewisé be'made to appear, without *any
regard to the remasinder, by collecting inte one sym,
the values of all the terms®to be taken: for, if only

the first vwo G+ ) e proposod their sum will be

, this value, divided by the given divisor

ios
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=1 1; which, dedpoted frum the'wrue value of the
. . as 10
. given fraction — (= 5 ) = LiI11111, &. the

difference will come out 0,01, the very same a
before. © o
Thus, also, by collecting the sitn of the three, four,
five, & first terms of the:series, you will hne
J11: 1,111;eand 1,1111, &. whigh being suc-
cessively dedueted from 1,111131111, &c (as above)
there will remain 0,001111, & 0,0001111, &c.
0,00001111, &c. for the errors or defects in those cascs
respectively,

99. From what has betn said in the preceding arti-
cle it appears, *that infinite series, in bra (accord-
ing to a oom!:lmn ahseg;npn) are simi tq,th or cor-
respond with, decimpl fractions in common arithmetic

as aq’deeimd fraction may be carmed on to
any proposed number of places, however great, and yct
never amount to a quantity, which but a very little
exeeeds the value of the three or four first places; ro a
series may be infinite with regard to the number of its
terms, sud yet a fow of the leading terms only, may
be -suflicient to the value of the whole, very
nearly i ways, that the series has & sufficient
rato of potivergency, or that its terms decreasc in 3
pretty large proportion : | for otherwise, coen, a great
number of terms mey be used to little purpose : thus,

3
in the foregoing series, & +r4+-5, &, if 2 be taken
=a, no nutwher of teyms will be suffitiont to exhibit
the value " of the cerresponding fraction ““=—, it being
iu‘ﬁngu in that cifoumstance. .
" 94 Having w’ﬁ«w that ‘the truc
value of an infinite seri may be nedrly obtained by

adding together a few of ‘thedirsy tennaionly, T shail
now proceed to give Mﬁgx ’Mmplcs of the mdnner of

e
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converting fractional; and surd, quantities into such

kinds of series, in order to” the approximation of the
flucnts of expressions affected by them. ™

ty

EXAMPLE IL
)

Let the quantity proposed be the ﬁ'mm'oac‘z re ﬂ:;_-l-:;’ ;
;‘hcn, by préceeding av in the first cxample, you will

ave ‘e . .
E42Yydy?) . g (ln-?-l—* %— &e.
e+ Ly +°

+8y* + 3?' &c.

Where, from a few of the first terms of the quo-
tient, the law of coutinuation is manifest the nu-
merators being in arithmetical progresiion ;. and the
»igns, +and —, alternately. ‘

LR k]

Yo
EXAMPLE III.

e

. 95. Let the Quantity giuenbel;ti'-u’:’:;ffi :
. ' “s, “ R -

i .

Then the_quotient will be 1+ 7-+82944s% b4
005 + 142" &0 where the Juw of coniinuation is ma-
nifest; being ‘sach' that the co-efficipnt of eath sus-
coeding term 48 cqual to the sim of those of the two
terms 1immediately proceding 1t. 4

1

106
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[

EXAMPLE IV.

' QB.'I:cl the Radabal‘Quan!i{y v a*+ x* be proposed.

Here, according to: the common mcthod of ex-
tracting the square root, the process will stand as
fallows : .

L x* i
— - ‘: St e
AT G
at
+x: .
4
+ottgn
- -
"%
a*+  x® at
T 8 T 6l

x° o8
+§:1-‘~--m &c. &c.

97. The law of continuation in veries, thus arising,
from radical quantities, is not easily discovered: but,
if you would carry o the scries to any proposed num-
ber of texms, the work will be a goodfcal shortened,
by divi the remainder by the divisor, when half
tgat n of terms is found fas i’ common di-
vision) and obscrving, ut the same time, ‘to, neglect all
such terms whose indices weild exceed the greatest, or
g; greavest plus the comon difference, in otfhe said

ainder, ecooeding as whele pumber of terms
) to be found is odd, or m o
hus, if it were proposed to contihue the foregoing
4
senies @ + -;:-%7 to 6 terms, then the divisor
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xz x‘, . Lo

(or double quoticnt) being 2a ++
' 6 1‘ Sy e ‘ , "f 5 .
remainder T:;-;'— 7 (as amgan frofh the hst article)
the rest of the operation will stand thus: o .
A W A Y 2 A TR LA
Rl =Rl €

1.6 xl . xl\!

Bai T 16 B
5-!3” ww
- Gie T G
51 5V
“fitd® 1284°
K
- T4

Which three tenms thus found being added to those

1 2 t x’.‘l

found above, we have a + % st T g T

52 Tx'? . c

scries exhibiting the vlue of ¥/a*+x%. -

98. Ariother way of resolving any radical quanti}y, '
is to assume a senics (with uvknown co-cfligients) for
the value thereofs and then the series so assumed being
raised to the second, third, or fourth power, &c. ac-
cording as the root to be extracted is a square, cubic,
or biguadratic one, &e‘uwn equation will be obiiined
(frec from surds) from whence, by comparing the ho-
mologous terms, the assumed co-efficients, and con-
sequently the serics sought, will be determmo}d; asin’

i
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EXAMPLE V.

Wheve st @ proposed to extract the Square Root of
& +a® in an Ifimte Scries.

In which case, assuming A + Ba®-fCx++ Ds*
+Er* &, for, the required series, and taking the
square we have

A?+42A Br®4 2A Cr+ 4 2A Da® 4 2A Ex* & }'

D

2

*+Bu¢  +2B Ca™ +2B Di* &e.
+Cnr* &K

$ X+,

# and consequently

- a4 B4 2BCx™ 4+ 2BD* &e. L

4+ C"*&c

Therefore Ad-tr®=0, 2AB-1=0, 2AC+B*=0,
24D +2BC=0, 2AE+2BD 4 C*=0, * &. From

; J . = 1y_ 1 o
nhxhwg:tAaa', B (_QA)_&,, C (=

At +2AB:” 4+ 2ACr* ¢ 2A D% 4+ 2AEs* &c }

+ B BC 1
—gi) o P (=) =g E
(z__anb+

4‘” - I
A + Ba* 4 Cax¥ 4 Da™ &o. ($953+1") =da

r
e

G 3
; ),z -— W«&c. whence we have

* ¥igo p, 161 of my Trewtiso of Algebra.
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(S A > 5> ¢
Yo~ e T Tage t VR e
ries, ifnbeexpoundedbymmy, will become a-+
x.’
at &,1
ceding article found by the coulmon methpd.

&c. the very same with that in the pre-

EXAMPLE Vi’

99. Let it be required to resoloe a+ 62 into ax
Infinite Series.

Here, by assummg A + By +Cx*"+ Dz &c. and
cubing the same, &c. we have

A3 4+8ABr" 4+ SAWCs™ + 3A2Dx" + &
- a— b2* + 8AB%™ + GABC2* 4+ &c. =0
+ Big¥ 4 &

Therefore A=a};B(=§%§)=-—§T; C (=~

_ 6ABC+B’ 555
A) = "“ —3A: =ad ¥

and wuseqmntly, a+3?1§ (_.A+B:r"+(3.r?'+&o.)
g a{' + ' é_g:: &’x‘ 1

nomial theorem, disoo by the illustrious Sit ‘Jeasc
Newton, is vastly more easy and ex nom, in raising
powers and extracting roots than or 4ny other,
method, T shall now explain the uses thereof; but,

109
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mlf it may ot be amiss to show hew the theo-
iteelf, epxmuphd'ﬂummybedm

rived.

Ldt, l4yhesa bxmmial whose first term 1s
d‘{;t is second term any quantity ¥ ;
and qmnty to b expended or thrown inte a

series be 1 3 where the dsponent v is s to
denote any number whatever, whole vor ‘b:) en, po(-
umeornegmve. ’

Now it is evident that the first term of the required
series must be unity ; because when y is=0, the other

terms all vanish ; and, in thet case, 1+y!° 15 cqual to
unity. Let, therefore, 14 Ay"+ 13’3’+Cy*+1)¢
&c. be assumod fo express the true vllue of the said

T+’ =1+ Ay + By’ + Cy* + Dy &c. whae
AB G D.?.&uzﬁq.k denote unknown, but

Tben, by hkmg the fluxion of the whole equatmn,
(s J varighle) we shall luve cy x1gq?

o + ﬁ ] &
Whmce, ny#y of du two eqyn;mn:
cross-wise, and &imlbg byyxl-{»'y‘i", there comes

out l+,yany‘"’ +gﬁh + pCy" + gDy &e.
T.o:-;-smﬂ«nyncw-my &c. whieh, by redue-

¥
‘ Aaz“__w y:g; e




THR MANNER OF FINDIRG FLUENTS. - 1Y

Now, since we are at liberty to take the

ofywhat we will, nnwagswrtbemmam
the equation, or so that all .the yerms here put down
may mutually destroy each’ other; let them, there-
fore, be so taimb that the tefins themgelves may be
homologous, that is, letm——la:o, n—l=mm, p-—lzﬂ,,,,
&"b-p.&c Then, m being=1, n=2, p=8, g=4,

if these several values substitu abovs, tlu
equation itse]f will become

A+$BBy+3Cy’+4D;y’+ &c. ‘
*+Ay +3Br+3Cy &t =0
~v—vAy—vBy'—vCy’.. &e
Where, taking A — v=0, 8B+ A —0A =0, 3C + 2B--
tB=0, 4D48C—oC=0, & 90 that v
. of homologous terms {and, consequently, whole
* expression) ma,’ vanish, we. also lso get A=v; B (= "

vA—A Axo-—-l) = v X o1 m C (= oB--QB

2 T T3 &‘2 , 8
p—2\ ' v=1 v— UC 30 .
BXT —-Ox-—z—v- 3 D(ﬂ 3 CX\

v—3 v—1 v—2 v—~8
N )=v 2 X3 %% y &e. &e.

Whance, by writing these valties, with those of w, =,
m ¢ & . the senes l+Ay"+By +Cy’ &e. ﬁrst '

asaumed,we, at length, find 1 \_..l+qy+—-x

v -1 'y p=—1 =9 b D v -1
-3 xy+l - x—-—-—&& xy-ij——-w’ X
»~2 ov—8
g l” m-

g X *,yx,y’+‘€c whu:hwuto mv
gnwd» ’ ’ »

From the. lenes here bmtght onity “diny power af
"root, of ‘any other compound quantity, whether bi- - .
nomial, tqnomml & is_ensily ded +sfor, if p

be pit to ¥epresent the ﬂm term o!' any. mcl\ quan-
tity, and Q the q$ot1cnt of the rest o&' the terms di- -
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m “%o ik Mﬁqumymlfmllbe ex-

by, P*% Pﬁ!ﬂ- and the » power

Gieveof by . P ﬁm‘efm'e is egual to
P Tt L N FEL
Q’*fj x‘-’-;i”l;:&:ixl’-}fxqw &c), by what
is jogt now detertined.

* whei o\la&uﬂm um the notation of
soots, the theorem bere given will be rendered somec-
MMmmdmgpmnm,xf,mmdofu,
lﬁ!etim'asg— begubstituted ; by which means it will

-ghecome P;me#'Péx (1-(--?.@ +.”fx.
T

”»‘. B.;:—Q‘ + &c.) whose use, in converting
mto infinite series will appear from
m '

EXHMPL“H ViI

100,, Mwm\% puﬁu extraet the s;nm Root
g

7 R umra , o

;Lvl“” “_ L
) w%hm&ﬁege&nl form,
g: RETS 4 &

L)
:%u; 5

%m ’ n'lme &#l’, 6:-: -y m o= 1,

%

C)
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and n=2: whence, by substmatmg these valuos"m the{ )

last general equatian, we gt - .

a it ==ax(1+{xz—‘+§ x“‘i x -—+{ X =% '

- mb - — -, — ___‘.
X! ixaz'i'%* }x -3 X ix;§+&c.)_a+k

:t‘ a® 522

F T — {955 &e. Wluch series agrees exp

ﬂiwﬂh those found mAxt 97m<}98, bxdlﬁ'erent‘
m :

'WEX@MPLE VIIL

101, Let it be required to extract the Cube-Root of
bi— y' inan Ir_x'ﬁm'tc Series.

Here by oomparmg -W* x1-— ‘( |§) 

3
with P" x 1+ )', it vnll be P=b, Q=—‘z,a

m=1, and n=38: therefore, by submtutlon, we get

-H8 .

—-’x%;-+%x§ X —§ x __-yi_*_ FXTEXTE X~
. 31.... _ -Z.’. ¥ 53,9 & 9!!:3
b +&c) =b 3&’ 96’ SIb mu )

Tr
&e.



! r,‘v

lm’ ' *#WW o mmw FIUERTS
E XAM?@.‘E X, .
102. Let tk Qumuy o be meﬂad info an Itgﬁml:

¥ &Mkm

ln Mm tha gwul %umy bemg firet ms&rmed
, -i

MM‘ .-«."‘4-*-'{’5-{;( @-*x-—r— &e. "-'"! +-§l- +

:"w‘%ﬂ“ %%-r W”“ + e Which thereore, mul-

::,: . .z* 81‘5 51*:
;;W b \/“" ‘i'“ f;:.a Yt 6¢§+’.

f"""" + &c. qg 7@_-_—-, the quantity praQ?ed.

x;ot“"g pmpertpohwehere, thnt,
* _'. % proposed quantity a

expon qlso affirmative and kss

two £ f al series
o

ﬁp& * 3 pftet tbe
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the given quantity be negmve, oand both the terms

affirmative, the alternately ; but if
only the first beﬂ" of the equal
smen will be positive.

EXAMPLE X»

P . » w
104. Let the Quantity proposed ba'tk Trinomial
2+ 2rt+8at
Here, by dividing the rest of the terms by the first,

&. our given quantity is ‘redueed o TF x

T¥&+3:5Y.  Therefore, %in this etse P=2°
2 + 82% m="1, and ne=3: whence (by sn’bs&itu-

tion) .z'+2.r¢+81‘ ¥ =2 x U+* x W+70+ $x
=% % 2 +827° + 4 x —§ x —§ x T+5 &e)=

2 4 8¢ 2t+3¢ﬂ’ 5X2¢'ﬁ

Which, redusced to sm;k terms; xs=x+.§.+

5x° 68x¢
T

t 1]

105. When the ropoled expwssmnoomlstp ofa
tional, multiplied by ah irragional quénticy, themrm

A mwt&elmmulonemu“ fiest found, wad

lhultlphed by the vational quantity : e, wif
two, or mere, com irrational quantities are to be
drawn m% eich \m} take the serigs

tbe!r, o ') 53::;8: . ‘:%&'«WK}YM ”89-

w mi-&oeswmddmam thelut, or highiest,

115
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term, which the series sought 1s roposed to be con-
tinued to. P moght e p

) EXAMPLE XI
106. Ldtheqwi{ypmpoadbcl-}-le—:““’
L]

First we have 1 — 1P == } = L = o 0

10~ 10x20
9 % 1917 Y x 19 x 29;+

— — 1-
TOXx20x80 T0x20x30x30 ¢ Which, mu
txpliﬁby 131, produces T+ 2 x T—at =14
9 _ 20:°  9.40s 9. 19. 6914 &
10 10.20 19.20.30° 10.20.50.40
g_x_;ug_lmtmw‘_&&
10 200 2000 80000

c. = 14

EXAMPLE XIIL
107. Where the Quanu'ty to be cxpressed in an I;‘lﬁmtc

a!
Sertes is -.===-..-.-—- 5 OF a"-—x'li x = zi)—4,

==
s —
Here we have, @' —a} (a x 1 — -;i =a (x

1+§x-w£+ 2~} x-§+§x-xx-tx-£

- 3"’

+&c')=¢""‘§-¢“‘8"‘;,-r?‘ &e. K
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: —
And o=~ (=" x 1 -0':‘{ =" (x

¢
w&

xt ¢ o x* 1
1+ ‘!‘x"";z:z'*' f‘x"'iX-c—‘-f-&-).—-;-l-
e Sat’ Ba® L
o+ g+ 1 %, Whenee, multiplying these two
values, one by;theother, we get
a a 1 Sz -1 s | .
T~ e

5a ;] 1 1 .
160~ T6as ~ T0a°0 —T6aTe X *° + &6 for the four

first terms of the series sought. . o

i N ¢

EXAMPLE XIIIL

’

108. Let the Quantily to be expounded be the Multinomial,

or Infinite Series, x*+ax™** 4 br**™ +cx**™ 4 &l ;
whose Exponent v denotes any Number whatever, whole

or brolen, positive or negative.

Here, dividing by the first term, the given quantity is
transformed to a* x 1 +ax” + bx®™ +-to* +dr¥ +&e.)";
which, if ex*+b1*+cr™ &c. be put=y, will become
a*x1+y)"; which last expression (by Art. 99) is=
2 x (V+oy + -;lx?l-%lxy‘ +-;-xg-'—£—-1-x” 3 2
x 3 +&c) Whence (for brevity sake) putting A =wy

v _v—1 o v—1 v—zpw%i

Bz-i-x'.—u-é—-, C=~1—x-'--§--x-—-§~:

117
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i v -;3 2 -; 2= ag, and substituting for y, there

costies  out ?’Wd— ™+ &) =
* +.Aar + AF ¥ Bat x a4
Ac+2Bab + U?x:"""+Ad+m+BbN»sca'b+Da‘
X ghvtie 4 (A£+W+m +3Ca*c+3CQ'+*Da’b
+Ea x 2745 + &.)
Ch,
. "
EXAMPLE XIV.
‘lm. ToafracttkeSquouqfa‘?—-x‘ and from

5 thence to determine the Fluent of & V'EE—17, in an
~Jnfinite Series. .

B"pmuling a8 in the ﬁ:regqi:;;examplos, the value
of V@ —3% in an infinite series will be found to be a—

# 6 : .
S o Tes — %  Which multplied

bydgvuaa\/a‘—-?ua—‘%"—ﬁ..

"%-‘-%&c. Whose Qumt therefose (by Art.

zﬂ
m“““**g‘& W 1i%a 17 be.
Whiclt wpg to be determined.

9 M N
L) . ’ « N {
* ¥ Y . »
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EXAMPLE XV.

110. Let it be required to approvimate the Fluyent of +

—m
__x*;lixz’.t an Infinite Series.

It appcars, from example 12, that the _value of
a? — 79
:*:e,expresndmanenu,u +(-§c~;-w)

¢t — Y

y ”'*(é‘c‘?";’a?'sa')*""'("ﬁ' 16ac’i' ‘
rﬁ%-m) x 5 + & Which value being

therefore multiplied by 2* &, and the fuent taken (by
1

the common method) we get .-_.-z%.—x'+—+(2v—:—, 2“)
n+8+(&:’ a‘—‘ 5‘&’*)"“3

G 'a;ﬂ o) e

119
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®

EXAMPLE XVI
111 Mavinﬂ&propondtoappmn'u‘atetkeﬂwqf
a.'+al’“+ba.~‘*"' + cx?t* 4+ &el' x ™3
in a Series.

Here, if A bg put=s, B=vx -—2--,,0...vx”";l
xg_;_g’ D ___*‘“; x v;l 520;2)(0-;8
* 4 ax** + bx**™ 4+ ca**™ Rel” expanded, will
b= 2 + Aar + KB ¥ B x @ 4+
Ao ¥2Bab 7 O x a4 (Ad +2Bac + Bb* 4+.8Ca"b
+Da’) x 2+ +&e. as appears fram Art. 108. There-
fove this expression being multiplied by +='v, and the
fluent taken (a8 usual) we shall have +

W+Ab+§;'xa."""‘*”
potmin pvim+2m
Ac + ¥Bab + Co x w-**- f‘
R T ,
MWW"
po+m+dn

qmmyimpmdtobetmdﬁ ‘

» the quantity

pr+m

+&c-fo;the
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SECTION VII

; . o
Of the Use of Flurions in finding theeAreas
; of Curves. - ' ¢

CASE L

112. LET ARC be a Cirve of any Kind whase
Ordinates are perpendicular to an*Aris /¢ B.

Imagine a right-line dRg icular to A B) to
move parallel to itself from A towards B; and let the
celerity thereof, or the fluxion of the abscissa A b, in

* any proposed position of that line, be denoted by bd.;
then it wll ap-

s Q@ pear from Are 4.

that the rectangle

(bn) under bd and

-

R m will express the

fon of the generated

ares a b R ; which

A d B adbtR= 3, will
: a (aee:d;gt ﬁo

from whence supsttuung W y or

the egmtion’ofnythe curve) and taking the fluent, the

arca itself will become known. - |

‘ CASE IL

118, Zet AR M beany Cuic whase Ordinates C R,
C R are all referred to a Point or Center.
§ ‘

Conceive a right-line CRH to revolve' about the
given_center C, and let a point R move along the
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said line, 8o ¥ %0 trace out, or describe the proposed

curve line AR M. ¢
*  Now it is evident, that, if the point R was to move

m any position Q, without changing its direction and
vm, it would
p along the
tangent QS (in-
staad of the curve)
and describe areas
QsC, QSC about
the center C, pro-
porticaal to the
times of their de-
seription ;  because
those srcas, or tri-
angles, having the
umenh:tudc(n%l‘),
are as the bases Q
and QS, and thCS{.
are as the times,
because the mo-
tion in the tangent
(ugx that suppueition) wonid be uniform.

enve, if bet:kentodenotz the value of (3)

the fluxion of the curve line AR, the obrrespond.mg

m«:fthemARC will be ¢ ugraaned
' Art. 9 the \mi&unly gmm “?C *: which,

&5 putting pcpsmlmnl. ( rawn from the center

J5 »

&umwilmcathemmdfmyhdumzd.
Bnt, man the value of § eannot be

Mmyoﬂwmm without some
or the fluxion
t!wml,,irill morecunmodl

m.vxgo-gwd M("aRPandzudw
s B o » ird, doscitd abont ho ceer , o
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any distance @ ( = CB). These expressions are de-
rived from that above, in the following manuer ; vis.
£:9..9 (CR): ¢t (RP)*; therefore s=-.7.tyl; and * Art. 35,

consequently-‘;- = %; which is the first expression.

Again, because the celerity of R in the direction of
the t is denoted by 2, that in a Uirection per-
pendicular ta C Q (whereby the point R revolves abou

the center C) will therefore be (=g§ x #)+ = +An.ss

. RE
fj:/, which bemng to (i) the celerity of the point N
(about the same center) as the distance’(or radius)
« R () tothe radius C N (a) weshall, by multiplying
catremes and means, have a-.;f = y%; and consequently
‘% =~g; which is the other expression.

The method of applying this, together with the pre-
scding forins, will aopear at Large from the fullowing
examples : wherein 2, y, 2, and », are all along put to
denote the abscisss, ordinate, curve-line, and the area
miﬁe'dvely, unless where the contrary is expyessly _
specified, -

e

EXAMPLE L

114. Let it bep detepmine the sbrea of G vight-
m'gm@:}nu. Ry

i
Put the base A Hama, the dieular B M=d ;
a.nd‘l:ztAB (x)bemysotﬁmosthebau, considered
as a flowing quantity, and let BR (y) be the ordinate,
orpuyendmﬂs, carresponding :

-
¢



¥
14 THE USE OF. FLUXIONS

then, because of the similar triangles AHM and
[
 ABR, it willhea:b::x:y:b-ai: whenee 3%

%

€

M

A B H
* Ar+ 114 (the Buxion of the area A BR®) 1, in this case, =
b-‘-‘?.; and consequently the fluent thereof, or the arca

+ Art. 77, iteelf = %rf which therefore, when r=gq, and BR
mwimnm,wmmm;;f.:éﬂgﬂz
clpeu';aof thewhqle_h'i:gle A H M ; which we also

- know from other principl ,

%
EXAMPLE IL
oo

115 'L ‘fg Curve ARMH, twhose Area you would

'+ Jind, be the commay Parabola.

Ce T In which case the relation of A B (r) and BR (y)
being expressed by yi=ar (where a is the paramcter)

‘2Art. 11g.we thetice get'ye.ci.z’i and: therefore & (=y3?)

md‘z"t 2. whenct u= % X ¥ = $ a!.r‘ x &= 3y

-
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(becanse aby *-—y) -—;xABxBR hencéaparabbia \
“va amctanglcaftkeombanaudalmdc :m

A B H

The area is here found in terms of »; bit it ‘will,
many times, be more essily brought oyt in terms of y
(without radical quanuues) as in the very cage last

propoxed whm-e x being = -2, we therefore luve &=

?%y_, and consequently & (y3) = ﬂ whence “=

3 . B
%=‘ ggy"x’f-'-‘-?g -}XABXBR t@em
as before. 0 | i C e

e EXAMPLE IIIL

»

e

.116. LctARM ( preccdz figure) be a Para-
;.df. of any laml of. th:ggeueral Equatum %

a )

Thetefore, by exttmng the root, or dmding“ach
exponent by m+n, we huw y.—: @ e xr‘*‘ whence
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-t ..
8 (yi) =™ x 2™ ; md consequently u (the true
[ -L;+l
fluent,, or ares) = e ox w
=+l

— .

" X" xrxm+n m+n _m+mn

m+ et Hm Y EaT R
ABxBR.

. No nétice has been yet taken of any constant quan-
tity to be added to, or subtracted from, the vanable
one, first found, in order %o render 1t complete, agreeable
« to the obsaryation in Art. 78
But that no such correction is required in any of the
ing examples, is evident from the nature of the
3 usc, when x and y are nothmg, the arca
(») ought alss to be nothing, which it actually is ac-
ing to the equations above exhibited.
The fluent found in the susoeeding crample, will,
however, stand jn need of a correction.

#

s

-

EXAMPLE IV.

]

{ 1¥7. Where it is to find the Area of the Curve
. ARH, Whose fon 15 14ema’z? +aty =0

Here,’ e given equation is reduced to y =
b3
L—;M . F—z)
M;Mﬂﬁ(:‘ﬁ):“g it Xxx:
@

a

*

+ Art 7. whereof “the fluent (by the common rule®) is —

h . o
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%
J -

_34".
—
g—; tbxsthereforembtmctedﬁ-om-——-g;——*, leaves

which, when r=0 and ¥=0, becomes —

%-—%a’tbr the fluent corrected, or the true
value of the arca A BR.*

When the ordina‘te BR ( o beeomes

equal 10 nothing, und B coincides thh H, then z will
become=a=AH ; and $herefore the area of the whele

curve A B H will be barely = ;8‘5 = ; AH:

b
! EXAMPLE V. *
¥

118. Lctttbc gund to determine the Area of the
whese Equation is s*y* =
duﬂ-r

"in .
-—--n < ¢

wh
In this case we hlveg: Lna- x&‘*-
e d i W



"w},’:.‘ B SN

ﬁl ahobe =0, if » be greater than m: there-
‘fluent requires DO - frection in this case;

-area AMRB, mcluded between the as egmptow
soil the ordinate BR being truly defined by

m
___'..,__’_‘_ﬁ_..) the quanuty above dctermmed But
B Load BN

fifw belestthnig thh the fluent, when =0, will be‘
L ‘ “ : , &a%dex bemg‘negltwe, 0 be-

]




" .
¢
?

3
T gt ToomG mum . . . 19

il

Buxion of the part AMRE hung-a x &8 thic

-7‘.&-

ofmmm,]mmBRHmut mﬂybe--
."f‘ ! " a&{ ”’;-:
.a‘xx SR whawftheﬂn&ntu-—*—"-—-*—;-—.
-3
mtn " ®
iﬂ.,;'_.’f’.'iram ares BRH:* which wants no

correction : because, when x is infinite, and jthe avea
B R H=0, the said ﬂuent will also entirely vanish,

secing the value of £ * (whwhmadmnortoa")
18 then infinite. - "

%

EXAMPLE VL @

119. Where let it be requared to determine the Mrea of
the ciroular Sector A OR.
Then, putting the ragius AO (or OR) qaa,ﬁhe

LS x e L
o

[ 0
T ey "

i ot g v 5D

]
A}
XA



m or m.nnmm
(“-“H mmﬁe OR:;“i wlumce
:af = AO%}AB fromwhxchu

S K A IR YRE

M’é 18 exprcsscd by a
curoum 1 “!l aff the
N "r Wi 1&;’%& w,‘,\ 4
e -xAMPLE viL
'-:,':'-"'7 “ & *
‘"_*',1%0-' u is preposd to determine the Area CBAC
e S mrukmc Spiral.
P i
H Yet the nghhhne A T touch the curve at A; upon

‘ ..*h!dt, from the center C, let fall the pcrpcn(hcul.n'
CT then, since by the nature of the curve the




"
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EXAMPLE VIIL

121, Let the Curve AR M be the Involute of @ given
Circle A O Q. o Rt

In which casc the intercepted part of thetangent
R P (¢) being every where equal to the radius 008;:)

%

of the generating dircle, wothu:efouham CP 1y

¥ ¥ Art. 113,
t/CB"wB:muVy‘-a*: whence & (= %)
“YIE X an drmequanty u = E L
cP' 20 ’ *?’ﬂ : T
m:—-therequiﬁdmACR: e m o

Which will also express the area A R O generated by
the radius of evolution BO;O because B O being =
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\ N
cAr.11. the si¢h A O, the sector ACO (} A0 x oCcY is
equal to the trisuflé CRO (RO x°0C) which
* equal quantities being successively subtracted from
. CARQ, there remaitis AOR=ACR.

- ‘EXAMPLE 1X.

129, Let the &WCRB, whose Area C RgC, yox
s would find, be the, Spiral of Archimedes.

Let AC bed tangent to the curve at the center

R . A C

¢, shout which center, with any radius AC (-.-g
suppose & cirdle A £ £ to be described ; thes the arc
glt shucissh) A g corresponding to any proposed ordinate

R, being to that onfinate in & givem or constant

; g =N,

1 ratio (supppse as ™ 00:) wp have 2 (A g) =
at o, «

. ;ﬁlmm,iﬂ%: o , il oonsequently =

¢ gﬁs&ﬂmﬁ I‘thC v
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138 .
' é» EXAMPLE-*!X. v .". .y
123. Lct tlae Egyum Qn w t oS
- Figure) hw:&y{cy \ +ey*-bby+w

Then, ¢ being = B+ W4M+4w’y+&c~

we shall havasv,(nqx,v%v) ==%g +: %l*g%
—£1+&c.andthereforeum +%+-.

o W&c.sthgtmem}neofthend(mth;g

case.

.

)

EXAMPLE -XI,
124. Let ubepropmdtoﬁndthlmqf‘am

4
A J, e

Here, puttmg thM xa=q, AB=:, md ;
B R=y, &c. (asuswal) we bisve y* (B R*). w=.ar—x* .

1

kind dssunbed in &t. 83 and 35, .Mmdo(ﬂmts
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in, finito terts, let it therefore be resivad into an in-
‘Al:’!’? ) series, * ‘n& you will have # = adrix x

1”:&”&;%@—-%{%&& = a x(x X

%
method, there will apme out % =at x(—s——-g;
+ $ -y
o TR
% =«

-————W {—- %—&&:—tbem

A‘.BE. Now, when r == {m. the ordinate BR will
with the radius OE; sin which cae the ares

bmu**abﬁ? x (3 — % = yrv =~ six —

vebry 80) = “_’__‘&,eu (0,6866 — Q,1 ~ 0,008 ~
0,0017 — o,ooelu.) = 0,1964a" ; which, multiplied

2, givs fir d'thenm—cucle
s s vemiy. M’"’“

A w fhdisg tbhren of the

'M t A B,mguhutdowly,ucon-
sxdeub siémber of terms ough therafore’ to be taken
to have' the conclusion hM @!ﬂy wnet, the five
first termis’ sbove rolleot cient to bring
W"‘%‘”" be of o

my o

consider,

ﬁcuhtporm’ .;i of uld\udnn ha th
i t t, that L]
w ( ) q : A
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comparison of a, the, saties may have such a rate of
convergency, ' that 2 ymalloe nymber of terms will be
sufficient.* * Art, 92.
Now, in order to this, it is ‘well known that if the
arch AR be taken = $ A B (or 80 ) othe sine
BR willbe =§ AO; and consequently AB (¢] =AO
~0B=AO- b;/ﬁﬁ“*y--l(a“ﬁ?; ;@i&,i&g‘heudiuaﬁo
: expoun unity (to facilitate the
will hepozo,lssmm vg-y nearlys this, zhem“ ?t?x
the value of g, being substitutéd in the ‘forementioned

e s —

2 « x
SCriCS, ‘/m; x 5.4 Ea-—-—éﬂ,ﬁ: erte u'. h'g h‘e

0,0603505 x (0,6666666 —0,0133975 —0,0001608 —
0,0000042 — &) = 0,0898505 x 006531046 =
o 0,0452081 .= the area ABR: which, addod to the

area O BR (=0 Bx {BR=vF x } = 0,2165068) ‘
ives 0,2617994, for the grea of the sector AOR;

the treble whereof, or 0,7858982 (because A R=4AF) '

will thmﬁ:ehbe thewoomm oﬁy tl:k wh?b quu&nnog )
AOE: which pumber, foupd ing four terms

the series only, is true to the last ducimal plac

This conclusion énay be otherwise t out,
b{ﬁndingaurigs for the othiie part of the in-
cluded between the radius O E ‘gnd the ordinaty BR :

wherein the co-sind OB (instead yersed sipe AR)
will be the mnvarm,(w variablg)quantity. .
Far, putting OFB'= &, apd ‘0@’(0 A) = b, we
have y (BR =*VOR— «wm,!%.na
consequently () the fluxion of the srea QBREbe= ¢ Art. 112,

e TR TP b Bt

.f;x _,ﬁ* Hb‘"— - i - —fi-.-w 4
'7’:0. e %ﬁ &, " *'g‘gi—?‘b,:
"X ! i e y
&e. ‘M&e*mi&!f&sa e e o

y

xt b xl [ IS L " R
~w%'m i = e
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Now. if 3 (OB) be assumed = § A O (s0 that the
J = $AF) and the value of 5 (A O)
be expound by umty, we shall have

2 (=ax1d= ,5)(}--) = ,1%

2 (= ma-.-;.e.‘.?.‘i.) 03125

27 (=0t xat= ’—-T-—) = ,0078125
® (=r'xrt= 1) = 0019581 +

 (Exaimg) = 0004688 -
%e.

Which valves of the of x being respectively di-
vided by 6, 40, 112, 1152, 2816, &c. there will result
O,WO - 0,0!08333 - 0,0007812 — 0,«)00696
- 0,0000085 — 0,0000012 — 0,00“)002
0, 478805‘7 for the ares OBR E in the foremmuoned
ammwhee, whep OB=J}O0A: from which, de-
ing the triangle OBR (= v'3 x } =0,2165063)
the temdndar 7994 will consequently be the arca
of the sector EOR thetreblewhe!eof( use ER
1 here = §A ggvﬂl gwe the area'of the whole qua-
drant, 0,78539

A%

L.N‘

EXAMPLE XIL

13

125. Let the Curve, wkoudmywmldﬁad,bulu
* Cisposd y‘ Diocles; whereof thc Equation is = ——

? wt

[} &i’ ¥

. ﬁd" " .r*aé
“Art. 113 Here we have u (99%) = = 3

’ A=~ f—

ot 4x1-—-ﬂ
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= 12T 7Y vhich beingenone of the kind
= l a‘ . *

that admit of fluents .in ﬁmm terms,* lot it therefore * Art. 83
be resolved into an ifnite series, and you will bave = &85

1
+ gt 80' %“""*“’"‘J"

alg | 8zli | Sriy » .
x4 2a*8a' tiee * &. Whenee u (the

r3x

1 * k1
area itself) will come out = - % (...—-+ T +
o &iY \/I 2 = a?
et %)=V S x (o tgs +
57
FrTony e+ &¢.)

EXAMPLE XIIL

126. Let the propased Curve CSDR be of suck a Nutare,
that (‘supp omg AB Unity) the Sum qftke.Areas
CSTBC and CDGBC answering to any {wo
Abscissas A'T and A G, shall be equal to the Area
CRNBC whoee ing Abscisssa AN s
to, AT xA G, the uct of the Measures of the
tvo _former Abaciam. ,

First, in order to determine the uation of the
curve (which must be known before the area can be
found) let the ordinstes G D and N R move parallel to
themsclves towards HF ; and, then, having put GD=y,
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NR=:, AT=q¢, AG=s, aud AN =y, the fluxion
of the area CDGB will be represented by yv, and that
1*

?

A B T G N H

¢ A& 112.0f the ares CR N B by i :* which tno cxpressons
must, by the nature of the problem, be equal to each
ather ; use the latter area C R N B, evceeds the
former CI)GB by the area CSTB, which i» here con-
sidered as a constant g_ut'nﬁty; and it is evident that
two ons, that differ only by a constant quantuty,
must always have equal fluxions.

Since, therefore ys in=— i, and u=as, by hypothesis,
it follows that &=as, and that the’ Girst equation (by
substituting for #) will become ¢z=dis, O Y=gz, or
lastly ysa=cas, that is, GD x AG=NR x AN : thcre-
fore GD I NRB . AN : AG; whenos it apposrs that
every ordingte of the eutve ™ reciprocally as its cor-

resgmdmgm £y
ow, to find the aren of the curve go detcimined,
put BCe=ly sod Bli=s: then, since AG (1+2)

~ “AB(1):'BC(3):GD(y) vphwexﬂl—?;;wﬂ

by
e g2 DX (A 20—
il S e ( +

N~

consequently & Gy
25+ 14 Whenece, BG D C, the ares itsclf
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z 3 4 5
will be=bx (1 — 54 G-— 3+ &) Which vas
to be found. . e * -

It may be here observed that the areas of the spaces
above mentioned, arc analogous to, and have "the very
same properties as logarithms ; and that thoses , Or
logarithms, may be of different forms or values, ac-
cording as you take the value of the firsts ardinate BC,
which may be assumed at pleasure: thus, if B C be
taken= AB=unity, the curve will become an equi-
lateral hyperbola whose center is A (because thon A G
x GD=AB®) and in that case they are calfed hyper-
bolical logarithms : but, if BC be taken=0,43420448
(so that the logarithm, or the area of the space
CDGRB, answering to the abscisss AG, when expressed
by the number 10, may be expounded by umity, or
AR ) we shall then have the common, or Briggean form
of logarithms.

From these logarithms (given by the tables) the
business of finding fluents, 1s in many cases, very
much facilitated - for, if the fluxion given a to
agice with the fluxion of any known logarithmic ex-
prossion, 1ts fluent may, it is evident, be had by the
tables, ready calculated, without the trouble of an
infimte series.

B;tl:, gov. to kno‘v‘vlwhat kinds Oi;vgl“el?e“ are ex-
slicable by means of logarithms, it wi necessary
{o obscrveythat, the u?na of any hyperbolic logarithm
¢ always e by the flurion of the ing
number, divided by that number: this from
above, where (yi) the fluxion of the area (or lo-
garithm) BGDC, when BC=AB=1, is truly repre-

sented by i_-%'r; whepe 1+ (=AG) may stand for
any number whatevier; and & for its Auxion. '

129
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ﬂﬂh@ﬂ\oﬂuw&ofvm will be expressed by

the hyperboﬂed logarithw of x4 V/1'%a": for the
Buxion “of (. :+‘¢F‘£E) the number itself, being £
v - o -

. 1*ta x3a
x Va?tat 45, this last quantity, divided by that
number, . gives

the very fluvion first pro-

Vzixgt
posed.
It also appears that the fluent of will be

1/ 2aa + x*
truly expounded by the hyperbolical logarithm of a +
r+V%x4z*s because the fluxion of the number

ai+ax
atx+ 1/ =
(a+=x +9) is here = ¥ 4+ ——— Vi

x V' &arj+ x* + a + r, which divided by

X
V' %x +a

tlmlmmlm'pmdmsetz-‘-/--5;--:;_?z
L&aﬁuﬁuﬂnmtﬁ%wﬂlhm&t&w
e hyﬁeﬂplwd logarithm’ of 3:_*.‘:; because, the

i
&xa~s+xxa+x 2az
X 5 ;dmﬂe a—‘“\g
if the esme be chum&wieab,g”“m.hanh.ve
w d"“z 4 w “w
I 2 o i a'l--’l‘ a~zxa+x ¢“-x°
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Lastly, the fluent of -—-—-—-—.—_—n: wﬂl be denoted

e £

by the thyperbolical logarithm of T8 for

a+1/a"+x2
here the fluxion of the number 1s.jfi- X

Va"i.z-
a+Va +x‘-’ T ax a—Va +z°
m~l—r ot Vage ar Ve
me’%ﬁ_ﬁe; which dividgd by
n—\/(z o F 2axi
a+rVa »{-w‘*"gl t/a--!-x‘xa-!- Va*iﬁ-
at Vata® . m____-‘{-‘?a.ti
a—Va 4 f-‘-t/a ‘+2* X a4 \/ﬁ“xa— \/a“iz'
F2at 2ax

1/al+.11x +a* “iVata i“g,theﬂuxlonp !

These four are the principal forms of fluxions;
whose fluents may be )t)nmd a tahle of
rithms of the hyperbolic kmd which table, upon
occasion, may be casily supplied by a_table of the com-
mon form: for, since the h ical logarithm of
any number is to the common ithm of the same
number, in the constant ratio of unity to 0,
(as appears from above .tt follows that if any common
lo, nS\ﬂl be, euher, by 0,43429 or mule
tnphed by its. rech 2,30258509, yod will thence
obtain the hyperbolical logurithm corresponding.
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P

) EXAMPLE XIV.

127. Let it be requived to determine the drea of the
Curve ; whose Equation is a'y—1'y~a’=0.

L)

* Art. 112, Invhichegseybeing:a-;f-’-;*, we have ¥ (=yi)*

als N A A
=§:;t)—ai+';—+;?+?+? + e
/
t
-
R

A B M
* Whenee R R LA W
v= 8¢ " b5’ Ta* T 9a ’

= the area sought.
But the same area (or fluent) may be found with-
out an infinite serios, means of a table of lo-

ithms, agreesble to observations in the last '
ft?idl: for, since it there appears that the fluent of

s is truly expressed bf the hyperbolic logarithm

@t~ g?

otz . o ald, Rax
of ;:;,umm‘buo" g (207:‘-2 X *Gg)
will be by the same logarithm mulsiplied by

- L for expmple sake, let ¢ (=-AC) be
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taken=10, and r (=AB) 5; then wxll -—-—t==3

whose logarithm taken f'rom the common tables
is 0.4771213; which multiplied by the modulus
2,30258509 (sce the last arhcle) glven 1,09861228 y

for the hyperbolical logarithm of Pt and thxs ‘again

multiplied by 50 (la*) produces 54\,93)61& for the
true value of the arca A BR C, in the aforesaid circum-
stance, when A C=10, and A B...5

EXAMPLE XV.

198, Wiere the proposed Curve is that whose Equation
s a’ y ‘4 XYt =at.

Here, by reducing the given equatwn, we get y=

a? as
=== therefore y& .= = w* * Art.119:

Viai4 a2t Ve + ot
Whenee the Huent of 7—::_-—_ being = hygerbOIical

C
TR

A B T H

aw Vo
1 f Art. 1 that uf :
ogo:r+v'a+ (ﬁy 26) m
;:ll consequently be #"tbe umq logmt.!m. muluplwd
y a*,
But to find whether ‘the ﬂuent thus deurmmed ‘does ‘
‘not need a correction, & let & be takem==0Q; -then thetArt. 78




A P

144 THE USE OF PLUXIONS

: flaomt will become=hyp. log. a x a*. which, there
fore, must be subtiacted, to have the truc valuc of the
cart. m.area ACRB;:* and then there results a® x hyp. log
(= + V& + 2®) —a* x hyp. log. a = a® x hyp. log.

"+ Va4 o°
———=

*EXAMPLE XVI
129, Let it be d to find the Area of the Hyperbola
A B, and also the Area of the hyperbolical Sector
CAD; supposing O'to be the Center, and A the prin-
cipal Verter of the Curve.

Here, putling the semi-transverse axis C A=aq, the
semi-conjugate=c, and C B =z, we have, by the

D

{

pd
&

‘ A B

) [4
Mafﬂwm?e-fy(a BD)=-4/ s -«

Y . v
. m&mia”&?\/«z‘—a‘zthe fluxion
- 112.6f the aren A B D} % ‘
t@f Bat o find the fgsibn of the sector C AD, it i
< $o be obeprved, that as the eaid sector is=CBD —

A%#D:;.?-‘u, its Buxion will therofore be =
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ay g . 1y . ys L, c 1 e A
0’ il gy = --21«-%1— (because % = y¥)* which, Art. 118!

2

Py

by substituting for y and y, ther equals —Z—‘\/ - a
.

cxx . ‘ .- ac "
and ===, 15 at length .reduced to 5 X
ay i — @ ~
X

——-—: whereof the fluent (by Art. 126) is o
VeiZa, : 2
x hyp. log. »+ V22 = a‘; which .comzcted (by

making x=u«) will become g' x hyp. log. (r +

- i e ac

Vi — a) ._‘:i(: X hyp log a = g « l))’p. log

LL‘{_}__:_"_:: the sector A D C: which, subtracted

a
Vi —da: (__BC x BD
2 - ?

/
My —at ac
leaves - ——— ——— % hyp. log.
» 0y D] YE og

for the required area of the hyperbola A BD.

= the trianglc A B D)

fromn

x 4+ s/x"— a®
a

'EXAMPLE XVIL
180. Let the Curce proposed be the Ellipsis A E B.

Then, putting the transverse axis A B=g, and the
conjugate (2CL) = ¢ we shall, by the property of

the curve, bave y (D R) = -f;!/axf-r“, and. theré-
fore % (yi) = I" X ® \/wc-—:tvz~ = the fluxion of the -
arca AR D. SR
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But &/ ax—x*" is known to express the fluxion of
the corresponding segment A D of the circumseribing

A C D B

semi-circle ; “whose fluent is, therefore, given, by Art
124; which being denoted by A, that af—;:- xivar-1"

. 5 ¢
will, consequently, be = — x A.  Hence, the area
a

of the ent of an cl!.ipsis, is to the area of the

gsg"gment of 1ts circumseribing circle, as
the lesser axis of the ellipsis is to the greater: whener,
it follows that the whole ellipsis must be to the whole
circle in the same ratio.

EXAMPLE XVIIL

131, Let the Curve AR &c. whose Area C AR S you
“\could find, be the Conchoid of Nicomedes.

* Whereof the equation (putting BC=0, and RV
(=AC = b) is a%y* = a+ylt xbi—y? (Vide Art. 57).

Which, by "r;e‘duction, becomes & = I;—-y‘ ',

-+
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A

E R
( H \
.V .
F C/ S
B .

Vb — y*: but, to bring it down to a still, more
simple form, make V'6* — y* (=8V)=:z; theny=
as

b — 2

D

V5 = 2%; whence, by substitution, x =

+ z: and corsequently ¥ =

a4’ % b - 2tz 43 ah2
b 3 = :5 -
V=2 x V-2 b — 2 x V) — 22 *oes

N . bz
and therefore 4 (yi)= y/b* — #* x (bﬁ—~2: W

. ‘(lbl".‘f . o
+7) il Ya + 5 Vbt — 23,
But now, to cxhibit the fluent hereof; upon C, as a
"center, with the radius A C ) let a quadrant of a
circle AED be described, and let R H, produced, megt
the (yeriphcry thercof in X, also let E F be parallel to
A C, and lct C E be drawn : it is evident .(becanse;‘C, E
(CA)=VRand EF = R S) that CF ls.also_z__VS
=35; and thereforc, E F being (= V' CE*—CF)=
VB 2%, it appears that V8% — z¢ (the sccond
A L2 :
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term of our given quantity) cxpresses the fluxion of

the area A E F C :* whence, if to this arcag(found by

the table of Segments) the Huent of the first term
- b4z

Pt the hyp. log. of éz—;, x } ab* be added,

the sum will be the whole area A R C S, that was to be

determined.

~

* Art. 126.

EXAMPLE XIX.

¢

182. Let it be required to determine the Area A SR A
tncluded by the commen Cycloid A S M ahd its genc-
rating Semi<circle A R H.

Put the radius A O {or R O)=gq, the sme B R=u,

the co-sine O B=ux. and the arch A R (=R %, by the
property of the cycloid) = - then A B being = «'

iM

\
, ‘ \ H
) A B O

=~z its fluxion will be—# ; whenee (%) that of the
+Art.112.8rea ARS is=—zi} Now to find tl}e fluent thereof,
_make w= —3x (= the fluent, if z was con

r‘i\

«
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stant) then & being = — 28 — x3,* we shall have* Ant. 10,
v (= — ) =w + xi Buf (by Art. 35) :
(A R fluxion) : y (B R fluxion) ;! radius ; eo-sinc of
the angle ARB, onh equal ROB; ()R(u) OB (x):
thercefore, by muluplymg extremes and mean$, we get
ri=ay: whenee, by substitution # (= w+xz)..w
+ay; and consequently, by taking the fluent, u=
wHay=—224+ ay=20 x BR - B O x AR=
the area A R 8.

Hence it*follows that the area (A EFA) when RB
comeides with the radius FO, is barely=A OxF O

=A O?: and that the whole area A M I FA is truly
defined by —ARH x —OH, or by ARH x OH ; that
18 by four times the area of the generating semi-circle.

EXAMPLE XX
133. Let the Curve proposed be the Catenaria D A B.

"Then, drawing B S and b+ parallcl to the axis A C,
and .\S and b pcrpenduular to the same ; and makmg
(as usual) Ac=x, ch=y and Ab=z, we shall have, by

D C B

A N
the property of the curve, 2ar4x*=2%: whence r=
32

—-@—:——; : from which the
a 2

————— N
Ve ¥ *—a, and 3 =
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*Ar.13svalge  of y (which in all curves is= VEZO)!

11t T
wilk-here be found = \/;‘*_,_:_:_.. .____\/.ﬁ_:w X
' a' + 3 at 4

ai . - -
el and this multiplied by Ve + F —
s

ati

(=bs) givps aj—t/a"

= (= the rectangle 85)
+ =

+ Art. 112, = the fluxion of the arca A s6+  From whenee, by
taking the fluent, the area itsell s found=a: — o
L]

s+ vVd . .
2 Art. 126, % hyp. log. —i-—a.-t.—-:: which therefore  de-
a
ducted from the rectangle sc (=yx=yva'+:"—ay)
leaves y V&' + 2 - ay — a;, + a' x hyp. lug.

2+ Va4

for the required area Abe.  But, sinee =

az s+ vVat +

T e have y = a x hyp. log.

whence, by substitution, the arca, at last comes out

e p—
]

=yvVa + & —az or =aVd + 2 x hyp. log.
z+ Va4 _
a

ac.

ScuoriuM.

134. At the beginning of this, and in the preceding
sections, we Have seen how the fluxions of quantities are
determined, by conceiving the generating motion to be-

. come wniform at the proposed position ; according to the
§ Art. 2. true nition of a flyxion:§ but hitherto no parti-
cular notice has been taken of the method of incre-
ments, or indefinitely little parts, used (and mistaken)
by many for that of fluxions: in which the operations
are, for the general part, cxactly the same; and which

"+ (though less accurate) may be applied to good purpose in
“finding the fluxions themselves, in many cases. For
which reasons it may not be improper to add here

o
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a few lines on that head, to show the beginner how
the two methods differ from each®other; especially as
we shall be enabled, from thence, to draw out some
conclusions that will be of use in’ the ensuing part of the
work. . .

It hath been frequently inculeated in the foregoing -

pages, that the fluxions of quanlities are always mea-
" sured by how much the quantitics tlzemsilves, would be
aniformly augmented tn a given time.  Thercfore, if two

. L

A . B /£ .

P IR I .
M
' v d
C N '

quantitics or lines, A B and C D) be generated together,
by the umiform (or equable) motion of two ponts B
and 1), it follows, that uny two spaces Bb and D d
cotually gone over (whereby AB and €D are aug-
mented) in the same time, will truly express the fluxions
of the generated lines A B and CD : whence it appears
that the increments (or spaces actually gone over) and
the fluxions are the same in this case, where the gene-
rating velocities are equable. '

But if, on the contrary, the vclocities of the two
points, in generating the mncrements M b and N d, be
supposed cither to increase, or to decrease, the lines or

increménts so generated will, it is plain, no longer ex- -

ress the fluxions of A B and C D; being grester, or
ﬁss than the spaces that might be uniformly described, in
the same time, with tha velocities at M and N.

If, indeed, thosc inercments, and the time of thair
description, be.taken so exceeding small that the mo-
tion of the points during that time may,be conidered
as cquable, the ratio of the said increments will then
express that of the. fluxions, or be a8 the veltcity at
M ta that at N, indefinitely neas; but'ctnnot be con-

151
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ceived to be strictly so ; unless, perhaps, in certain par-
tienlar cases. ‘

«Hence we see that the differential method, which
proceeds upon theseindetinitely little merements (actually
generated) as we do upon tunkins (er the spaces that
might be uniformly generated) differs little, or nothing,
from the method of Huxions, exeept in the manna
of conception, and in point of accurary, whercin
it appears defective : :mc{m yet it s very “eertain the
conclusions this way derived are mathemativally true
which has afferded matter of wonder to some - but the
reason why they are so s very casily explained.  For,
although the whole complcte imcrement 18 nctually un-
derstood by the notation and first definition (af this
method) yet din the selution of problems the exac
measure thereof is not taken, but only thac part of 1t
which would arise from an umiform inerease, agieeable
to the notion of a fluxion: which admits of a surict
demonstration: but, after all, the differentiol method
has one advantage above that of fluxions, which i,
we gre not therc obliged to introduce the properties of
motjon.  Since we reason upon the increments them-
selves, and not upon the manner in which they may be,

nerated.

It has been hinted above, that, though the inerements
of quantities arc not, strictly, as the fluxuims, yot
from them the ratio of the fluxions may be deduced ;
andd it appears that the smaller those igerements are
taken, the nearer their ratio will appraach to that of
the fluxions. 'Thercfore, if we ean by any means,
find the ratio to which the said increinents, by con-
ceiving them less and less, do perpetually converge, and
which they may approach, before they vanish, ncarer
than hy any assignable differencd) that ratio (calld herc.
alter, for distinetion sake, the vatio limiting that of the

_#ncrements ) will be, atﬁa(y,'"'ﬂmﬁ of the fluxions.

Thas will more partim'l‘aﬂy appear from the follow-
ing instances ; whercin the manner of deriving the
ratio of the fluxions, ffom that of® the increments,
is shown, ' '
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1% Let it be proposed to determine the Ratio of the

L]
Flxvions Q/ x umd x-,

.

Now, if ‘v be supposed to be augmented by any
(small) quantity i, so as to become x4y, its square
(1%) will be qugmented to (v-+4) ¢ = 2¢ + 20 + 1%
whence the inerement of 2% will bo @re+a¢; which
therdfore is to (&) the increment of x, as Qr4-£to 1.

Hence, because the lesser & 1s taken, the nearer this
ritio .xpprwrlm to that of 2x to 1, which, i~ its limit,
the raiio of the fluxions will therefore be expressid by

o that 0f 22 to 1, or, which is the same, by Fat of QX
to & (us in drt. 6.)

2. Lt the Ratio of the Fluzions of x and 2" be
required,

Tien, it o be augmented o x4+, a* will be aug

n—1
menead 10 & 4 ¢ =20 4 ar A 4 1 X—g— X

o n=1 n‘—Q

PR S i X T'x "9 a™ad, &e. (Vide Art.
99.) Whence the increments of 2 and 2* will be to
each otheras 1 to n.t"” + T X 7_1_§___1 a4 -—1—

.
l*l N9

X g X i, &e. Where the sms?uér Ny

tuken, the nearcr the ratio 'will appreach to that of
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1 to ma**; which appears to be its limit: thercfore
this last ratie, or that of ¥ to #v™' 4, is the ratio of the
fluxions required. (Vide Art. 8.)

3° Let it be proposed to determine the Proportion of the
Fluxions of the Sides A C and BC, of a right-
angled, plane Triangle A B C; supposing the Per-
pendicular A B to remain invariable.

B —d

A

If C d be assumed to represent any increment of B(':
and Dd, the corresponding increment of A C (=A D)

e ratio of those increments will be umiversally ex-
pressed by that of the sine of the angle CDd to the
sinc of the angle D Cd (by plane trigomometry) and
the less the increments are supposed to be, the nearer
will the angle C Dd approach to a right onc, or to an
equality with B, which s its limit : and the ncarer will
D C d approach, at the same time, to an equality with
B A C. Thercfore the ratio Rere limiling that of the
increments 18 that of the sing of B (or rhdius) to the
sine of 3 A C: which also expresscs that of the required
fluxions. ( Vide Art. 85.) .
. ‘In the same way the proportion of the fluxions of
other kinds of algebraicsl -and geometrical quantities



ON VANISHING I'RACTIONS.

may he investigated ; but it will be unnecessary to dwell -
Jonger upon this head: 1 shall therefore only add one
other observation from hence (which will be of us¢
hereafter) relating to the value & an algebraie fraction,
in that particular cireumstancs when both its numerator
and denominator beeome cqual to nothing, or vanisl,
at the same time.  'Whieh value (it follows from above)
will be found by dividing the fluxion of thg numerator by
that of the denominator.

For, sie the value of any fraction, in that cr-
cumstance, 15 to be looked on as the Iimiting ratio to-
wards which its two terms converge, bfore they
vanish, and sceing the fluxions are always expressed by
that ratio, the truth of the vule, or position, is
rranifest. s ’

An example, however, may not be improper :

. .. U —at
Lct, therefore, the fraction

be propounded, to
r—
find the valve thereof when x=a. In which case,
the true value sought, or the flusion of the nume-
rator divided by that of the denominator, is = ==

N X
=v=R:  And that this is the true value, may be
contirmed by common division, wherehy the fraction
P"T“sed 18 reduced to x4+« ; whose value, when x=a,
1s therclore =Ra, the very same as before.

156
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SEUCTION VI

The Use of Fluctons in the Rectification, or
Sindwg the Lengths, of Curres.

: . CASE L
185. LET ACG b a Curce of any kind whos

Ordinates ure parallel to themselves, and perpondi.
cular o the Axis A Q.

If the fluxion of the abscissa A M be denoted b
M m, or by Cn (equal and parallel to M my and » S

A

M 7h Q

equal and parallel to C r, be taken to represent the cor-
responding fluxion of the erdinate M C; then will the

+ Art. 18 diagonal C S (touching the curve in €*) be the line
& 49. which the generating pomnt (p) would describe, was its

+ At 9

motion to become uniform at C f Vide Art. 48 and 49),
which line, therefore, truly expresses the fluxion of the
space" A C gone over, according to the definition. +

Hence, putting A M =1, C M=y, and A C=z, we
have i (=C8 = VEx+Sn) = V& +3°; from
whigh, and the equation of the curve, the value of z
miay be deterrained.
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C¢ASE II».

136. Let all the Ordinates of the proposed Curve
ARM be referred to a Center C..

Then, putting the tangent R P (intercepted by the
perpendicular C P)=¢, the arch B N, of a circle de-
seribed about the eenter C=x; the r8dius CN (or
C B) =a, &c. (Vide Art. 118) wehave 2 ¢ 3::y (CR)

157

2t (RP*"); and consequently ¢ =‘%—y : from whence* Ar. 35

the value of z will be found, if the relation of y and ¢ is
given.
But in other cases it will be better to work from she

2 el e’
following cquation, viz. £ = \/ 9 + J fc ‘Whieh
) Coat

15 thus derived.
Let the right-ine CR be conceived to revolve
about the center C ; then since the celerity of the gene-
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nerating point R in a direction perpendicular to C'R is
to (x) the celerity ofithe point N, as CR (y) to CN

(2) it will therefore be truly represented by 3;15': which

being to "(§) the celerity in the direction of CR, pro-

duced, 3s CP (s) : RP (1)* it follows that 3.’.;1 oy
i

¢ g2

s* L t*: whence, dy composition, —— + 1yt il
a: *

"4 2 (%) 25 therefare 7—(—1-‘- + ¥ = !%— and

-

consequently \/3-’_-\- + ¥ (=-ﬂ) = I; as was to
A SFTEREE t
be shown. ;

But the same conclusion may be more casily deduced
from the increments of the flowing quantities, according
to the preceding scholium. '

For, if Rm, rm, and Nn be assumed to represent (2,

y.and r) any very small corresponding increments of
AR,CR,and BN, itwillbeas CN (a) : CR(9)::

"

a
if the triangle R+'m (which, while the point m is re-
turning back to R, approaches continually nearcr and
nearer to a similitude with C RP) be cqnsidered as

rectilineal, we shall also obtain (=Rm*=R r*+rm"

x (the arch N #) : the similar arch Rr =2—.  And,

o .

=4 y*: whenee, by writing £, &, and gy for
«a . ) *

5%, and j; (according to the scholium) there comes

yal

out $* = >— + ¥, as before.

1
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EXAMPLE"L

187. Lt the Curve A R M, ‘whose Length is sought, bc
the Sem-cubwal Parabola.

a*r»ew

Whereof the equation being art=g, orz =

39ty ’ ‘
we thence have & = J—i—'— : whence £ (= ¥/ 4+ % ¥%)* Art. 135

R M

A B H
= \/yz.,_ =X 4'“ + 9_y1 . Whose fluent
ﬁai
(found by the common rule) is ;‘i‘—‘“ﬂv’i-, which, -
[ 270%
' : -————T}
corrceted  (by making ‘ y = 0) beonmes .....'.*’...Q,_" a

%‘Ta*

¥
]

EY
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&

+ EXAMPLE IL

188. Let the Currve proposed be a Parabola of any
(other) kind.

YThen I = a—g-,-;being a _general equv;tion to all
Kinds of *parabolss, we here ‘have & = Y
parabolas, we herc have & = e and

thereire 5 ( =T = 4/ g4 L =
a

av—3
. n® =i ” ‘
9K 1 +;—ﬁf whose fluens, universally ex-
pressed in an infinite series, is y + o
‘ : -1 x 2
R e byt '

T I3 x8a» +5§—:—5 % 16gms " 8¢ = =

But, when 2m—2, the index of y, in the given

+ fluxion, is either equal to unity, or to any aliguot part

of it, the fluent may be nccurately had in finite terms,

by Art. 84

R TP T

ﬂuxm{), + = x 3) is,ﬂinithe"ﬁrst place,

A s n S - :
‘yefuosd o “U+ey* | x y: . which, being compared



*
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with a 4+ ¢e|" x det g, the general expression in ’

the aforcsaid armle, we have a =k = y, n= ~l~. ‘
, D

"

m = §, d‘-l*z -lao,or‘-.-l‘zs();
s
whence r= v, s (r+m)= v +ﬁ; and consequently
. N (3 e
dxa+ e oo —1 x.a™> )
+ : X = — r—_..——.::)s‘——- +&c.* Art. 24,
sne 1 i-—lXC“. ' ¥ .
A — =t
T4ey®! = p=1xy*
{ [x (¥ - ixe T
e+ & ; v=-ixc
x

1-—-]x -"2
v—=1%r— ,."/L... &c) = the faent of .

D - ‘XL-—,X(‘

.
1+¢y" x y; which was to be tletermmeﬂ, and
which will (it is plain) always terminate i v terms,

1
when v, or its equal 2n-2’ 15 a who’e positive
number. o
2t (derived om0 = 51 L) be sib-

stituted for its equal n, the mathmf the curve, vhﬂw '
be ehanged to ar®=y™* ich, if @ be expounded -
by 1, 2,3, 4, &ec. oucoeshvcly, will become ax“=y% b
art=y', ax=y’, ey, &c.. respectively ; in "al]
which cases the length of" “the curve mg' ‘ﬁﬁm be .
accurately had from the Auept abov& exhibited. " - - ot

¥
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Maoreover, if n he assumed=2 (or v=1) the ge-

.nenl equation, . e -&l-‘- will then become v =

'y
'%—5 ‘answermg»m the common (or conical) pambola.

O e |
3;-4} X y)

is=.'] 1+ﬁ WIETF vty
ca® la .

And thereforgm that case ¢ ( =

b
¥y x b + y 1
by pu b ia) = = =
( y putting b=3a) = M +y FoX
by+yYy _ ‘1 PRty _ 1. Wyl
- . .4 mto —==
ut/b‘-’+ e b t/by7+y‘ Vi gt
Wy %byy+y.'/ H
m —_ :
t/b"y +y‘ \/b’_y‘+y‘ Vi + 3

where, the fluent of the first term (of the fluxion

so transformed) bemg -§$/b +_y* (or  yvV'¥ +3)
by the common rule; and that of the second term

' sy ¥+ 4
*Art.196. = } b° x hyp. log. ‘uzul, * it follows that

the length of the curve will, in this case, be =
40 o Bt
.{Lbb.__'."lq.,.;bxg,yp:]‘,& +t/:z +yt
[ 'ﬁﬁ, ( e
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EXAMPLE [IL

139. Let the Curve proposedbe the Involute o{ aCircle; |
whose nature is such, that the part P R of the tangent
intercepted by the poirt of contact and the perpendicular
(P, is every where equal to the radius C O of the ge--

, P R

nerating circle : therefore (=% # ing here=+ oy, 135
8 . t .
%2, we first get z = —g‘-;, which corrected, by making

y=a (=4A0C) becomo#‘yeg';ag QC_C%;. the true,

measure of the required arch A R.

M2
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| EXAMPLE V.
. 140. In which the Spiral of Archimedes is proposcd.
‘ Where the value of ¢ (AT) being denoted by

_._._b.!y,....._. ¥y 2 — 7/.'/
v (Vide An. 62) we get : (= %)

= V,b::' Y. which fluxion being ‘exactly “the

B C D

ui’ixeufhat thaamhoftheeommon para-
hola, found i c?m %38 its fluent will therefore be

'mﬂympxuenﬂedbytbemmureoﬂhemdmh orby
Liafq-{bxhyp.lngu_bif__ th

04’ v

R
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EXAMPLE V.
141, Let the Curve be a 5 £lral whose Equalion is °

ar=y" (Vide Art. 136.) .
In which case aE being = ;”_‘Zg: it is  evident

that (-\/v+ "' \/y“ + m{%”q*mm
aﬂ

00 2ML
= \/ 1+2 -——-—, and therefore 2= + = Ty
¥ =Y Im+1 x 2
m‘y""“ m(y(m'ﬂ .
— e . Which val
4m +1 x 8Ba+" 6; 1 x 162" &e > e vae

may be otherwise had, without an infinite series, when

2%; is a whole positive number, Vide Art. 188.

EXAMPLE VL

142. Where, the Right-sine, Versed-sine, Tangent, or
Secant of an Arct of a Circle, being givem, 1t 1s re-
quired to_find the length of the Areh itself in terms
thereof.

Put the versed-sine A b=z, the right-sine Rb =y,
the tangent AT T
==t, the secant O T :
=s, thetarch AR v
=z, aad the radius
AO,or RO,=";
also let Ra=x, nr
=yad Rr=2%-
since the le
reR (= right-
angle) =0bR, and
rRa ( =inght- \*
angle—n R 0)=0 R, the triangles rRn and OR %
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are;herefoxeeqm-angular and it will be, Rb (y) : OR

’() Rn (r)": Rr rz)—-——-‘/ﬂa‘:“’__arz

cause, by the property of the circle v/ 2x—at=y).
AIso,Ob(\/ —9).0R (a) :nr(y)Rr (5)=

‘/a 7 Thesc two values ex}nbn the fluxion of

the arch in terms of the versed-sinc' and right-
sine' respectively; but, to get the same, in terms of
the tangtnt and secant, we have (by sim. triangles)

OT (=s=Va*+1?) . 0A (¢) ::OR (a): 0=

a* a® « at n‘~'
— _..w henee Ab-a—-—-——:a-—
\/a + 8 \/a + 1

“ a
“#hose fluxion is thereforc = --}’: ""_ 2 whenee

£ + tgi}

(again by similar mangles) AT (=Vsi—a=t):

oT (.._azt/a-H) R Rr = e
Vst — a
at .
ateT
Now, from any onc of the four forms of. ﬂuuons

a:s‘l. a-t
(Vzax — 1"’ v/al — ."vg’ a: + ‘qi f—____)
here found, the value of the arch ltself (by taking the

fluent, in an infinite senes) will likewise becomne
known,

.

But the third form; expressed in terms of the

' :mglfm being entirely free from radical quantities, will
¢ m

ost ready in practice, especially where the re-
uired arch is but small ; though the scrics arising from
first form, always converges the fastest.
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1f, thercfore, — o + be now gonverted toan in.

. . . . 2 paf ‘
finite series, we shall have’z..t-—f.;t.l.f.!_ﬁ
o a*, at a°

¢ ki 4

&c. and conéequentlyz:t&ls-;.-f-g—.,-ﬁ-y

G s&c = AR Where, if (for emp?essake)AR
bLsupposedanarch of 80 degrees, and A O (te ren-

der the operation more easy) be put = amity, we
shall have ¢ =V} =.5773502 (becauscO b (V'])
bR :0AM) AT )=V .,

_ Whence .
B (=txt=tx}) = .1924600

2 —t; —

(=0 xt _3) = . 0641500
. ,,__t!‘ _ ’
r (:t’xt-._é) = .0213833 J

N L .
P (=t Xt ..5) = .0071277
i) =
t (..t"xt*...&:a) = . 0023759

. __t" _
¢ (=t 'xtﬂ.g) = . 0007919
o (=0 x 0= = . 0002689

= 5
&c. - I
And therefore AR = 5718508 — 00

0641500 _ 0213835 . 00TIETY _'.0028759"
51 9 11

167
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.0007919 . 0002639  .0C00ST9 . . 0000293

e € IS T U 1
5 0000097 _ L — 5935987 : which mul-

tiplied by 6 gives 8.141592 + for the length of the
semi-periphery of the cirele whose radius is unity,

At Article 126, certain forms of fluxions were pointed
out, whose flucnts arc explicable by means of hyper-
bolical spaces, or a table of logarithms : which forms,
it is-ebservable, agree in every thing, but thesigns (and
constant quantities) with those exhibited above, for the
arch of a circle.  And these last, like them, may
serve as so many (other) theorems for finding fuents
by means of a table of sines, tangents and “secants.
But, as such'a table 1 usually calculated to a radius
of 1,000000, &c. (or unity) the following equations,
derived from those above, being adapted to that radius,

will be rather more commodius.
LR .
| Vomme w »ﬁ (Versﬁd smc\
o ¥ . [~
';:;{ e, i E i
RN - N
&) Va—w | & Rghtsine |,
i | ® 18 —, and
’g \ ' ,}‘E \ \ ° a
P w el radius unity.
2 @ +uw | | Tangent .
= Y
i s .,
| aw e _ |
kwv,w'——az RN oy

The way -of deducing these expressions, from the
fovegoing ones, is extremely easy: for, if A be put to
denote the arch whose radius is unity, and whose
v)@rsed-.sine', right-sine, tangent, or secant is —::-"'(ac.

ootding to the different cases here specified). Then,
because similar ares, of unequal circles, arc as their
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radii, it will be 1:a:: 4 (ad) the length of the
arch AR (see the _ﬁgurc ). Thercfore, the fluent of

ax aw

V%ar—z° (or v %w — w0t
=a 4 (AR), that of

, putting w::-.z) being *

m must neeeasanly be

=4 : and in the very same manner the other forms are

made out.
L ]

EXAMPLE VIL
143. Lt the proposed Currce be the common Cycloid.

Then, if theradius A O of the gene'rating'smni-circle* 'ASeelgg.
be denoted by a, we.shall have B R=v/2ar—a+; and- *™ '™

the fluxion thereof = _____a__:g_____:: which being
'ld

V' —
added to (-‘-/—.,—;.:-_—_- the fluxion of AR or its
cqual RS (given by the precedmg amcle) we
thence get j;;% ix%a—z = Z X
Y =k

W— rl, for the true fluxion of the ordinate BS
of the cycloid.

—_— 0 -
Hence ¢ (V345 %) = \/x + 15 xia I = vAras.

-
% J

& —z-.—_@ xz—‘ &; and consequently, by taking

, i ’
the fluent, z:ﬁm*x% = 2V3% = theawh AS

of the cycloid.



170

THE USE OF FLUXTONS

EXAMPLE VIIL

*144. Wherein it is required to determine the Length of
the Arch of the common Hyperbola.

In this case (the semi-transverse axis being repre-
sented by b, and the semiyconjugate by ¢) we have
st . ¢ g
’.’g. = %bx + a2%; and therefore » = f’_ﬁcif.

b: hence & = Voig and : (= V§* +a%)

by \/ Py o
Vi 22 /s 3 o Thieh,

"% ¢® +y*

2 42

by converting — into an finite series, becomes ¢

¢t + ¢ty
. byt by byt by -
3/\/1 M S S e &e. But still

we have the square root to extract; in order thercto,
let it be assumed = 1+ Ay°+By+Cy®+Dy* &c
Then, by squaring and transposing (Vide Art. 98)
there arises . .
+ 2By + 2Cy" + 2Dy® &ec.

1 + 2Ay°
4+ A%yt 4+ 2ABy° + 2ACy* &c.
. + Byy® &e. S =0
be be . b b :
_l—gxy?-r-c;xiyh,-—c;-xy‘%ﬁ)‘(y' &c.
be b . b
b4 b b b . b®

-;é-ci: C=§61—‘:AB=§ +'£&;'5 + 16
&c. o Therefore£(=y\/l+-b%‘f&c.=yx

B T
TFAF + By de. =3 + x99~ (g5+ g7)
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. be b4 bt ,
Y'Y+ <2_? + v + Tﬁ?’) xy'y &.  And conse-

by’ b2 o b4 s !
quentlyz=y+€‘y;-—-(g+z—c-;) X —i%z:‘— "1'
b b+ b ¥ oo
G+ tae) * 1 %
By the very same way of proceeding,’ the arch of
an cllipsis ,may be found, the equation of the two
curves differing 1n nothing but their signs.

SECTION IX.

' The Application of Flurions in investigating
the Contents of Solids.

145. LET ABC represent any solid ; conceived to
be generated (or described) by a planc PQ passing
over it, with a parallel motion : let {:I k (perpendicular
to P’ Q) be taken to cxpress the fluxion of AH (2)
or the velocity with which the generating plane is
carnied ; also let ,

the area of the

EmFa of Ptal:; A‘-\

{:lane intercepted

Y, or contained in,

the solid, be de- p
noted by 4: then

it follows, from Art.

2 and 5, that the
fluxion of the solid

A EF, wil be ex-
ressed by A4 J. B _ D __ -~

i‘rom whence, by -

expounding A in terms of « (according to the mature
of the figure) and then taking the fluent, the content
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of the solid (which we shall always hereafter represent
by &) will be given, ‘

« But, when the proposed solid is that arising from the
revolution of any given curve AE B about AH D, as
an axis; the fluxion (5 ) of the solidity may be cx-
hibited in a manner more convenient for practice: for,

* Art. 124 putting the area (3,141592 &0.*) of the circle, whose

radius is unity, = p, and the ordinate EH =y, it
will be 12 :y": :p . (py®) the area of the circle EmFn,
which being wrote above instead of 4, we have 5 =py's.
The use of which will be sufficiently shown in the fol-
lowing Examples.

EXAMPLE L

146. Let it be proposed to find the Content of a:
Cone ABC.

Put the given altitude (A D) of the Cone = a, and
the semi-diameter (B D) of its basc = b: then, the
distance (A F) of the circle E G, from the vertex A,
being denoted by r, &c. we have, by similar triangles,

asa b7 EF (y):éaz. Whence, in this case, s

20240 '
A (=py's) = ])’Ja: = . and
Pb’-l"
8a2
which, when z=a¢ (=AD)

)
gim’.’.g..‘!( =p x BD*x }AD)
. .

.
*

. consequently s .=

for the content of the whole

B cone ABC. ‘Which appears
~—D from hence to be just ¥ of a

cylinder of the pame base and altitude.
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EXAMPLE JL

147, Where, let the Solid proposed be a parabolic Conoid,®
or that arising from the Revolution of any Kind of
Parabola about tts Axis. “

Then, from the equation @™ 2" = y", of the gene-

rating curve, we get y=a ™ x 1", ands (=py's)
LI ;,): Lm—2n
=pa " x ix™; and therefore s = pa = X
) L
" dmmiln mx™ Smein ?_
= pa " x =pa” x r" X
2n P m+m
—+1
m

= pY' X ~—v _ = the content of the solid ;
2n + m 20 4+ m B

which therefore is to (py’r) the content of the circum-
scribing cylinder, as m to 2u+m. Whence the solid
generated by the conical parabola (where m=2, and
n=:1) appears to be just { of its circumscribing
cylinder. .

EXAMPLE IIL
148, Let the proposed Solid A F B H be a Spheroid.

A

In vghich case, putting the axis A B, about which
the solid is generated, =@, and the other axis F H,
of the generating eflipsis, = b, it follows, from the .

property of the ellipsis, that Ha"r': Fllexa—-u
(AD x BD):y*(DE) = & x &= whege

“ . ™ b . . '
we have s (= py'%*) = z—’a; X ax% - @'d; and* Art. 146,

s = p_i’ x fart — 1’ = ;;lie“ segment A T E., Which



174

THE Uﬁl.or FLUXIONS

when AD (r) = A B (a)
L

becomes (%‘f; x Ta —ja*)
. pab* = the content
of the whole sphermd.
Where, if b (FH) be taken
='a (A B) we shall also
get i pa® for the true con-
tent of the sphere, whose
dismeter is ¢ Hence a
3here, or a spheroid, is 3
its circumscribing cg-
linder ; for the area of the
circle F H being expressed

. , the ‘content of the cylinder whose diameter
32, y

is FH, and altitade AB, will therefore be 202"
of which 3 pab", is evidently two third parts.

| EXAMPLE 1V.
149. Lét ihe Solid, whose Content you would find, be
the hyperbolical Comuid.
, 2

‘len,ﬁ'omthcequadon,y'“:? X ax + 1% of

aﬁ

the generating hyperbola, we have s (py) =

b eimoer e ‘. o b.
X ax¥+ 2%, and consequently s -.-..Ea-;‘ x Tar' 4 i}
= the cqmém of the"éonaid;o which, therefore, is to

Y ’ ’ .
I-;é,; X ax + 22 x x) that of & cylinder of the same

h\!e and .alﬁmdé; as fa+ txtoa + & This ratio,
i if x be extremely small,’ will become as' 1 to 2 very

nerly : whenee it may be inferred, that the content
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of a very small part of any solid, generated by a curve,

whose ray of curvature at the vertex is a finite quantity,

is half that of a cylinder of -the same base and altitude,,
very nearly: because any such turve, for a small dis-
tance, will differ insensibly from an hyperbola, whose
radius of curvature, at the vertex, is the same.

This might have been inferred, either from the com-
mon parabolic conoid, or the spheroid, in the preceding
Examples ; but other observations would not allow room
for it there. o

EXAMPLE V.

150. In which the proposed Solid is that arising from the
~ Rotation of the Cissoid of Diocles, aboujits Aris.

3 .
Here, y° being = ;{-—;,‘ we have s (py%i) =" Art. 56

pria
a—r
is rational and the variable quantity in the numerator
of scveral dimensions, it will be necessary to divide the
latter by the former, in order to obtain the fluent, by
lessening the number of dimensions: thus, dividin
pr’a by —zx+a, according to the manner of compoun
quantities. the work will stand thus :
~x4a)px}i—0  ( —parti—pars-—pas
pxii—pax’s :

But, in cases like this (where the denominator

+paris—0
+ pax*i—pa'ri

+pa'ri—0
+ patri—pats

+padi

Where the quotient being = pa®s —pars =~ pq‘ab; and the
remainder pa’s, the value of the given fraction pzz

a—z’
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will therefom be truly expressed by — pa’s — puxs —
pa’:H- pa : whose fluent, properly corrected, is

T - hm — patt + pat x hyp. log. Ti'?
Vide Art. 126.

“ EXAMPLE VL

"151. ¢ Let the Solid be that arising from the Rotation of
the Conchoid of Nleomedes about its Axis.

The sub—fangent 3!'; of this curve being= p :}; _:/—
' EAS
& (yl:de A.l't- 48 and 57) we have X== aV: _’,;I/ R an(‘
| # - . -—pab"z’ —py'y pab’y
d : *) = T e T
. %A 143 therefore ¢ (py*s ) ‘ g Vil

3.4

- -ﬁ%y;—. But, in order for the more casy find-
ing the fluent thereof, put /3 — y* = u; and then,

ybeing Vb~ and § = ‘/—f_-_’i__'f——, we shall,

, —
. ‘ N ) b“' e
by substitution, get s = *Vlb:—u +p xb"i’t—u"fr

Whence, the fluent of \/b‘ bemg expressed by

the axch (4) of the circle whose radius is unity and
fArt.M&sme ,"' the ﬂuem of the' whole expression will be

pab”xA-}-p r—iu’ Which, when y=0, oru_.b

+p %3 b) pbt x (kpa+ 4 b) for the
eontent of toe qnhd, when its axis becomes in-

ﬁm
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., EXAMPLE VIL

152. Where it is required to Jﬁ"d the Content of a pa-
rubolic Spindle ; gemerated by the rotation of a giver
Parabola A CB dbout its Ordinate A B.

Put C M (the abscissa of the given parabola) = g,
and the semi-ordinaze AM (ox BM) = ; and, sup-
lmsing ENF tobe any section of the solid paratlel to DC,

ct its distdnce M N (or EP) from D C, be denoted

by w : then, by the property of the curve, we shall

C

\*,

N

L ARA
B
D
+ .
have A M: (%) EP? (w':)‘IZ CM (¢) : CP=
"o therefore EN (= CM— CP)=a— " =

ax bt —wt
b ’

and consequently p x EN? = I;_"T X

b =2 1w’ + w* = the area of the sectim EF:

- which multiplied by (%) the fluxion of M N, gives

14
1‘];;‘ X b — @b w'e + whe for the fluxion of the
L. ' ' ‘®

1

‘ 2 ' » .
solidity,* whose fluent, %‘-i— X btew — 20T w 4 L whe art. 145,

when wf%eoomes = b, is (g—lpf—:)) half the co;xtent o

of the solid. .
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EXAMPLE VIIL.

158, Let the Solid ATBD (sce the last Sigure) be a

Spindle, generated by the Rotation of the Segment of a
Circle, A C B, about its Chord, or'grdmﬁ, AB

Then, if the radins @ E be pit = r, O M = d, and
EP = w &e “(as before) we shall have OP (=
VOE-EP) = vFi—w, d EN(Q P~ OM)

=V~ w —d: therefore s, in this case, is =
pio x Vit md 2 pti X o 4 0 — 2V i gt
=ph X P =@ —mt - pi x 2d Ve ut — o
' ;henée}%he fluent ofthe part, puw xWTSTS}
"(4—:2:1}: xw x ¥Vr—w —d=2dp x5 x EN)’

*.4rt. 112 being expressed by 2dp x area M N E C* the fluent

or

of the whole, -or the . true value of 5, will be ex-
pressed byywx 72t —J00* —2p x area MN E C,

by its ggual px MNxAMF—IM N‘—2pxOM
XMEZC: whieh, when M N = M A, gives

o PXFAM? —2p x OM x area A C M, for the con-
tent

it of half the solid: where the area 4 C M may be -

- "found by Art. 194, or mare eaa:l{ by the common table
" of the areas of the segments -

a circle; to be met
with in most books ofgmgmg

" EXAMPLE IX.

154. Let it be proposed to find the Content of the Solid

« AEG B; whose four ades AH, AF, CH, CF, are

¢ plane Surfaces, and its Ends A DC B, EF G H given
les, ;parallel to each other.' =

> Let the siles A B and 4D, ‘of the base, be denoted
by aand b; and thase of i top (EH and EF) by ¢
.and d respectively ; , let A.express the perpen
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dicular beight of the solid; and let » (Bnsiderod 5o
variable) be the distance of (I L) Sny section theveof
(parallel o the base) from the plane E G.

R G
E

| L

I M\
. | /B ¢’

B sl

It 15 evideut, from che nature of the figure, that
the section I L. 1» a rectangle; and that

kh'a.:AB-EH.IM-EH::BC—HG ML-HG.

enrt—

I'rom these proportions we have I M-EH 58-—; X
A ML-HG=""0%": b 1M = aexs
+¢, and ML=K:§XJ +d; and consequently the
area of the rectangle (I1L) = E_ixm X2t 4
ad—2 cd4-cb

T x & + é¢de which being multiplied byq.

g—cxb—dxat

o
+g£:ﬁfii2%;—ii X z‘c+¢:da\ for the content of IFG L.
N2

»
i, and the fluent taken, there results
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Whiﬂh, when 7 = h, becomes (g—:ﬁ’.‘g:l.l.xh +
Sd—Rcd+chx k
[]

+cdh'=—2§b + ad + be+Qed x h=)

ABxAD4+EH xEF+ AB+ EHx AD+EF x L h=
the quantity proposed to be found.

IfEF (d) be supposcd to vanish, and the lines EH
and FG to coincide, the planes AEHB and DY G C
will form an angle or nidge, at the top sof the solid
(resembling the roofs of some buildings, whose ends
as well a$ sides run wp sloping) and, in this ease, the
content, found above, wilflbceomc more simple, being
then expressed by 2ab + be x 44, or its cqual ZAB + EH
x AD x ¢h. -

But,if EF be supposed = EH, and A1) = AB, thesolid
will then be the frustrum of a square pyramid; and its
content = @ +ac+ctxh, =AB+ ABx EH + ElI:
x §h: from whence, by taking E H=0, the content
of the whole pyramid w base is*tA B-, and its al-
titude A, will also be given, being=AB® x } 4.

EXAMPLE X

155. Let the proposed Solid be that, commonly known by
the Name g a Grain ; whose scctions parallel to the
base are, all squarcs, and whereof the two scctions
perpendicular to the Base, through the Middle of the

opposite Sides, are Semi-cizcles.

Let bcdefbe
any section paral-
lel to the base ;
and letitsdistance
A b from the ver-
tex of the solid,
: be denoted by x ;
alsalcta represent
the radius AB
{or BN) of the
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circular section A BN A, perpendicular to the base. ”

Then, .bn being (by the propenty of the cirele)=
¥ 22 < 1%, the side: of the gquare df, will be =
2v/%ux — 2%, and thefefore the area = 4'x 2ax— 7¢ ;
whenee & = 40'x 2av — &%, and consequently s=¢4az®
2 which, when = = a me 5_%_3 = the

3 ) . ? - . 3 hand
content of the whole solid. .

If the solid be a groin of anﬁmother kind, or such,
that its two sections perpendicular. to the base, through
the middlc of the opposite sides, are any other curves
than semi-circles, the content may, 3till, be found in
the same manner; and will be always in proportion to
the solid generated by the revolution of the said curve
about its axis, as a square is to its inscribed circle.
But, if the foresaid perpendicular sections be curves of
ditferent kinds, the sections parallel to the base will
no longer be squares, but rectangles; ' whose sides are
the corrcsponding’ (double) ordinates {of the respective
curves. s;i‘ohus, for instance, let one section be a cir-
cle and the other a parabola, whose ordinates, to the

common abscissa r, are expressed by v/dr — 2% and
Vax, ;cspcctively ; then thesidesof the rectiﬂgular section,
parallel to the base of the groin, will be 2¢/dz — 2* and
2¢/ar: whence the area of that section is = 4r

Vad — az, and therefore s = 4zx Vad — ax:

181

where, by taking the fluent, * s = " At 83.
e A/ ad — o3 — 6T L 94r S
16d¢ V'ad — a X (115 xff x 16d + 2:4u= the true

content of such a sdlid. I

in
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EXAMPLE‘ ML

o
158, Where.the Solid B AC R proposed i a kind o
_ Cone, or. Pyramid ; formed by conceivi Right-linc{
to be drawn from every Point in thangerimewr of
any given Plasie B D C, to & given Point, or Vertex,
A above thyt Plane.

gA Let EFG be any
section parallel to B D C',
i  whose perpendicular dis-
; tance (AQ) from the
. Q vertex lct he denoted by
. r; moreover, let the
whole given altitude
(AP) of the solid be put
= a, snd the area of
the base B D C (which is
—P thonmponed given)=b.
In

¢ first place, 1t is

easy to conccive that the
planes BDCand EF G
c - 2
must be smilar: and
therefore, sinoe similar figures are to each other as the
squares of their like sides, or dimensions, it follows
that AP* (a*) : AQ*(=)::BDC(b) : EF G=%..1:'.
-*‘u‘ ° (3
* ) b ba
W 85:*;;*; I'Idcn?stequmly .I:@:: —8-,
vhen x==a. Therefore, the solidity of a conc or py-
:;:noi,hlsthb fi .;i?fitzebm .fwhatbite;}i'll, :}
ays amulti thetarea ¥
o Thinage.? TG thorarea sl e

v
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EXAMPLE XII

187. Where it &'Zropmd t6 find the Canlent of the
Ungula E F G C, gut off from a given Cone, A BC,
by a Plang E F G passing*through the Base therc

.+ Let AD be the icular height of the cone,
also Tet A M be perpendicular to H E, the axis of the
section ¥ E G, and let F:A G be another section of the
cone, through F G and the vertex A.
Since the solids CAFG and E A F G, whose bascs are
FCG, and FEG, come under the form spetified jn the
preeeding example, their contents will therefore be ex
_pressed by F C G x}A P and FEG x $#AM respective-
FCG x AD-FEG x AM -
n B R
is the solidity of the ungula C E F G : where the balgs
FCG and FEG being conic sections, their areas #ill be
given b 3 11'51,‘I} 04, afnd 1%9, from \ybe;lce the whole =~
will be kng¥m. us, if HE be suppos allel to e
A K, the section F E G, then being a parnbol[rits area
will be==¢ x F G x E H:* whence the sqlidity of the * Art. 115.
. 5 . . . »

ly: whosé diﬂ'ereﬂoe,
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egment EFG A is=;xFGxEHxAM: which
being deducted from, that of C F G A (found by help of
the common table of circular sogments) the re-

mainder will be the oontent of the ungula. But, if the

* Art. 41,

axis E H produced, cuts A B, the section FEG will be
a segment of an ellipsis EF K G; whose conjugate
axis (supposing B N and K L perpendicular to A D) is

=2VENxKL* Now, in order'to campute. the
content, the easiest way, in this case, let the ratio of
EH to EX (which is given by trigonométry) be ex-
pressed by that of m to unity, and let the ratio of C I
to CB, be as » to unity: and from the common
table of scgments (adapted to the circle whose diameter
is unity) let the arcas ‘answering to the versed sines m
and n, be taken and denoted by M and N respective-
ly: then the area of FEG being = M x EK x

+ A 142VEN XKL, and that of FCG=NxBCs,+ the

1" 130,

* with Bﬁ,

content of the umgula, by substituting these values,
will become=f NxBC:x AD—!MxEKx A Mx

"oy ENXKL : but, since AM : AE:: K Q (perpen-
dicular to AC) : KE; and AN : AE :: KQ :KI, it
follows, by equality,;that AMxKE=AN xKI;
whence the content of the yngwla is also expressed by
W xBC % AD—y Mx ANxKIx2VENXKT,
Which, if 'H be supposed to coincide with B, and X I

Wml 0(0.78539&6. xBC:xAD—

& w 3
0% o
9.78899 b, 73&” fff’ &\N x BC x2¢EN x BD)=0.26179
NS & ' —
&e. x HE XBCx A D—2A Nx VENXBD.
Wheri.dhe section EF G isean hyperbola, its arca

]

) ,gay nd by means of a table of logarithms (in.
. ‘Stead ¢

2

£ table of segments) whence the content of the

“wnigula will likewise be had in that case.
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EFXAMPLE XIIL-

. .

158. Let AFC, or A GD, be a Curve of any kind :
whose Area, and the Content of the Solid arising fro.
its Rotation about its Axis or Ordinate A B, are
both known ; it 1s proposed to Jﬁ"d, from thence, the
Content of the Solid generated by the Revolution z{
that Curcg about any other Line g R parallel to ¢
said Axis or Ordinate A B.

Let AP, FQ,and CR
be all perpendicular.to A B F ‘
and to the axis of motion '

PQR; also let AP (or ‘ ‘
E Q) =a, A E, considered El - B
as varisble, =w, the area A\
AFE,or AEG=M,and R I
the solid arising from its .
revolution about A B, = :

N. It is plain that the G~—D
area of the circle gene-
rated by Q F will be=p x : '
FQ"*:pxa+m" ® Art. 145.
=pa*+2axEF + p x '

EY?: from which pde- ) P T Q R

ducting the area pe?, ge-: S

nerated by Q E, \tl{:‘a remainder, 2pe xE F+gx EFe *

will be the area of the annulus generated by & F:

whence the flaxion of the solid generated by AEF-°

is truly represcnted by 2paxE%?xw' e x EF? : + A 146
and, mn the same manner, it will appear that the .

fluxion of the solid generated by A E G is 2pa x EG x @
~pt» x E G2 " But thefluent f EF x b (or EG xd) -

is =the area (M) of AEF (or A E G),} and Mgt of Art. 112.
P x E I (or pio x E G2) equal to (V) the: givén solid

arising from that area;§ therefore the fluent of theg Art. 145.,
whole, or the solidity required, is 2paM + N, in the
formor case, and paM <N in the latter ; where 2pa,

C
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in either cass, expresses the periphery of the cylinder
described by A B, ghout the amrztion PR.
, Hence, if ABC and A B D are equal and similar to
each other, then the value of M, &c. being the same in
both cases, it follows that the content of the solid go-
nerated by A F G will be expressed by 2pa x 2M, or
e (for weampl’s sake) A C be supponed
ow, i example's ACD be su a
circle, whose semi-dixmeter x)s d, the area of that
circle being = pd*, the solid generated by its revolu-
tion (representing the ring of an anchor) will therefore
be = 2pa x pd? = 2ptad’. But if you would know
the content of the part generated by the upper semi-
circle B A C, or the lower one B A D, Jet the content

* Art. 148, (4—%—-‘1’)“ of % sphere whose semi-diameter is d, he wrote
for N, in each of the two foregoing expressions, and you
“ will then get p'ads + %f and plad?— #

Again, if AF C and A G D be taken as right-lines,
youviﬂhsveM:Ag;BC,(orAB;BD) and

+Art. 146 N=pxBC:x Y AB (orpxBD?xy AB)+: hence
the solid genersted by the triangle A B C is (=2 pa x
ABXBC 4+ ExBC x AB)=pxABxBCx
RBF5BC; and that genersted by A B D (=2pa x
ABxBD »p

L xBD'xAB)=p x ABXBDx

: RE~3BD. . ¥
© % Lestly, let ABC (or A BD) be considered aéa pa-
¥abols) whose ordimate is A B, and axis C B (or DB):
$ Ast. 11k then 3 beinghere = $ AB x BC (or § ABxBD)}

..mxm.ﬂﬁNa %x ABxBC§ (or % x AB xBDY
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it follows that the solid geummd by ABC will be

(=2%ax: ABXBC+15
ABxBC x 5BR+2BC

15
ABD=4pxABxBDx 5—1-3-5-11;—%—3—9.

SECTION X.

The Use of Flurions in finding the “Superficies
of Solid Bodres. *

150. 1iET FAF repre-
sent a solid generated by
the revolution of an given
curve AF about 1ts axis
AH; alo let a circle,
whose diameter is the varia-
ble hine (or ordinate) RBR,
be conceived to move uni-
formly from A towards
FF, and to dilate itself A
50, on all sides at the same
time, as to genegate, by its
periphery, _the proposed
superficies RA R: then,
the length of that peri-
Fhery, or the gemerating
1ne, bemg expressed
3,14;1592 &c x R
2py) and the celerit
vmh w{uch it moves by $
the fluxion of the superficies R A R, or tl}e space that

xABxBC) =4px_

=, .nd that generated b~

187

* Art. 142.

+ Art. 135,

9
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would be uniformly generated in the time of deseribing
z, will therefare be truly represented by 2py:.

Henee, if w be taken to represent the whole surface

erated from the begi beginning (according to the

od obscrved in the three last Sections) we shall

-Ammhavw-—z im2 t/i@-i- g2 s wheneew itself may
be found. RE= ys .

‘EXAMPLEV L

160. Ld it be propomi to determiné the comvexr Super-
v « Jficies of a Cone A BC.

Then, the semi-diameter of the base (B D or CD)

';  Yeing put = b, the slanting line, or hypothcnuse,
AC=qc a.ndFH (%lmue]toDC) = y, &e. we shall,

from thesimilatity the triangles A DC and Hmbh,

tArt. 159.have b : c: 1§ (mlz) £ (H b) = ;- : whence (2py?)t

= ____?IE!!- andoomgnmg]y 0 = PZV This, when

y = b, becomes = pcb =
X DC x AC = thecon—
vex superficies of the whole
& cone BC: which there-
ual to a rectangle
under half the circumference
of the base and the slanting
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EXAMPLE.IL

161. Let the Solid, whose Sutface you would Jind,
bea Sphere AEBH.

In which case, pumng the radius O H=aq, AF::.r,
Hm=2x, &. we shall (by reason of the similar tri-
angles OHF and Hm Iu*) have y (FE) : a (OH):: * Art. 65.

i (Hm):3 (H#) __;‘: therefore w (2pyd) =

2pai ; and consequent]
the superficies (w) itse
par=A F x Peripk.
ALBH W}nch if the
whole sphere be taken,
will become A B x Pe-
riph. AEBH = four times
the aree BEAHO.
Heunce the superficies
of a sphere is equal to
four times the area of
its greatest circle: and
the convex superficics of any segment thereof is to that
of the whole, as the axis (or -thickness) of the seg-
ment to the diameter uf the sphere

EX A M PLE III
162. W heretw let the parabolzc Conoid be proposed

The equatxon of the generatmg parabola bemg
az'._y, or wn:'y, we have & = yy , and therefgre

(= Vi + %) = ‘\/ Y vy ?Va~+ %fArtJS&

hence & (Zpyz) = --- x ¢t + 4yt } whereof the
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fluent is

[ ] o

- |

<A 79, y=0%) gives "}”‘5%“7""'"‘ %ﬁ',(.fq, the superfi-
cies sought. ’ -

a4
YA

- EXAMPLE IV. ..
168. Let it be required to determine the Superficies of a
9. Le e rogui pviniry Superficiea of

—— :
R+ ; which corrected (by supposing

" Let ACFHG represent one half of the proposed
id, gegerated by the rotation of the semi-ellipsis

. FAG, about its axis AH; put AH=4, FH (or HG)
=¢, BHlbz, BC=y, F C=2, and the superficies ge-
nerated by FCH{or GD) =w: then, from the na-

S

-
@

|, twuredf ﬁlf;lhpm,ﬂ lnvey:y:ay-;\(a’-—z“: whente

| . e::' — 4 ”g X1 ]
s 7 g ol ey § (= VR
g ’ |

1
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\ / c%y%a? ¥ =0 x o
TV teeme T TaVeoe o

a* x a¥—x R
T .
——== = tting (the eccentricity \
ooz = (by puting ( city

ba.\/-——-an“ "

Va — ¢ = : . b) = PRV therefore, in
this case, W (2gyz) W 7;-‘" -2, whose
fluent, in an infinite series, is 2pcr x .
biat b"z‘ © 85525« ‘ -
1 X 7l ~ A e But the same

, fluent may be, otlcrwwc, very easily exlubxted by means
ofthe area of a circle: ? if from the center Hj

with a radius equal to -bf acircle SER be described,
and the ordinate B C be produced to intersect it in E,
1t is evident that BE = a‘ — 2% and that the
fluxion of the area ESHB mﬂ be exyressed by

\/- — %3, which being to % V-;— - %
the fluxion before found, in the eonstant ratio of 1 ‘to
2-?, their fluents must theséfore be in the same utm,
and so the latter, expressing the superficies C F G'D.,,
will consequently bes= 2%? x %ESFH =2px—ﬁ§
x BESFH.

This solution, it may be observed obeains only in

case of an oblong spheroid geneutedb the rotation
of the ellipsis abou?:; g!e;te\' axis 3 fm’, in an oblatc

191-
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‘qrhe‘mid, generated about the lesser axis, the value of &
e a*:—c”) will Be impossible; since, in this case,
*HF is greater than, HA. But if we here put b =

— af
Ve —df, and d = 3> the value of u (found above)

¥
will become = zm ?.‘_ -+ a° —ngi ‘/d + a

e @t b - -3—
=% x #Vd + 2*: whose flucdt may be
brought“out by help of a table of logarithms :

fW,A;Alet the varable part ¥ Vd + 2 be trans-

Exd*+at  dN4a dirv e vis
formed g ( === = o, = —m===7 =
. t(d’+x’* Va+: VdrEye )

divigais Id'xx ,
\/E@W + Ve o fhat the numera-
‘ R { & SR LI

tor of the first term W (now in @ given
. X

fatio to the fluxion of the quantity under the radical
® Art. 7. sign) may be had by the common rule;* by which

means we gee":}" vV d'x® + ', for the true fluent of the
- said term; ¢6 which adding the fluent of the other
S bt 1dey ] ‘

gy e — Art.
mﬁvd‘,’g g » O e (given by Art
126), there arises 1+ V& + * + 1d* x hyp. log.
. =+ V& + z?), fof‘«l.he fluent of < V/d' + z¢: and
+ Ast.7s. this, corrected + and multiplied by %’f_ gives 727
d* + xt o+ ped x hyp. log. f_»‘l_‘ > for the
superficics in this case, where the proposed spheroid is

an oblate ope. =, . ¥ - , '

L3
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EXAMPLE,V.

164. Let the Solid, whose Wus 1s sought, be the
hyperbolical Conoid.

Let the semxftransverse axis of, the genmtmg hyper-
bola = a, thc semi-conjugate =¢, and the distance
of any ordinate from the center theréof = r ; then
from the nature of the curve you will have y =

cxx’

v

Ve Tar whence = o, § =
a y at/x- —at

{ Vat + ¢ xat — o 2pei

2 . and o (2py2) pcx X

a Vl'-tl
Vi rexr—q: whxch last value, xf d"ﬁbe put =

1

--, will be more commodxous]yw expressed * by

a® + ¢
QP(\\.‘ SR Sl ) ’ .
v1¥ — d*: whereof the “fluent, by proceeding

as in the latter part. of the*fm'egmng ex@ple, will

come out -lfi..‘_(.}::... & ped  x  hyp. log

(x+ Va* — d*): which correct;cd (by 1akmg
becomes ~—~1/:r ——d - pc — ped x /gq:,g log

T+ Vit —d:
+7x‘i‘” ’ the true m%'te of the, required super-
a

. wy‘ " . B

E‘(A'MPLE ~v1

.165. Let it be propdacd fo jindwthe Superfict
Solid called a Groin - (Vide Arh, 186).

Let bcde }[ be any aect n of thie solid pnrallel to the
base thereof, and let z denoee lts diktaniee from the ¢

-0

ficies.
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vertex A, also put z equal to the comresponding arch
A n of the semi-cireular section N n A, &e. whose radius
ABor B N let be denoted by .

, . S .

It appears from Art. 161, that : = Vi

which value, multiplied ‘K (2 V'2%zx — 1) that of

“de (=2bn) gives 2ax* for the fluxion of ene of the four

;gual convey superficies by which the solid is bounded.

ence the whele superficies ¢excluding the basc) comes

= 84%; which therefore is exacgy equal to twice
the“l.)ase solid h

the be supposed a groin of any other kind,

such that its two equal sectug:) through the middle of

, the opposite- xxhs, are other curves circles, the

su cmmty stul} be had in the same manner; and

always in ion to the superficies arising
from the revolution either ‘of the sad equal curves
about its axis, as a sqnue is to its imscribed arcle.

: Tmtbesuperﬁ.gm  panabolic eoncid being =

/4 —’-(‘Eﬁtl- pd‘ (5? An. 16%) the convex
superficies of the W“’ anﬁ 1eratmg

curve. ApN t0 bvg
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EXAMPLE VIL

166. Wherein let it be requirved to’find the conver Super-
Jicies of a conical Ungula ECFD; formed by .
Plane D F E passing through the Base of the Cone.

Let a right-angled triangle AOM (whose base OM
is the radius of the circle BD CE) be snfﬁ to re-
volve about the axis A O: whilst a right-line NP,
drawn perpendicular to O M from the intersection of
A M and the arch E F D, traces out, upon the base of
the cone, the curve line E P G D.

IfMPOAN and
mp O A n be consi-
dered as two po-
sttions of the ge-
werating  triangle
indcfimtely near to
cach other, it is
cvident that the
space M A m, ge-
|£mted by A M,
will be to the
space M O m, ge-
nerated hy O gi,
asAM to OM,
or O B. Whenee,

MN and M P l;:] A
in roportio

agts o[l') li)o Mand . E -
% M (because N'P is parallel to A O) it is likewise
plain that the spaces MNum and MPpm, generated by
those parts, will be to each other in the same ratio of
AM to OB. And, sitfee this every where holds, if.
follows that the whole space (ENM) &c. generated by
MN, will be to that (EPM) generated by gﬂ ,as AM
to OB : and sothe whole required superficies:(genérated

by AM) is truly represented by %hif-’x area EPGDCE.
* “ 02
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But now, to find this area EP G DC h, it is ob-
servable that the area of the planc D FE (being the
ent of a conic-section) is given, by Art. 115, 129

or 130. And it is Very easy to apprehend and de-
monstrate that the area so given will be to that of
E G DH, as the radius to the co-sine of the angle of
the mclmatzon of the said plane to the base, or as H I

to HG. Therefore, seeing EGDH is= %—% x EFD,

we have EPGDCE(=ECDHE — EGD1H)=
E( DHE - e x EFD; and consequently AM >

Hr OB
AM , AM <HG

FFD=the convex superficics that was to be found.

if the pomt H be supposed to comneide with B,
ECDHE will become the whole cirecle CB ; and EDF
will become a whole ellipsis, vhose greater axis is BY,

* Art. 41. and its lesser axis = V@B x0G. * ‘ Thercfore, the
+ Art. 124 area of the former figure will be cr\pressod by p x BO"+

and thac of the latter by p x | BF x VOB XO0G
and so the convex superficies of the part BFC will be

AM AM x BG
(*‘()BxPXBO BB « BFxpx{Bl x
VOB x 06) = px AM x OB—p x AM x ! BG x

oG

OR : wlnch being deductc.d from (p x AM x

OB) the superﬂcxex of the whole m B A C, there

i

rest.s p x AM x iBG X ‘\/ s for the superficies of
thc ohhque' cone BAJ’ which fmm hcnoc is also given.
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. SpHOLIUM.

167. In most of the examples, delivered
the four last scetions, the part of the proposed
Sigwe nest the vertex, L
whether a curve, solid, Lo R -
_or superficies, is first E/
found ; from whence, by
taki]ng the* altitude (x)
of thut part equal to (a) ) ' .
the altgtudc lp;iven, the ALD P B

content  of the whole 1s
deduced : but, if' the con-
tent of the lower segment .

(BCED) of any figure 6\\

, (ABC) arising by taking r
away a part (ADE) " next .
the vertcx, be required ; then the difference between
the wh.ic and the pari taken away (found as before
explained) will be the quantity soug‘m.

Thus, for example, let ABC be the common para-
hola, and let it be proposed to find the content of the
part BCTED included between any two ordinates
BC () and D I (¢) at a given distance B D (d) from
cach other: then, the cquation of the curve Leing

j ‘ 2y

@

\Nc

arz=y’ vwe have i = h" , and thercfore y3* =
. [t

ey
whose fluent -é% is a general expression for the area

comprehended between the vertex and. the ordinate y:
whence, expounding y by & and ¢ successively, we get
9p3 3 s 5

2! and”—g—c— for the corrc.s.ponding values of ABT and

3a Sa
M —Rcs , . e
ADE; whose difference -*—-.E——E;, is the zequired ares

BC ED: but, to express the same independent of g, it
Will be, by theproperty of thecurve, 4 : ¢*: :AB ; AD;

197

* Art. 112
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Art. 145.4md éonseqixéxitly Py ® = p x b% — w; whose

" wrote instead of a, there results BCED =

THE USE OF FLUXIONS

whence, by division, b° © Bl :AB . BD (d) and

bt Bt

gpnsequently 7 ey et which firstsvalue being

T2 x d
T/ P
_Mx b 4 be+c?

3 [

After the same manner, the segments of cther figures
may be found ; but in many cases they will be more
readily had from a direct investigation, without cither
finding the whole, or the part taken away.

Thus, in the case above, if the excess of any or-
dinate R P gbove DE (c) be denoted by w, we shall
have, by the property of the curve, b"—c- (B U:—

DE®) : e¥uwl—ct (RP:=DE):;DB(d): DP=

"'""""—'_n:' . ['s JOW)
d—-——«-—-—-—-’< Zow +w ;  whose fluxion (d x 2"—%———-—';’ + "—',r-’f
b3t , i —=c?

multiplied by ¢ 4+ « (= PR) gives d x
Rty + deww + 2w
P—c
DPRE: whereof the fluent (which s 2dw x

it +;-w::"*f w) will, when w=b—c (or RP=B()

.

, for the fluxion of the area

8 x T x yBTH b4 36
be truly ean?ded by="2 -M;‘ie‘

o Pabeye
orm“equalg*;(mr ; thmmﬁcﬁv.

,¢ Agam, for another example; let CE B?ec' be consi-
dered as-the lower frugtrum of an #isphere, whose
center is the point B:" then, B P heinf>¢ e denoted
by w, we M have y* (=BR:—BP*?) = I*—u?,

¢
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fluent (p x bt — k' = hpw x 3b*—w® = § pwx
2+ 0 —w=ipwx W +YyY=ipx BP x
2BC:--PR?) is the true content of the part CE Dec;
which will also hold when the figure is a spheroid.

This last method of finding the content of a por-
tion of a figure remfote from the vertex, will be of
service, when the general value; - for the whole, can-
not be expressed without an infinite sfries; because
such a scaies, in that case, not converging, becomes
uscless.® v :

By dividing the whole proposed figure, A H W, into
a number of such portions, HV,.G T, F 8, &c. the
content thercof may be obtained, when to find it at
once, by a series, commencing from the yertex, would
be altagether impracticable.

T V. ___\w
N B
Q1] |

A

B CMD E F G

But, to render such an operation as, short and easy'as
may be, it will be proper to find each part (DQ, &c.) of
the figure, by means of a series proceeding both ways,
from the middle erdinate (M N) between the twd cor-
responding extremes (C'Q and DR) b %

}.i’ohus, ﬁat the value of MN (found by the.'prooger_ty of
the curve) be denoted by e ; and let the value DR,
in & series, be represented by a-+b¥-Ppxi4dai+er
25 + &c. where 2= M D; then the area M DRN will
be represented by the fluent of % x a-+bx 4 cx’+dr’+

199

* Art. 93
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iyl
feoarbya xat 4 S0 4 ke Awd
by writing — ¢ instead of 3, the ordinate (' Q will e ex-
pressed by a—bx + ex?~dx® & and the aren M QN

T Thr T ext di e
by x a— .5 + 5 - .,;_.’... % &c whenee the
area CDR'is = & x « + ‘";f + ": + ""_;‘ t A
Therefore, if DE. EF, F G, and G H bc supposed,
each == BC (2¢) and the areas D S, LT, &c (tound

» i ,
t ‘r'

as above) be denoted by 2¢ x o + "3 + . K¢ d
3]

2 xa+t %: + '.;: &c. respectively, 1 folfows that
the area CR+DS+ET will be represented by 21 x

PO ———— - [

a+a+a & +ix xcdc+che + 2P0

¢+ é 4 € &e
An cexample will show
N P,-‘—#— W theuse of chlu last cxpres-
Qrf sion: let CHW Q be «
rtion of a uadrant
4 AW of aarcle, whosc
base H C {concerved to be
Y divided into four equal
' q ) is equalgehalf thera-
s::‘ AH, esented by

! j unity. Then, putting CM
A CMoum i (- Mzﬂml;m =1
¢ =2, HM (=1) = p, 3?‘1
Hm (=1i)'= g, wehaye, by the property of the cir-
de, s MN) = VAN ~BM: = V1 = p% and

! 4



IN FINDING THE. uvvvnncms OF 80f1Ds.
DR(=v HR* = ﬁ’ﬁ‘e) = 1/1 p===-:==rﬁ
V1= p *21)',”—&(‘& s/a--{»ﬁlpx—-x’, wluch-

in a series, .is (--a-}-glm"'”‘:"“fa pr-—t”l + &)

~a+'~}—--—}~+2a,xz“&e Therq'ue, mf,lns
case, b = f:, = — .1.. * .g.;; &e. §thch va}ue

of ¢, by va'm,mg 1~ a‘ for its equai i)’,‘ will be

zc!

reduced to — w—. From wheénce it is also’ evident
that¢ = ~ 5(1—1 (supposing & (mn) = vVi—¢)

°
i

Consequently 2t xa +' ¢ + a &e. 30 xe4+¢ +¢

Ne. + 40 xe+it Eke (=a +id X2 +c+ & x

e __\/53'+" B 1
5/ " (i3} (i 4

1 g _
$x5%_ /55 1 z"as 63 G x8x3
» [y Mi 64 S

38 T 3 x 56435 S x 68y/68
\/”iv/@ V55 V68 L
B2 . 8 x 85 x 55 8x68x6§ ,

648730.-the area CH W Q, that was to be found.

Thm example, chosen as an illustratiog, of the fom—
going medxodp may indeed be wrought ‘the common
way ;. whenec the very same oonclnma is brought out
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(Vacoﬂﬂg. }2‘)‘ m&imm&hﬂd 18 also applicable to
any case, ‘whether the proposed be near to
othe vertex, or remote from it ;P:':d whether the figure
itself be a curve, solid or superficies ; since the mea-
sure thereof may, always, be expressed by the area of
8curve. . ¢ ,
There is"amother:way, well known to mathemati-
cians, whegeby the area of a curve' may be deter-
mined, by mesns of a number of eguidistant ordi-
nates ; which method, derived from that of differences;
dlo,_ﬁbtumdto'good purpose, in cases like those

mspeuﬁeg. but, ithaving been treated of by several

others, and also in my * Mat ical Dissertations,” *
theﬁ:;duvdl excuse me, if no further notice is taken of
it e .

SECTION XL

Of the Use of«; BrLuxtoxs in, finding the
Centers of Grdvity, Percussion, and Oscil-
. lation of Bodjies. ‘

£
168. THE Center of Gravity is that Point of a
, by which, if it were suspended, it would rest
L8 tbrio, in any Positici.
| . Lusha.
169. Let p, 'g,,r, 3, &c. be any Number of given Weights,
e )

. hdngihg at an inflexible Line (or Rod) AM. suspended
’ 0 Uibrio, ik an’ Aovivontal Positiokgot e Point
g v to

/ the Positios of that Powl.
Sifité (By Mechahidh) the firow of any weight (p)
‘touisecl{f’, 'dee M) gr:&bdmoe,%ﬁgt

_weight drswn into’ita“distanee (BO) from’ the ful-
" % A new dition of" this ‘wiork is in preparation.
¥ ' e




IN FINDING THE CENTERS OF GRAVIFY, &c.

crum, we shall, from the :quality of these forces,
have p x OB+ gxOC+rxOD=sxOE+txOTF,

- M_F EO? D C.B .

LE I

—— , i, !
that is p x AO— AB+¢x AO—AC+r x AO—AD=
#x AE—AO +1x AF— AD, and onmaiuemly AO=
PxAB+¢xAC+r x AD+sxAE+tx AF

‘ ptgtr+stt - :
From which it appears, that, if eack weight be multi-

o plicd by its distance from the end (or any given point)
of the axis, the sum of cll the products diovded by the
sum of il the weights, will give the distance of the
center of gravity from that end (or point).

Note. ‘The products here mentioned are, usually,
called the forces of their respective weights; not m
to their action at the center O (which is ex-
pressed by a different quantity) but with regard to the
effects they have in the conclusion, or the value of
A O: which appear to be in that ratio. ,

A 7

PROPOSITION I

'ug%s,¢mﬁ@nh<ﬁﬁ;q£mmngp*'
,Shpﬂ s, 01“0‘ it e
former cﬁp&bﬁbemg aﬁ'edted(by "Gravniy). o
. Let AMBC be_the ptobpole‘d,‘ figure, and G the
dbnter of gravity thereof ; . through which, parallel to
the horizon, let the line B F be drawmjintersecting
AC, atrigh in O; also let AK and N M be
. perpemhcﬁfu to A C, and parallel to E F. .

203
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; Q f A 1L Cwmel Jf
the figure A MBC

° ’ bea plame, let it
be :‘xp;;med to rest
in Fquihbrio ypon

N the “:lm EF .“g:d

¢ then, 3f the lwe

ﬁ F M N be opnsdered

as a weight, s

G foree (defined a-

' C bore ) wilt be ex
pressed by MY

drawn 1t its distance (A N) from the «nd of the avis

AC that is by y1 (supposing, an usual, \ N=: and
y'Jy s +Thus, theretore, multiplied by the Hluston

of A ives yax for the fluxion of the force of the

N, whose fluent, wheu 1 — \ (, cxproses

the force of the whole plane, or thc ram of all the
products of the ordinates (or wuights) by thew re-
ve distances from A KR whi' flucut being,
divided by.the srea A BC, or the fluent of

t
yi (acoording o the foregoing Lemma) the 'quotient
(m will give (A O) the distance of the center

of gravity from the linc A K.

Cmﬁ. If Gbeloulld let M N be a
nﬁm 1 to the ho-

denmdby
u pbove) will be ex-
aud ﬁh ﬂumolﬁekce the solid

wm !lum. divided content
t of Ay, Q@‘O i this
d\emhd be the hal :ﬁm

=

o
!
A
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173. Case 8. If the figure proposed be tkecum—lue
AMB ; then, the force 6:'? 8 par\:iﬂe a6 M being expressed
by AN or MQ () we shall (putting Asz) have,

Sz fo. a0

174, Case 4. But if the Fig, urem be the Superficies
generated by the Rotation of about A C..

"Then, e periphery of the circle geperated by the
point M hing = Ypu, it follows th.‘(,ﬂ;“gp =
. #jz

fe it —xo0.

Su .
FXAMPLE L
1935, Letthe Fo00 = pmpusedl;c theisosceles T'riangle ABC.

It is evident th ¢ center
of gravity (O) will be A
somewhere in the per- N\

eadicular A\ Q  and,

Ef AQ=a, laC.—-_’. A .\' M M

= ryand M \I ==y, then N

y being = :—. we shall Fx (o) ~F
have, by(vm 1, A()(__ /

S _yxf) S, ria
ﬁu /) T s ‘

(X3

= ;i..y_ tAQ, when r=AQ, sd ohnse-

1

€

r'd
® . ‘

quan&OQ::—A-#Q—‘ -

“fn the very same manger, the center
auf othet (plane) triangle will appesr to,*wma
ultmxde ét’nhe wisngle.
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L4

EXAMPLE IL
176. Lt the Figure proposed.be a Pevabols of any Kind ;
Wﬂlsmﬁyaa—g‘
¥
= Jm M gl
Here, Ay = furr w42

the distance of the center of gravity from the vertex of
the curve,

X v =

EXAMPLE IIL
171, Let B AC be a Segment of a Cirele.
Then, if the radius theveof be put = r, we shall
have y (N M) ='V/2rr — ¢ - whence the fluent of
yxs (23Y rr—3*) will, by Art. 168, be found = —~

””“"“wxmnbfnnhwhanmﬁyaum,

8
v Art. 171 gives r-';;;m = A0.* This therefore, when
, B AC is asemi-cirole,
becomes = I%% "
7, neatly.
au;.mzhmpmw

ernve,jl. x4, (ky C’&n 8) = ﬂn f. f
Vi = s TH #*‘P&W
xqmzf*.ﬁ@



.

IN FINDING 1HE CENTESRS OF GRAVITY, &e. 07 ¢

E‘XAMPLﬁ‘ Iv.

178 Let ABC (seé the figure)*represent
a Segment of @ ) oF phw&

In which denoting tlw ol the ox
spheroid, bye:,'e:nd tb; o@ of the mung

curve, when #h ellipsis, by ‘5, wehsng’ﬁ#xu-r‘ ;

and thercfore Fi‘ = " X B eAran
]& u-—a" x &

lart=Jxt _jax—t¥ I X $a3—Sxe
far? —-h’: fa—1irx ﬁa—-h’ = Ao.
df the solid be an h aleupmd,thedutm
(AO of its center of gravity from the vertex,’ will
lw tb:::lnbmad by the leye brought outy,
when ve 5 axe )] ve ones,
179. In c::gwlwrethe uunopwutbe&mded
into two parts, €q ual and Jike to each other (as a curve
is by its axis, &c.) thepoaxim of two lines EO, o
( see the ensuing figure) must be determined, as
‘;“'gﬁ"w (G) the peytes of gravity mllbe
onn

EXAMPLE V.
LctABCbcaSmWaqukﬂd whereof the
Wwvy-,.* .
"1 ﬁomﬂrz,thm(AO)thedxm({

EG the vertex, expanﬂb; b WG
but to find she mdoGeW §0)
jﬂMubepnrmtoea,o!AC then, & N beisg=2,
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: {
sud NM (y)—-=-§:-_-,, #f AC be domoted by b, we
< !
» {

shall have M a=b~v, and Max NM xy=0 ~ 1 »
z” urt =3 nhem=tg — ax™i
=X e = p= ——y for the

fluxion of the sum of the forees in this case (Vide

- LA
Art. 171), whose fluent (2‘33.": S

ErT
b Bl

ny b ni

2

A i b A SR

I e X
a!n-v.l

S B hﬁg’mm;:gc (vhen x = &) dinded

. BCxAC, . n+l
by the aresa ABC (= —3i) B e ”

BC fr the truc valye of Co, ar © G. Which, in
case of ‘the commdp parabola, where m = §, and

«  there 'AO ;{%xm);g; AC, will become =3 C B,
Belﬁ'el Jedve this subject it may not be i;::?ropor

to take nofice, thet, whatever line you found your
caloulations upon, by supposing she figure to vest, i
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Equlibpio, upon that fine, ths same point, for ¢

place of the ug:?ar of gravity, ﬁllmgn deterat P‘:‘:aé. e
1+0. Thus, let A

O be the point in
tho axis A €, of
ven curve
B D, deter-
mined, a8 abma,
by supposing the
figure  to srest
upon EF per-
pendienlar  to
AC: and et
RS be any o
ther hine pasaing
thraugh t{w pomt O; then I say the sum of the mo-
mrnte of the l?twlm on cacly pde of RS will, also, be
*cqual  For, if from two point<. in any ordinate M Q,
erpallydistant froin the middle pomnt N, two perpendiculars
mrand n s be letfall upanRL the eﬂicacy of those twe
potnts, in réfpect to RS, will be represented by mr 4 na,
or 1ts equal 2NH (supposing NH alsp perpendicular to
RS)  Whence the efficacy of all the particles in M Q,
vnll bu expressed by t!\ur number msm N H,
N H: which is to their Qx
when refarred to the line E F, in t.he caustant
ratm of NH to ON, or of' the sine of the angle
RON o radiws. Whence 1t 'is evideut thag the foree
of all the ordinates {or the whole curve) in the former
case, must be to that in the latter, in the umemw.
!mtthesﬂdfoﬂe, in the one kvqu tonoﬂung

by hypo! ] mw likewige
other the sufn of the Ma of
rticles, on cba eofBb,uLuil’mmh ther,

uch after the same man mey
3’ xadghm” w.dl,n pesr gn:tthﬂumuugy
nt a8t ter ¥
n::!aﬁned%o be: whichy. howerer evident %
consilerations, is not so ’.{'crm

Jeetrically, from the moluﬂm

&

L
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!

\
1

: PROPOSBITION 1L
M 4
18). 7o ditermine the Center of Pertussion of u Body.

The Center of Percussion is that goint, m the awis of
suspension of a vibrating (or re\olving) body, st which
it may be stopt, by a» immeveable obstacle, so as to
est t ia’tq&ilibrfo a8 it were, without acting upon
the center of mmanion.

L]

* L T.et O be the
point of suspen-
sion, ( the center
of gravity, and
S L M a seetion of
the body, by the
plane u{wmn the
axis of suspension
O G N performs 16

wotien, to wluch sestion let all the particles of the
body be coneeived to be transferred m such parts thereof
where they would be projected into (orthographically )

lines parallel to ihe sxis of motion, :ﬁuc{: suppo-
sition will neither affect the place of the center of gra-
Vitg ngr the angular motion of the body.

ince the angular velocity of any particle P 13 & the
l:; nee, of r;ﬂius, ()PP, itsb:nm in thtc;y d}:,reet(i)o‘r:,

B,perpmtgicuarw\) , will be expressed X

Therefore the efficacy of thay force u&nn the axis, at
B, in the dicular direction B §m{n ing the
axis at C the center of percussion) will be P x

' L

V (.)P X (—,%,Qv:b’ue power to turn the body about the

Yoint € is therefore s PR OP x 3 g x BC v X

01‘;’;}!_(_}“1‘,,‘01"‘ xgl(;—-QBserPF x OC
~PxOPt; which, if PQ bemadf perpendicular 0



IN FINDING TRHE CE n:rvs orferavity, e,

oS, winatlasc(bec.usemf = QQ) be: rednced %o
P x 0Q xOC—P,xOP-. By the very saamnrgumq\t,
the force of any other pamcle P wm%he deioted by

Px0OQx0C— PxUP“&c&c. But,asnﬂthm
forces must dustroy one another (by the pature of the
problem) tlu sumn of all the quantities Px0Qx0C

P xO Q x U (. &c. mest therefore be= thc sum of all
the quantities P x OF", > x OP* Ke. and consequently

» » .
oc=" K“P +P x O .ﬁ%i_.&ﬁ, <But (by the
Px0OQ+ P x 0Q + & &e.

precuiiug proposition) the sam of all the quantities

PxOQ+P x0Q+&e is equal xo()(xxbylhecon-
tent of the body. Therefore QC 1s hkemie-*

PxOP 4P xOP+&e &

06 body

!'hc same otl!ermsc
Sinee the force of the particle. P, in the perpelﬂiqmlar

PR

direction NB, s defined hy P x n—-g-, agua cqual,

P x 0Q, the sum of all d‘m qunntmm Px O'Q, P x0Q,

&e. &c. will -esipress: the force which, acting at * per
pendicular to ls sufficient to stop the body, \&@m

the center of suspension O hemg any way. nﬂ&c:ad

thish sum, thorefore, d‘avm, into O¢ (=9 (¥ >s ,
4

o —— e AVt b e

PxO@Q+P x0Q+ & "% is s thecmcwyﬂ

the sailf force to turn the body about the px t
the fomc of the particle:P, m the directi

P x 53-, xts cﬁicacy to turn the b&y ahou§ the saupe

P2

1
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point fthe .omtrary way)'is as P x O Pe; andiconse-
Mtheeﬁwy of l}l the particles as the sum of

mﬁe quantities P OP., Px(it’ fe &e. Therefore
{setion mlmaf bemg equal) we have O x

Px0Q+P x 0Q +&ec.= !’x OP’+I’ x OP 4 &c. the
same’as before.

Forithe Center of Oscillation, it will be requisite to
premise the following

+

LMo,

182, Supposg two caceadmg aall W aglm C and P,
amm on ec.ch wher vy means of an vrnzbfr Line (or
Wire) 1 L to vibrate ina vertical Plane R O P C M,
about the Center O 5 i is required to determne hote
much the Motion of thetoun. ie affected by the other.

% Let CH and PQ be per-
%’ # . 'Q‘ 5 q wrndliculsr to the bnnzomnl
E e OR ; alco let PB and

{'S be ndicular to OP
and O C respectively.

. "] If the ferce of graviy
C Y be by wmty, the
N\ : forces activg in t c di-
g'.\\ —_ jM rections CS and PB, where-

!  the wéights, in their

descent, WW mrdm%wthemso-

limou of

me. the velncma Gg the ntio
of the vudii O'C and O P, if'¢ fomsudfoteeswere

tobemt&trsﬂo, Mat of P wutowﬁ—c

. *
'x OP i&dﬂ luy,mthatﬂu,atls

& ch weights. would continue Q}eu' motion with-
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out affeéting each other, or g &t allu;nﬁw

of Mumcmon PC (oa‘ P B). «Whetiee, dp eXcess |

0Q, ~OH OP.
o 5P v 5e *0¢ ol o d" ”"h'?t
force whereby the weight. P. acts “ufiih '¥ié line’
wire) P C, in the ¥irection*P B ; whi mukxphed

thewexghtPgan ngP I({)XO? for theif»

- solute foree in that direction which,,ﬁ,i_mref*’fin‘thg

675"‘6““" HxOP

perpendicular direction N B, is P x OP~ T OCT

) ]
X f):;. whereof the part acm)g upon C, being to

the whole as OB w OC is truly deﬂued bny

0Q” O xOP" Sy
OC. 'OC!"QE{ g

If P be ‘supposed to act’ upon C by1 meins of PCi(in-

,,,,,

stead of P 'B) the conclusion wﬁl be no way different : . ’

for, let F (to shorten the operanon) be put 0 denote

8] H P‘
the force (P x Og o ()x C? in the direction
P B, fmmd above, then the action thereof upoy P C
(awordmg to the prmclples of mechamca) be” ex-
tis

pressed by F x, m, which therel‘me in thedx-

. adr Pu«
rection SQ, ﬁrpenﬁcu}ar to OC, i Fx——:—%ﬁ X

R L, *»‘f{.@‘
S PCO 3. PCO 8. PCQ’ :
“;m;" ,, *‘“m ( SMFE‘F 3 _‘_“F‘ -
before. 0 o TV s N

=

.'.‘

g8t
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¢

. & PROPOSITION IL
188. % dclcmm The  Center of Oscillation qf a Body.

"Phe center of oscillation is that point, in the axis
{?} line) of suspension of a vibrating body, into which

the whale body was contfseted, the angular velocny
and the time of" vnbrahon would remain unaltered. .

Let LM &%e a section of the boly by a plane. per
r to' the horizon and the axis of motion,
., passing through the center of ﬁu\uy G and the point of

. msﬁﬁon O; and supposc the particles of the hody

t be transferred to thls section, in suchhplnces o‘f";t a8

would be projected into (orthagraphically) by per-

p‘!:?ldxculah"&lhng thereon. (Wh’:g‘:wmun will no
_way affect thé cogglusion, the sign alir motjon continuin
“the same). \!¢W let C he the center of osci

¥ S where 'a particle

ort the axis?
%@: &ﬁﬁght) may b placel 1 to
be nétth ted mzde%y ddtion of the

aer icles’of ‘mattes gituale in the plaic. Then,

ﬁ,ﬁg‘tc m Pmtbe hneWS
cuﬁ:':?wm e ho.

e (meelght)

at P to woelente

w !k.fmthg by P X,

,Jq
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0oQ OH x()l"‘
o T oo which, sypposing GN per-

pendicular to OR, will also be expreseell hy P x

33-—%—2):8%:, m-usya*dl’ﬂ

0Q x 0G x OC — ON x OP*
o 06 X OC: - . In the very same

*manner theé foree of any other particle P will be re-

0Q x 06 x OC —ON x Ob:
presented by P x TN O6G x OC-

&e. &e. ¢
Thereforc the forces of all the ﬁu'ticles de-

stroying cach other (by Aypothesis) the yum of all .

the quantities P x VG x 0Q x X 0C = ON’:K oP:

£

+ P x UG x0Q x OC—~ON x OI"~‘ &c. &e. must be

«qual to mothing: whence P x OG x PQ x OC +

P x OG x 0Q x OC &c. &, == P x ON x OP* +

P x ON x OP¢ &c. &c. and copsequently 00-.-»%2 x

PxOPt+ PxOP +80. 1 b A 170apd 172)the
P x 0Q f’xOQ+&c. \

A
sum of all the mmumeOQ+P X0Q & isefuai to
the content of the body multiplied ‘by the distance
(ON) of ﬁecwtﬁpf gravnty fmm, iho line LM
(pbrpendacular to 0 C)} w 0cC ‘u :ms,
PxOP“+f’in”&c.&c PxDP"-&PxOP'&c&e
ON x body ) - 0GQ xbody
Which expression contimring the same in all inclina-

215
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tioml the axis O S, th ngC thus determined is
nﬁnadmm, agreeeble to the definition; and'appears
be me with the denter of percussion ; sec
13}, !
(Jnuonun\f

184. I!’Pl}, Pﬁ&e.be perpendicular to OS, ths nu-
merator of the fraction found sbove,, will baoome Px

(0G24 GP*—20G x GD) +P x (OG- +GP~‘+20G

GD) + &c. & (sunee OF = 0G + GP-—206 x
GD &c.) Which, because all the quantitiesP x — 206G

" xGD4+P x20G xGDEca P —GD+PxGP&e.

(by the nature of the «inter of gravity) destroy one
anothey, will be bardy = P « OG GV + P x

e i, Pt

0G* + GP‘«!— &e. &c. = P4 P 4 &e. x QG4+ P x

GP: 4 P x OGP + &c. = mass x OG 4P x GP-4

P xGP:+&. Whence it 1s evident that V'C is, alo,
mass x OG* + PxGPr + l‘x(Jl" + &c Ac

(..T- "? mass x OG ',)
PGP+ Py Gl 8. ‘
=0G +—~— “mass » UG ga&mnuqmtl)

coPrGP PGP L b ke
=" mass x OG .

Whence it sppears that, if o bodly be turned abod its
Mutr of o"z in a divection perpendicular to the
Mﬁ; the Kace of the center of odbillation

mIl rmam unaltered ; se the quammes P xGi*,

g’o‘);GP" are no way Mhy bu(thri“mawn of the
y' . ‘
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IN FINDING THE cm-'rm'u OF eravity, &c.

It alsozwﬂlm th disiahee of the center of: gro-

vity from' % if the plane-of the
motion romains unaltered) & ; t’?:‘z;b

as
tance of the former from the § mt of hwpmﬁyou There-
Sore, :f rlm dma be found :dmr the poing of ucpm
sion is in the s O ¢@ pyeited, thot eration may"
'ﬁm the most stmple, the value tlmwtof in anyother pro-
,ﬁmt'on gf that point will hlmm; be .gwm, 534
pwporzzon.ﬁ -
85. Butmm % show how these eonclusmns nay
'h; reduced to practice, we must first of all.observe, that
the Product o ticle o l&c Bod, lkr Squiare.
its di¥bince ro%ﬁnx j’ t:' a;lllcd t
orce ther oits "dfieacy to tumn’ the about the
{ald axis eﬁmg in thg ratio). wAccoSl:;yg to which,
and the first general value of O C;+it appears that, i I{
the sum of all the forces be divided by the product of t
* body into the dmamc of the center of gravily frem lhe
poz of suspension, the quatient thence arising will
distance of the center of percussion, or oscillation rem ’
t/w said potnt of suspension. '

The maoner of ecomputing the divisor has been
already explained ; it remains therefore to show how the,
sutn of al& the forces in the numerdtor may  be col-
lected : which will admit of. scwral cases. W herein,
to avoid & multiplicity of words, I shall always express
the distance of the center of graviy from the point of
suspension by &, and the distance of the center of per-
cussion, or oscallamm, from the same ‘point, by C.

-

186 Cnsc] L @8 be a Line mspmdcd at one
o «of ity Extremes.

%hen, if" the patt- O I (considered as variable) be
denoted, by », the forcelof & particles, at P, will (e
above §pe defined by & x x* : whose fluent (+ 17) -there-
fore sses the force of all the particles in O P
(or the sum of all the roducta, under each particle,
and ‘the.square of its, tance from O the point of
suspension), 'l‘hs quamlty, ‘thercfore (yhen z be:

e

817
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* Art. 185

THE USK OF FLUSIONS

170  comes=0 S;‘hin divided by O 8 x { O >

(according to t{u(:) gstfgoing rule or observa-
LI tion)wcget(i—bf-g;g) 108 for the
. value of C} the true distance of the center
G- ﬁ,mﬂmgn (or percussion) from the point
¢’ suspension.

L.
St

187. Case 2. Let A B be a Line, vibrating in a vertical
Plane, hasing its tweo Extremes A and B equally deo-

tant_from the Point of Suspension O.

"' If QG (perpendi-
~cular to A B) be put
/ \ =a, and GP =2, the

%, foree "of x icles
Vs at D, will be denoted
3\.'*.‘ by #xa+ 1% = & x
A OP :* whose fluent
G{ Py ', ° divided by ar (or
A . B PG xO0G) gives
@ x4+ 4 1’)

i R AL

c AN

e +

06+ 2E ., when 5 becomes = G B.
3a =~ 5‘6&.)”5
188. Case 8. Let APSQ be a circle, vibrating tn a
wertical Plane, Let PQ mydiamet’erm&en
¢'Pt+ 0 Q* being = 2 G* -h,2 P G*, the sum of the
forces of two particies at (P and Q (putting 0 G =a,
and A G=r) will be == a3 3wr* x 2; whence it is evi-
dent that the sum of the foigen of all the rticles, in
thie whale periphery, will b expressed by their number
X @+ 7% orby ¢ ¥ P x periph. APSQ: which, *




IN FINDING ﬁw CENTLRS OF GRAVITY, Xc.

. 14
it p be put = 8. 141 &e. willd
be =a* + ¥ x 2pr = 2patr

+2pri.

', Henge the fofoe’of: A
the circle itsélf i also given, . A i

. ik oy 4 5
bun.g = ﬁ:ﬁiﬁof ?})a r-}:?ﬁ
X r=pa‘r: prt =at :
x ‘cirdle APSQ. Now, if the
two exprossions ‘thus found

be divided by ¢ x p

eriph,

APSQ, and @ x circle APSQ

respectively, * we shall have '

Let AGB be that
diameter of the eu-
cle which is parallel
to the axis of mo-
tion RS; andlet EF
be any chord parallel
to ABandRS; whose
digtance G P from
the center of  the

circle, let be denoted -

by r; putting OG .

=a, an

whose

AG = r..

thefx, b r the nature of the drdg, EF = /v,
taneg, O P, from the axis,of motion RS, is,

70

13 .
A
"‘ y v

'
)
3

1

e |

k ! il
a3

" re f ' s
ad + —;' and a + ?a—, Or‘e‘tf.hc twq Q{)n‘mndlng valuw
of (", ’

,189. Cased. Let AHBE bea Cz'rcl? Imviag its Plane

(always) perpendicular to the Axis of Suspension OG.

219

% Art. 43,

also given = ¥'a* + &', Hence it %q;ars that tie
(d

force of all the particles in the Lime
Art. 185)" will be representéd by, 29177 x 2 ¢/y7 — 32,

"Therefore  x a* + 1°

f

ok n

AR V212 is 'the fluxion of
.thé force of the plane "ABFE ; whose flpent ‘:z:r;l;



L4

smr)is ="+ x drie AEFBG; which, it p
be put for the arcarof the circle whose radius is unity,
*will be = o+ {r x {pr; ; the double (pa'r*
+ §pr') is the foree,of dhe whole eirce AEVFH :

whose fluxion M—{» priv (supposing r variable) being
divided by r, we likewise get @patr +pr* (= & + irt
x_gen'ph. éﬁFH’) forgetgle force of the perrphery

AEFH. Butthe center of gravitf, whether wg re-
the circle itself or its periphery. isin the center

of the circle; therefore the distance of the center of
opcillation from the point of suspension, will in these

mmbeuhibieedbya-g-f—dnda -.—;;Q re-

4a
spectively. *

If the circle, nstead of being perpendicular to G O,
either coincides, or makes a given angle with it, the
value of C' will come out exacgly the same: provided
the digmeter A B still continues parallel to the axws of
motion R S: this appears from Art. 184, and may be,
otherwise, very easily demonstrated.

190. Case 5. Let the Figure proposed be a (,”:rtr AEF,
mw:':g (flat-ways, %u were) so that the Plane de-
that of

THE ‘Jﬂl' OF FLUXIONs

the Axiz OA'S may be perpendicular to
Curve. .

0 Here, putting AP =1, PN =y,
S AN= 2 0d g 0G =g, and
. AG:G, the force of the parti.
.. cles in MN will be defined by
4% x T+ 7. Therefore the
N fent of 2?35 ol + 2% pwill be
a8 tlw‘?be fofee of the plane
 NAM'(or AEF, whens =
~%A§}Lmd coppequently C =
Q

4 o )
E‘.“.?J-i ‘whith, therc.
F fudtaxys




IN FINDING THE CENTEES OF GRAVITY, &c.
fore, when th@ pomt»pi' suspenhon is in the vertex A,

will become C % ' Let thxs value be dmoted

by v; thew, the istan M«ﬂle centers_of gravity
and osc\lla on being v *ﬁe have (ﬁy .Angrm&)

z " a:fv-—-a E_EL_.,_ thedxstaneeoftheslme

centers, “hen the pumt of suspension ;g at 9 and con-

sequently C, in that cgse, = g 4 ax v—_:z rhmqk

k»{ ’
form will be found more commodious than the foregoing
1 most Cascs.

After thc sanc manner thc value of (', with respect

° %, d+4 ek ¢
of the arch A E F, #ill appear o be _W 'xz
——, supposing.v o = S T - "

3 ’ ]1 g - ﬂu X3 LI

It may not be i improper to give an example or two

of the use of the foregomg theurems

191. Let, therefore, E A F be first. considered as, an
hq;celu triangle : m which case AP (x) and PN (»

bemg ina constant ,;aﬁo, we hate Y= (supposmg

+xl*x %
<] F}?b, and A Q::f) Hellw C(qﬁ. d+—';;<_y%)

ﬁ(dw 2t +03) ) Fd 4 dde + 1 £y
P (M-!—w’,g,, ‘ za+§x
6dg+841’+3@3 or( 3 ~"W~§’
6d + 4 ¥ s,,L . Q*&m ,‘v"}* "

271
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Ar. !15be=t§,' we haye éﬁ'(zg +*“”’ )-—g+

18’,whueg(=d+a) d+, .
Again, becuiﬁg; dand & i‘ie dna eomnt ratlo, we

2 " .
mmﬂ%lx: j!u.?"-}x xx=

fud g x x 2 . d+4 X %
d%%&x‘ whence the center of oacxllauon of the
MaEH;ﬁdAFugwen " -

192. For a second example, let E A ' bcwppomla
parabola of any kind, whose equation is y aa,c__.;

thely: (according to form 2) we shall first have v (=

& i a4+2xx
%) ﬁ iy = — :  whence,

[ Lt ntblxw -
+AR. 116.2 wg: pre + we also get C(=g+

GX'U—G

"‘H ol n+1xz
4+ @:x n + Sx n+2
But, with respect to the arch of the curve, v ( =
S xTE . ﬂ& e V& 5 n'xﬂz"‘j
o 1 Tsﬁt/ it fromwhwh
' value found mﬁm&g series, and cven thhouﬁ,h some
$An- 138 cases) § that o %ba glven \‘M&

198. Case 6. Let; W gure beg
ving (edge 2":0 the' Motz
bemtlul’lnmvflﬁe(lm «

- Then (by Caie Q)A‘Q)ef&u ‘o'f all ifhe particles in
d!aJ!nel’leheprwcdquﬁ‘vm being. defined
by OP* x PN +4PN!, of d 71t x 3 + 3y’ (vetaiting

=g+




¥

IN FINDING THE CENTERI" O¥ (,IAVITY Ke.

S @2 xyi+g's)

the notation above) we have C= jlu drzxys

which, when the pmm of' suepenswn is In the vertex®

A, will betome ')!K-(ﬁ.—'%;if—): let this (when
found) be denoted by v; then, it appears from the
preceding case, that the gcneral value of C will also

be represented by g + d bl ——a'

In the same manner the v;xlue' of €, with
respect to the arch EAF, will be expounded by

jhtﬂd .%?gj‘lj % or by g+£’-(—-;¢:—”, supposing v =
Ju LIPS .

ot

ofu. x4 yrx: ®

e xé
194 Example. Let the Equation of the given Curve be
. Ly
:theuv(;—-.-ﬂu'yr - ) ="
5 4 S y.l‘x
S g amta + | Xoiamalt Sl __ 7+ 2 xx
— .ﬂu. ‘cl-—u‘z-é‘) \i‘ —"k - n+3

J,"

i

v o=

P o™ x n+8 n+2 x rint 2x et x "
3n+1xx”‘”" BRI "N Bt

&

TR . e ',
_m —%Tﬁ_-fxa. from which the

valtesf C is &o ngen', and, from whence it ap
thatifnbe byvaxllbeeome:;

w 2 .r~+y“
.3..+s..; 3 X ¥ whch case the’ figure

will degmrm to a recum e : bm:,% nbe inter-
preted by 1, the figure E A ¥ will then be jan isosceles-

228



204 ‘ T yme vsm OF FLUXIONS .

ttmglz,andn.-.-.---ﬁ&y Ingtly, i n be taken
=h ﬁumm will be the commgn parabala, and v=

5&‘ c
Ty
196, Cu 7. Lt the Figuw A EF H be o Solid gene-
:‘ated S omt% t;’[; the HC';;W EAF aImul s
A S; hawing sts base nllel to the Axis
of Motion BO C. pe
O
B C Tt appears, from Cuse %,
. that txzwfou{ of all the
particles in the eircular
; ', scetion hh (paraflel to HH)
) A will «hc* expressed by
OPp]?P Z\" x cirele b k,
N ‘FOP")(PN’-'}-}P\‘)\})'
¢ . (pbemg = 3. 1415, &e,)
f H which, in btﬂnteﬂns,
! LB ATy 1y xp
T ’ Hence we hwe C =
U Y *x,y +iytapr,  fu(d ¥ xyadlyh)
Sfu. d+xxpye. L e draxyr

Which, tberefore, when the poit of suspension 15 1

xEighE g g

P,

-‘13‘» &

a4 X v~ . 3
w‘nnequemly C=5‘¥ Te ' ® 'Wh‘ proveding
B, with ﬁu.’Mﬁuohhe solid, it

is found, in Cade 4, Mat Yye force of the particles ,in,
the periphery M IV & is exprowed by SF 3P N x
periph. MANAZd+0° xfpy +py".



IN FINDING THF max'mns oF cuvrrv, &e.

Hence the fluent of d +;P x 2py +py* x i, divided
_/Iu (a+1| x2y2+y ..))
jlu d+z x2:

will give the true value aﬁg() with respect to the cuive
¢ 2 3
surface EAAAF.  Which, putting v= flu. (Qyriiey z)’

‘ﬂu. 2yx:

by that of d + x x fpyi ( ="

N axv-—a
is likewise expressed by g + 220

g
196. Ex. 1. Let E AF beconsidered as a Cone; then,

putting AS=/, S F=4, and A F=q, v.'e‘llaw'ey:?—fj—C

S—— L]

(d+ 2 xyri-ya

z= % aud thercfore C (= P (@42 xy ‘y x))
S d+x xyoa

Q0d: + 30fd + 12f* + 3b°
= d + 15f ’
with respect to the convesx superficies; C will be found =

12" + 16df + 6f* + 3b-

1%+ 8f

197 ¥x.2 Lae EAF, sSc be comzdcredasa Sphere
whose Center 1s S, and Radius A S=r; in which case

y® being = 2rr—a°, we havev (= fr ‘x‘a-{-ky‘x).

when 2 = f But,

; ﬂw yoax
_ e (x4 o=t at) 37t 4 dre —
=TT (@i Ss) . ir—}is

whence C' is also given.- But, when x = 2 (or the
whole sphere is takeh) o = ﬁ‘ thegefore a being = 7
and g=08, in this case, wc have C. (=g +'

rx% . s Qpt
) =8+ 5 —g+5gf‘»,. i

axv—a

s
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hg

o Art. 1nsffte (pg'.y"f-l- fpy*) + —

1’ At 145. g * M{d
‘ LR X
£F g x g

)

198. Case 8. Let the Fr-
gure propovd &e a Solid, as
an the proceding Cawy but It
e Axis NG be here po-

vallc! to the A of Motwn
& s,

Then, it RP (0OG) be
put = g, 5,1439, &¢ = p,
= r, &c dhe force of

the particles 1 the nele
NM (paralid to L 1) will
be exhibited by g-—-b Ty
pytoorpaly 4 L pyd (1
Case 3) Hence we have C'=
P (pgyn 4 Tpyy
gxfu pyr - T,

Moreover, with respect to the superficies, the fore
of the particles in the periphery of the said cirelc M N\
v An. 85-being gy + 2py’, |

S Rpy ¥ ¥y xd _ fu Qpgyr+Ipy )

g ~ superficies

Ju Y

& xfluy.

¢ have, m this easwe, ( =:

:.g-f

& » flu, y.

199. Ex.1. Let EAF be a Segument of d Sphere,
whose Radius iar, thq;y’fwing:: 2r1—1,we shall have

Clg+

] .ylx‘
gxfluyn

R ;r?;__}f:r‘.;.,

=g+ e

)=s+

p v

s

Xre=ix .
I 4 3

Which, when r1s cﬁ:bunded, either by ror 2r, be-

c&ﬁaé,:‘F

5¢

@t —2rtus faty)
gxflu (Brav—a"y)
' Q0 1br1 + 82 x 2
=4t “?Or—'l()r-xé )

2--1-’-’, for, the true value of (', when

LY



IN FINDING THE CENTEIS OF GﬁAV!TY &e. o

either the hemisphere, or who\c sphere, is t.akeh . But,
with respect to the center of oscillation of the super-

rx
ficies thereof, we have 2 in this’case = Vi

= and thercfore? TLLY - g+
kY : g x flu, yi
. '21:1-—1 X7 re—§ x°
M Brr - rixri_ e g

g X fluari
b're
r=r,orr = 2r, becomes g + —. .
3¢

feart 140

. * which, when

200. Ex. 2. Letthe Solid EAF bea Paraboloid, whose
generating Curve is defined by the Equau'o;z y= 'L.'.-.J:T :
Mo dyts o fu damd x oo
g;ﬂu ¥R =& & X flu. a®% x ="
1 xa™ 41 xy”

= W
€+ miTxtgnc=- 6t Taxingg Voo
if nbe taken = 0, the figure will become a cylinder,

and C =g+-—3%: but.ian be expounded by 1, the

'thenC:gd-

figure will be a conc, and C g+ I%yf Lastly, if

u be taken = 4, the figure vill be the solid. generated
from the common pgrabola and C =g+ % »
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SECTION XIlL

\

Of the Use of Fluzioms n dclermining the
Motion of Bodies afficted by Centripdal
Forces. .

PROPOSITION L
201. Tue motion, or relocily, acquired by a body

Jreely desceiding from rest, by the foree of an uniform

gratity, is proportional to the time of its descent ; and
the spce gone over, as the square of that time.

The first part of the proposition is almost sclf-evi-
dent : for, since any motion is proportional to the force
by which it is generated, that generated by the forec
of an uniform gravity must be as the time of deccent;
beeause the whole effect of such a force, acting equally
every instant, is as that time.

P A Let, now, the vclocity acquired

7 during a descent of one sccond of
1 ¢ time, be such as would carry the body

Cl uniformly over any distance b in one
t gecond ¢ and let AB(r)denote the dis-
tance in any pro time

» ¢ ; which time lct be denoted by P Q5
m‘king‘Bb;—':ﬂi and Qg=t: thenit

: willin,aai:t::b:[bt)the'dimnce
Q13 i f that would by uniformly described in 1,
7-[ A with"the "velocity at B: also {:¢::

"4 - athe seid distance (bt) to bit = i*
B *y uking'thvﬂuent”)whereof we get

-

i\



" the times.

_body near the earth’s surface (where the gravity may

IN CENTRIPETAL FORCES.

1h=1r. Therefore the distsce descended (14¢2).is
as the square of the time. . QE.D
Otherenise, without Fluxions.

Cénceive the'time (P Q) of falling through A B to be
divided into an indefiniégiamber of very small equal
sattic]es, represented each by m; and let the distance

cscended in the first of them be A ¢,4n the second cd,
in the third de, &c. &c. T, the Veloeity being
always as the time from the beginming of the descent,
it w& in the middle of the first of the said particles be
defined by 4 m; in the middle of the second by 1 m;
in the middle of the third by 2im, &e &c. But,
since the velocity at the midilc of any particle of
time, is amecan between those at' the two’ axtrems,

or betwixt -any other two equally femote from it,
corresponding particle of the distance A B may, thére-
fore, Lc considered as described by that mesn vélocity.
And so, the spaces Ae, cd, de, ef; &g described in equal
times, beirg respectively as the said mean celerjties £ m,
1im, 2im, 31m, & it follows, by addition, that
the distances Ac, Ad, Ac, Af, &e. gone over from
m 4dm O 16m

.
*ie

the beginning, are to one anofher 85w g g ——2*’

&e. or 1, 4«; 9, 16, 25, &c. ihaz is, as the'squares of
. oy Q E. D

<%

S COBO!.LA’;‘Y.'I. % R

'208. Since the distance that mﬁ"nﬁ&hlymn

over in one second, with the velpoity at B, 15 ex-

pressed by bt, the distance that mijihie be with

the same velocity in the time ¢ will thevefore be ex-
pressed by bt x t, or b:: whence it sppears, ih.at‘the‘

ce A'B (3 1%) through which the body flls in &
:;Ii):cn time t,i is guat ﬁ half of that which wollﬂ'n;,:

uniformly described with the celerity at B, in'the same

time. i S T
Therefore, since it is found from' experiment, 'that a

ose



‘ THE USE OF FLUXIONS

be taken as uniform) déscends about 16 % feet in the
first second, it follows that the value of & (is in this
éase) =2 x 16;y=382§: and consequently the number
of feet descended in ¢ seconds, equal to 1645 x {°.

. ConoLriany 2.

203. It is evident, whatever force the body de-
seends by, the value of & will always be as that force;
since & double force, in the same time, generates a
double velocity; a treble foree, a treble 1elocity, &e.
Therefore, secing our equation § bt'=1x, also gites t=

z z .
\/;-P andb-.;-‘-i-, it follows,

1. That the distance descended 1s, universally, as
the force and the square of the time conjunctly.

2. That the time is always as the square root of the
distance applied to the force.

8. And that thé force is a5 the distance applied to
the square of the time.—And it may be furbnex ob-

that whatever is here said with regard to the

time, also holds in the velocity, being proportional to
the time.

PROPOSITION IL
204. To determanc the Ve(o?}y
Yy

apd Time of Descent of u B
E along an inclined Plane A C.

", Ftbm amy paint F, in A C,
ditaw FE perpendicular tothe ver-
tioal mv;ﬁa. , anid thake FB and
CDh icular to A(',;mectin

A rf:%n dnd D, Bicause &‘if’;
the priticiples of mechunics) the
foree of gravity in the diréction
FC, whereby the body is made to
dedcetitl Mlthg the platie, is to the
dbiblute ‘force thereof, as AT tp

¢
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IN CENTRIPLTAL FOUCES.
AB, or s AC to AD; and smce (by Casel Art; 203)
the distances descended in equal, times  are as ‘the
forces, it follows that the time of descent thyaugh A F
whdl D(}a‘ equal to the time of thé perpendicular descent
through A B: -and ¢ uentl the tuue of descenr
through AC cqual to tm% K ; which isgivén
by Prop. 1. ull forcover, becnuse the \elumues at 'F and
B, acquired in equal times, are as the forees, or as A ¥
to AB; and it appears from Paop. 1, th8t the velocity

at Eis tthat at B, s V AE : V A B, or as

VAL XA (=AF): \/'A“BxAB(-_-a'AB)itﬁ)l-

lows, by equality, that the cclerity at F is equal to

that at E; which is thercfore gumn by the precedmg
L L

propos: tion.

" COROLLARY.
"205. Heuce the time of descent along the chord
AC of a semi-circle ACD is equal to the time'of 8escent
along thc vertical diameter AD: and, if the chord
D G be of the same length with A C (nts inclmation to
the horizon being also the same) the time of descent
along it will also be equal to that along the vertical

diameter.

PROPOSITION TIL

206. If, from two Points A
A and D, equally remote
Jrom the Cenler of Attrac-
tion C, two Bodies move : éE

with equul Celerities, the
onc along the Right-line
A C, the other in a Curve-
line DBQ, their Celerities,
al all other equal Distances -
Jrom the Center, 15!7! 'be
equal. b

~ Far, let CB and CE be
any two such/ distancds ;
let the arch’ BE be de-

VR



¢ THE USE OF FLUXIONS
seribed, from. the center’ C, and also eb, indefinitcly

ne#t to it, cutting C B in n: let the centripetal force
ot the distance of C B,or C E be represented by f, and
the velocity at B, by v. )

" © By the resolution of forces, the “efficacy of - the
force (f) in the direction B, whereby the velocity
of the body is aecelerated, will be %—3— x f: also the

' "év . P . .
time of moving over Bb (being as the distance applied

to the velocity) is represented by —;b: therefore the

increase of velocity, in moving through BJ, being as the
force and time conjunctly, will be defined by 1%« f

. n

x sy or 1ts equal — x f  In the same manner,
v v

the velocity at F being denoted by w. the time of ¢

falling through Ec will be represented by B andthe e

U

‘ . . ]‘:( . .
eity time by -2 x f: which i :
1061: genorated in that time b} w Xf which isto lh.ll

. (P-;'- x f) acquired in falling through the arch B, as

% to —. Thereforc, secing the corrcspending incre-

v

ments of velocity are always reciprocally as the velo-
cities themse]ves, it % manifest, 1f thosc velocities are
» equal, In any two corresponding positions of the bodies,
they will be so in gll others, being always increased
alike. "' But they are equal at A and D by supposition :

o w "'PROPOSITION'IV.
207. T'o find the Ratio of the Welocitics, and Times of
Descent of Bodies, in Curves ; the Force of Gravily

% being considered as uniform.

F R y't . “‘Jk‘ < )
.. Let ARD represent a curve of any kind,. alo
. ‘which 2 body desodpds by the force of its own 3
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vity from A ; let AC, R B, &c. be parallel, and CD
perpendicular, to the horison; moréover, let R  touch

the Curve at R; and let CB=u AR = «, and

Ra=w* .
Since the points B ‘

and B (aswell 15 ¢ A C

and A) may be looked \

upon as equally re- R ) B

mote from the earth’s

center (to which "the

gravitation tonds‘), the \1" (iPraveracascanertncananadd

velocity acquired in

descending through the \_

arch A R will (by the D

last  proposition) be

equal to that acquired by falling freely through the

right-line CB: which last veloaity (by Prope 1) is

always as VOB (or «d).  Therefore the celerity,

whether riie body woves in a right-line, or+a curve,

is always in the subduplicate ratio of the perpendicular

descent ;5 and so, the time in which R 2 (i) would be

uniformly deseribed, with that celerity, will be univer-

sally as :‘—“; whose fluent is as the time of falling
through AR QELIL

I
3

EXAMPLE
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* Art. 135

208. Let the curve AR D be any portion of th;e

common -cycloid ;  whereof the vertex is D and axis
DC; and whose nature (putting DC=c, and the ray
of curvature at D=+d’} is defined by the equation 2
xDB=DR:. Here, we have DR (=¥% x V' DB)
=¥ 2a x ¢ — u}¥;- whose fluxim — v 2a x

1]

ith a contrary sign, is thevalue of Rn or #;
r:av‘“‘“ “‘7 &0, Yalue of g
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* Art. 142) beequal to v/ % multipliedby (

THE USE_OF FLUXIONS
Now ﬁ ) — "
therefore — = v/ x g B
u~ Vieu —ut

#t the lowest point B, where u becomes=c, will (by
3. 14-1.)" &c)

whose fluent,

half the measpre of the periphery of the urclc whose
diameter is unity. Which fluent (and cmsequently
the time of descent) will thercfore continue the same,
let the arch D A be what it will.

"PROPOSITION V.

29. To determine the Paths of Projectiles mear the
Eartk’s Surface (neglecting the Resistance of the
Atmosphere ).

Let a body be pro-
Jcctod from the poiut
A, m the dircction
of the line A C, with

G, a velocity  sufficient
to ea 1t uniformly
over the distance d

m ﬂl(,’ txmo t: and
let the ¢ through
which l??‘could freely
descend, by its own
‘gnraxxt), i that time,
denoted by & ; also
let the sxne of the
anﬂe elevation
C (to the radius

* -Br)beput‘zs,.\ts
eo-m:af, and the distance of the point A from the
ardinste Hm (considered as .oving per to itself
along with the body) = z ; then, by rig. H G (pcr-

pendicular to AB) will be = =, md AG =

Bmuedaepro)eetﬂewtumedwda. contmnnll
from a rectilinear patb by the carth’s attraction, i't
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N Y *
must describe a curve-line AmE mB, to which ACisa .
tangent at the point A: but tha attraction, acting
always in a direction {(m H) pegpendicular to the ho,
rizon, can have no effect upon that part of the velocity
with which the body approaches’ the line B C, parallel
to.H m; therefore the t-line HG (in which the
body is always found) will contipue to move uniformly
towhrds B C, the same as. if ity wag not to act;
and the distance G m descended from the tangent A C,
by means of the attraction, will be the very same #s if
the body was to descend from rest along the line G H.
This being premised, it is evident, that as d: AG

()i (Tx t) the time of describing A m;

rix? bréat y
and, as t?:mxte::b:ﬁ the space (Gm)

* through which a body would frecly descend in that time
(by Prop. 1).
H exr  brist csdx — brix®
et R
value for the ordimate % H : by putting which=0,
we get X = C—Z:i:: = AB = the amplitude of the pro-
jection. Bus, by putting its fluxioh equal to nothing,

is a general

we have x=ggg; . which substituted for @ in the

value of 1 H, gives %f-: for the altitude D E of the

projection. ' x QE.L
| COROLLARY. ‘

210. If another body be projec'wd, with the same
celerity, in the vertical direction A S ; then, s becoming
=7, the alditulle oF that projection () will be-
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come" T A'S; which eall A, and let this valuc be

Substituted in those ofA B and DE, and they will be-

4hes | hst .
. come —- and —7 Tespectively.

Hence, if from the point Q where the line of di-
rection A C quts a semi-cirele described upon A S, the
lines SQ and Q P be drawn, the latter perpendicular to
?“lﬁ, htahe triangles A S Q and A Q P being; similar, we
5 ve

risllh (AS)'.-?:.—AQ

r:e::".}(AQ) ::‘;‘é‘:rkms
sh sch

ricll—=(AQ) . —=AP=!ABR
r r?

PROPOSITION VI

211, To determine the Ratio of the Forces, whercby
Bodies, tending to the Centers of F‘vm Cireles, are
G

made to revolve in the Peripheries thereof.
rA D
Y N
Cf—- c }

K

M

H

Let ABH and abhbe any two proposed circles,
whereof let. A B and g b be si arcs ; 1n which, let

. .



IN CEN’!‘RIPET{AL FORCES.

the vclocities of the revolving bodies be res{ectivgly as
V tov; make DBK and dzk paralel to the radit AC
and ae, putting AC=R, ac=r, and the ratio of thg
centripetal forcein A B H to that in abk, as F todf.
It 1s plain, because the angles ABD and ad d are
equal, that the velocitics at B and 4, in the directions
B X and bk, with which the bodies recede from -the
tungents A D and a d, are tq each other gs the absolute

237

celerities ¥V and ©.* But those velocities, being thee Art. 35

effects of the centripetal forces acting in correspondin
similar directions during the times of describing A g
and a b, will therefore be as the forces themselves when
the times are cqual; but when unequal, as the forces
and times conjunctly.  Therefore, the times being
’ AB  ab R r

universally as — - to —, oras — to — because the
. } v 14 )
» arcs AB and ab are similar) we have, as ¥ xg i f x

©:V:v. whence (multiplying the antecodents by

and the consequents by 1;-) it will be, as F'; f [:

TSl

VR g—: therefore the forces are as the squares of the
velocities directly, and as the radii inversely.

Otherwise., '

Let the indefinitely little arch A B be the distance
that the body moves over in a given, or constant par-
ticle of time; and let the centripetal force at B be
measured by, twice the sabtense or épace A E through
which the body is drawn from the taugent A'D in that
time. 4 i )

+ The velocity which any force, ugiiformly continned, is
capable of generating, in a given bedy, in a given tme, is

the proper measure of the intensity of that * But thise 5.t 903

velocity is itsslf measured by the spage the hody wounld move
‘nniformly over in a given time ; whith spadeds always the



Art. 202.from rest, in the sawe

THE USE OF PLUKIONS
.

Then 1>y the nature, of the circle, A Be=A H x
AE=ACx2AE, and consequently 2 A E-.-.-éB: :
.ﬂx&eﬁme, theforceiéasthe;q of ‘the vel oy
! C uare e veloci
plied to the radius of the circle (as before ). 7 ‘up-

. » CororLLany 1.

2L Beu'm F f‘ % : -?’, it follows that

Vio:: VRF:V7[,and
V: o
Riri:io 2.
r. F?
. Cororrary 1L

218. If the ratio of the periodic times ‘be denoted
by thet of P top; then the ratio of the velocities 1, v

. R —_—
bemg agj,to;-,weshall have, by equality, V' RF :
1/173%2-;-; whenee'also

e R
F.f..——P,,—_.I—;_;,and
R:r::FP:fp.

double of that through which the body would freely descend,
.* Therefore 2AE is the proper

measure of the centripetal force, according as we have as-
sumed it,—It is true, when the forces to be compared are
all computed in the same mannbr, from the nascent, or in-
definitely muall stbtenses of contemporaneous arcs, it
matters 10t whethor we consider those subtonses, or their
, doubles, as the measurcs of the forces, the ratio being the
‘same in both cases. But when the forces so found are to
be compared with dihers derived.from a fluxional calculus,
it is absolutely necessary to take the double subtense for the
measare of the force.~This Note is inserted, that the
learner may avoid the errors, which some very considerable
mathematicians have,fallen into by not properly attending

* to this particular. .

(3

-
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Conroviany I It

.

214. Tf the measure of the force, or the velocity
that might be uniformly generated in a given time (1)
be expounded by any power a” of the racfius ACca);
then the distance through which a body would freely
descend 1n the sune time, by that forge, uniformly
continued, will be espressed by £ @"*  Therefore,» Art. 202.
the distances® descended, by means of .the same force,
uniformly continued, being as the squares of the
times,+ it 18 evident, if the time of moving through + Art. 201.
A B be denoted by ¢, ‘that the distanee A E descended

o

. . . . t:
in that time, will be denoted by T X 1q: and so

B t 2t!
e shall have AB (V2AEXxAC) = i xe s .
vhich being the distance deseribed by the revolving

body in the time (, it follows that the space gdne over
n+) R
in the given time (1) will be « ¢ : which, there-
fore, i+ the true measure of the cclerity in this case.
"The same conelusion might have been derived in miich
fewer words from Cerol. 1: but, as a thorough under-
standing heveof is absolutely necessary in what follows
hereafter, 1 have endeavoured to make it as plain as

possible.

CororLrary IV.

215: Ienee the time of revolution is also derived ;
’ "1 ' ‘ '

for it will be as « ¥ :8.14159 &c. x 2a (the ﬁho]g.

- H & o 2
periphery) i1 ‘-‘—'ﬁf:i‘,x <

[

-

or 3.14159 &c. x

&
Toms

247 . the true measure of the periodic time
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° t
., “Cororrary V.

216, Therefore, if n be expounded by 1, 0,—1,
— 2 and — 3 successively, ¢ the velocity cor-
responding will be as @, @), T, a—}, and «~; and
the time of revolution, as 1, ad, q, ol and @ re-

respectively.

L

© 'ScrHOLIUM.

¥

217. From the preceding proposition, and its sub-
sequent cofollaries, The veloaity and periodic time of
a body revolving in a circle at any given distunce from
the earth’s center, by means of its ewn gravity, mu
be deduced : for let d be put for the space through whic)yi
a heavy body, at the surface of the earth, descends in
the “first second of time, then 2d will be the wea-
sure of the force of gravity at the surface: and there-
fore the radius of the earth being denoted by r, the
veloeity, per second, in a circle at its surface, will be

| 3.14159 &c. x Qr

V'2rd; and the time of 'revolutiom:.

= 8.14159 .&c. x \/g({ (seconds); which two ex- .

pressiony, because 7 is = 21000000 feet and d=16,%
will therefore be nearly equ;l b;o‘ 26000 f;:et 3:& 5‘(11175
seconds, respectively, Let now put for the radius
of any gther circ!ey described ‘by a projectile about the

’s center : then, because the force of gravitation

< sabove the surface is known' to vary according to the

square of the distance inversely, we havg (by Casc 4,
Coral. 5) v g;’t' % 11 (28000°) the velocity (per

¥ Y , ' ';
semyd) f‘_‘ the ’W’ to 1!6000 X \/ 7 the ve-
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locity in the circleswhose radius i B: and +*: R}
-1 (5075°) the periodic time at the surface . to 5075 x,

\/ };:, the time of revolution in the circle R.
Which, if 2 be assunied equal to (60r ) the distance of
the moon from the earth, will give 2360000, or 27.8°
nearly, for the periodic time at that distance. :

In like sort the ratio of the forees of gravitation
of the moon, towards the sun grd.earth, wmay be com-
puted.  For the cemtrifugal forces in circles, being
universally as the radii applied to the squares of the
times of revolution, it will be as 4(81 i ) :‘;‘éhe
, semi-diameter of the Magnuy Orbis divided b ‘the equare

of oue year (the periodic time of the and moon
about the sun) is to (240000 x 178) the distance of

the moon from the earth divided by i, the square

of the periodic time of the ‘moon about the earth, so
is 1,9 to 1 nearly; and so is the gravitation of the
mo:;lx towards the ‘'sun to her gtavitation towards the
carth. oo

Also, after the same manner, the centrifugal force of
a body at the equator, arising the earth’s rota-
tion, s derived.  For since it 1s found above, that 5075
seconds is the time of revolution, when the centrifugal
force would betome equal to the gravity, and it ap-

cars (by Case 2, Corol. 2) that the forees, in circles
ﬁ?ving t{m same radii, are inversely as the squares of,

the periodic times, we therefore havé, as BOTG0|® (the
square of the number of seconds in (28" 56"). one

whole rotation of the earth) to BO751° (the square of
t.he number of seconds above given) s0 is she force of
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gravity (which we v'rill denote by pmity) to EZ:‘;Q’ the

?&im foree of a body at the equator arising from
the earth’s rotation. :

But, to determine, in a more general manner, the
ratio of the forcc of a body revolving in any. given
circle, to its gravity, we have already given 8. 14 &c. x
?2_"_ for tne time of revolution at the surface of
the earth, when the gravity and centrifugal force are
equal: therefore, if the time of revolution in any
circle whose radius is @, be denoted by ¢, it follows,

a

from Corol. 2, last Prop. that,

. 518" &e. x :‘% .
it :fnc gravity of the body : to its centrifugal forec
in that cirele; which, refore, is as umty to
8. 141 &c. x 2 a

Ty ; or as 1 tol.ﬂ%xﬁ very nearly ;

where @ denotes the number of feet in the radivs
of the proposed circle, .and ¢ the number of seconds
in one ‘énitire revolution.”. So that, if. the length of a
sling, by which a stone is whirled about, he two fuet,
and the time of revolution { of a second, the force by
which the stone endcavours to fly off, will be to its
weight as ?1 824 to u]nity. ﬁlg ‘

rom this genera tion, the centrifugal force
and periodic t%enz éj‘t;:m(:d&”"lum describing .a cofnical
surface gy likewise be d’:iuoed. R

Forlet $ R, the length
of the pendulum, be de-
moted by g; the altitude
C S of the cone, by c; the
semi-diameter C R of the
base by a; and the time
of revolution by ¢: then

the force of gravity: beirfg
L .
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ted by unity, the Mcewnhﬁhlehﬂlere-
wi\mg ’

at R, the end of the ulum, tends
to recede fi’vm the center C, wﬂlpendw&eﬁned by
8. 14&1°x %

~—-——&—————- as has been already shown. There-

fore, because the body is retained in the cirde RR
the action of three ixﬂ’emnt powers, ie the dmt:ly-

fogal force ( ___lﬁ%c.____ ])(2«) in the dn'eennn CR,

the force of gravity (1) in a du‘ecnon pam to '§C,
and the force of the thread or wire RS,

of the former two; it follows, from the ynncxp!es
Mecchanics, thatas SC (¢c) to (;R (g)y S0 uthewelght
of the body at R. to the force with which it acts upon

the thread or wire R S; and a l"‘ ———i-‘fh,——f-?i

S.(c): CR (a) : whence dt* = 8. l4&c.? x Zc,

and ¢ = 8.14 &e. x'\/ % =1,108V/¢ nearly.” Be-

cause dt?, or its equal 3.14 &c.]* x 2, expresses the
space a hcavy body will descend, by its own. gravity,

dis

in the time ¢* -and since 1°:8.14 &c.|®:: 2% « prt 902

8. 14 &cl* x % (= dt?) it therefore appears that, as
the square of the diameter of anmy circle, is to the
square of its periphery; so is {wice the perpendicular
itude of the cone, to the distance a heavy body will
Sreely descend in the time of one tvhole wn of
the pendulum, let the base of the cone, and the length of
the pendulum be what they will.

PROPOSITION VII

218. T determine the thme the Felocities of" Bodws
dacemﬂng,oraacmdzag,tu wght-lines,when accelerated;
‘or retarck%%y Forces, varying acording to agiven Law.

& body to move in the right-line € H, and

let t e force whereby it u:zurgea towards C or H,
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be, .ﬂ t\}y dvmn:%‘;a:;e Lumﬁty F Mﬂbmover, let the ve-
loexty of body be represen v; putting its
+ TH . Then since the time wherein the space
. Dad,(x) would be. uniformly described, with
" LA

the velocity at D, is known to be as -l:—, the

vcloci(ty that ‘would be uniformly gencrated, or
::2 destroyed, in that time by the force F' (be-
: ing us the time and force conjunctly) will

) ‘{C Mnmdy be as %—e: which thercfore must

be equal to, + 3, the uniform increase or
decvense of, celerity in that time; and consequently
4+ vo = Fi. From whence, when the value of F
is given in terms of x, or v, the value of v will hike- .
wise be known. - Q E. I
%
g ’ CoroLLaky 1.
219'Henoe, the law of the velogity being given,
that of the force is deduced : for, since F'¥ = + vé,
it is evident that F="i~%”-.

Comorrary I

220. Henee, 'tfé ‘m@ o the velosity .}t"n
4 to that whereby a body might revolve in the periphery
. of a circle about the center C, at the distance of C D,
. * «pill be known : for, if ‘this lstt velocity be denoted by
. . v ' . 2
"4 “As318.w, the value of F will be rightly expressed by — *-
. . LR ‘ o

e W
whence, by substitiition, we have + 08 = —=, or
. -~ ! :

W e
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. .

v 2 )
+ vix = =1 xo—~: whehee #® 0% + — 1
v X . . ~ v x
LTIV &) .
and consequently w i v I A/ = \/ - ere,
v x

as well as above, the sign of 3 must be. taken +or=
according as the body 1s urgal from, or towards the
center C.

PROPOSITION VIII

221. Supposing a Body, let go froma given Point A
a given C::inly (c )’ a Right-line CH, t:%

wurged, either way, in that Line, by a Force varying as
any Power (n) o 4 the distance from / Srom a given PamlngC
to find, notonly, the Relation of the Velocities, ang Spaces
gone over, but also the tma of Ascent and Descent,

The construction of the pmedm% problem béing re-
tained, F will here be expounded by r°, and we shall
therefore have t v6 (=Fa%)=x"4; and consequently,

'ﬂ t,wi-l s
by taking tbe fluent thereof, + CRrESE

correct the fluent thus found, let x» be taken==C A
(mhinh we will call ¢/ then o being = ¢, the fluent in
1

that cxrcumstance ‘wil  become + -2- f——i: there-

but to

‘o° 3

&—c
fore the. ﬂyent duly wrrecwd s+ 3 T3+

gt e g

ﬂ+l ' !( L ‘n+1 . ) .

K 3

eome\oute:\/ -l~"’“?"“+l 2‘-’5:': '«here the

, .,,R.I

signs of ¢ and 2"*' must be ahke, wheti' both quan-
tities mamae, or decrcase, at the same fime; that is,

b

Ud

— ¥ or vl wbcnce o -will» Arl 78
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® Art. 900. when: fo;mc, from C, iy a repulsive one ;* but, un-

likej’ when one increases while the other decreases, or

the force, tending to C, is an attractive one. In the for-
C Q! __ [

.

"mer case we therefore have p=4/ ¢ +
A . T A » n+1
. <"‘90'“—2$"+'
and, mﬂxelat:er, v:\/c‘-&- S T
The. value of v being thus obtained, let the required
time of moving over_ the space A D be now denoted

bi’ﬁ“;kthm, since T is univmally:'g , we have T
_E
- V ) @4._ 2".‘“,0!' T =
ot T

::ugzi“_%ﬂ according to the two foresaid ‘

it 'FS :
cases respectively : from whence, by finding the fluent
the time itlf will be known. @ E. 1.

CororLrLaxny.

298 1 'the body proceeds from rest at A, c will be,

: ! - - - “m‘xi
= 0, and ge shall “have TGW. (.lr
. Lt | . ) e "
'i‘s-—-—-—-—-——-—-—-l-“u"xi f‘é‘. »
VW‘-;%::‘:" N '

@ : "“Scnou(;i(.gv‘ o
229, Although, the fluents of tlie expressions given
above annotol:‘ege,xﬁﬁted,,in‘a gmm, nai-
ther, in finite terms, nor by means of ciroular arcs
and Jogarithms; yet, in some of the most uscful
‘*, R : L "S“'.‘ , ’ o "

¥
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cases that occur in nature, tl\cy may be obtamed wwh ,

great facility., ( ( .
L 1+ nit x
Thus, if in IV e (expr&ssmg ‘the fluxion

of the time of descent along AD) n be ex pounded
by 1, 0, — 2, and—3 suooess:vely, the ﬂuan itself

X X

Vv — x’l’ Y% — %

will become equal to
—— L]

v faxad d axx L 1 h £

—e====, and -~Jz===== respectively: whence, 1

Vax —r Vai—t y

ARF be s quadrant of a circle whose center is C, apd
A § C a semi-circle whose diameter is A C, and DS R
be perpendicular to A C; then it will am!enr,

A 1°, That, when =1,
¢ i
o R and T = Va
S the velocity (t/ ¢ - )
' * . at D will be repre-

sented by D R, and the

fluent sought by Al(l *Art 142.

(: - -~ ' - » F .
by
2°, That, when 2 = 0, and, T= ‘/‘%_: P the
velocity at 1), and tlie ume of descent through AD, will
cach be defined by VZAD.

0 . t/ fa x xx
3 Th&t, when ne= — .l, and T = ‘/a}:‘:‘:‘-
. yVar—xt DS
the velocity ( . t/ T ) vull be as CBV ‘/...___m

and thetime of descent through AD,asV/IAC x AS+DS.
\ .
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arx
“Va—z

Bl and the time "as

R And d\at, when = —8, and T =

DR

the velocity: will l!e 88— TOx C

AC x DR, .
Hence the tioe of the whok descent through the ra-

dius AC, appears to boss “or., VEAC, VIAC < AP

AC’
or AC: But the time of onc whale révolution in
* Art. 215 the periphery A R F &e. was found to be as i A_i o
AC*
4AF 4-Al"

which in the, four cases above specified is A iF ,/-(—;

4AF x VAC, and 4AF x AC : therefore, if the time
of moving aver the quadrant’ A F be denoted by Q, it
follows that the time of descent through the radms AC,

will be truly defined by @ Q itg_%’f Qx VT,
AC

or Q x ——= AT according to the foresaid cases r&pecmely

Lenxa.

224. The Areas which a revolving Body describes, by
Rays drawn to the Center of Force, are pmportwual

to the Timgs of their Description.

For,» let a body,
- . in any given time,
. . describe the right-
.- line A B, with an
. uninterrupted  uni-
form motion; but

n its mrival at
Bp‘l’et it be impelled

!owurdstlweenters wthn,mstedol'pxoooedmg
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along A B C, it may, after thg impulse, describe the
right-line B e. . *
Because the force, acting in the line S B, can nei-
ther add to, nor take from the celerity which the body®
has in a direction perpendicular to that line, the dis-
“tance of the body from the said linc, at the end of a

given time, will therefore be the very same as if no

force had acted ; and consequently the area Be S equal
to the area B C S, which would have beerf described in
the same time, had the body proceeded uniformly along
BC; becagse triangles, having the same base and alti-
tude, are equal. -
Therefore, seeing no impulse, however great, can

affect the quantity of the area deseribed about the center
S in a given time, and because the areas A 8B, BSC;-

described about that point when no force acts, are as
the bases A B, B C, or the times of their description,
.the proposition is manifest. -

CoROLLARY. .

235  Hence the ve-
locity of a revolvin
body, at any point
or R, is tnversely as the
perpendicular S P or
ST, falling from the
center of force wupon
the tangent at that

Ft;r, let two other
bodies m and = be sup-
rosed to move uniform-

from Q and R, N

¢ tangents Q P gnde. - .
RT, m v:elocitk:;'.r;:0“:be o ¢ Q d.
spectively equsl to these of the revolving body at Q' an
R; ,thenythc distances @ m and R n, gone over m the
same time, will be to each other as those velocities ;
and the sreas Q Sm and R Sw will beequal, being equal

249
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to those described by the revolving body in the same
* Art. 113 timé :* whence Qm x SP being =Rn x ST, it follows

ethat Qm : Rn ;. ST :SP :; SPST
"PROPOSITION IX.

226. To determine the Law of the Centripetal Foree,
tending to a given Point C, whereby « Body may dc-
scribe @ given Curve A Q H. ‘

€ G
'AL[ \\o

Let QP be a tangent to the curve at any point Q ;
upon which, from the center C, let fall the perpendi-
cular CP; put C Q=3s, CP=u; and let the velocity
of the projectile at Q be denoted by v.

\ Thergﬁ:re, since o* is alwdys as al-g—(by the Corol. to
Lemma) it is evident, by taking the fluxions of both
quantities, that vo will also be as-:’-:-;: but the cen-

tripetal force, whether the body moves in a right-line
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or a curve, is always as — 2;1 (By Art. 219 and 206)

Therefore the centripetal force is likéwise as ;;‘s. QEL -

The same otherwise.

227. Let the ray of curvature Q O be denoted by
R : then, because the centripetal forces iff circles are
known to be as the squares of the velocities directly and
the radii inversely,* it follows that the force tending® Art. 212,
to the point O, whercby the body might be retained in
its orbit at @, or in the circle whose radius 1s Q O,

will be defined by% x% : whence (by the resolution
of forces) it will be C P (%) : CQ(s) 12 oo
s

forece in the dircction Q O) : 7R’ the force in the

(the

dircetion Q C:  which, because R = 6—;—2 + will alsoy Art. 73,
be expres: —— Q. E.L
e expressed by o Q

Another way.

228. Let nq be the indefinitcly small part of the
right-line C ¢, intcreepted by the curve and the tan-

t Qg exprcssing the effect of the centripetal force
in the time of describing the area Q Ca.  Now these
cfiects, or the distances descended by means of forces
uniformly continued, are known to be in the duplicate
ratio of the times, }:or, of the areas denoting those:.An, 201.
times:.§ therefore, the centripetal force at Q, or thé&g Art. 221
distance desended z means thereof in a given time,.
will be as n g applied to the second power of the area

nq

QCyq, oras m—@}- . This expression is the same



252 THE mm OF FLUXIONS

with that by Sir ,Isaae Newton in his Principia,
Book 1, ﬂvp 6.~ But, to adapt it to a fluxional cal-
oculus ; let Q E be an ordinate to the principal axis AG ;
“and let (as usual) A E=1,EQ=y, AQ=sEc¢ (or
Qt)=4, Qg=:¢; su cq (parallel to EQ) tw
intersect the curve and the tangnt in m aud q.
Since. Q ¢ is conceived indefinitely small (or in its
nascent stute) the triangle n m¢ may be taken as recti-
* Art. 136.lineal ;* alsb the angle n==C QP and the angle m=
Qqt: whence it will be (by Tngmometry) 8s

S.CQP (n):S5.Qqt (m): mquq,thatxs,as . Q!

CQ Qg

l.mg nq = C%;St; ™4 . which substituted above

. CQx <Qtxm q

BV 0w xQq

force ‘at Q but mgq (supposing r to flow umfonnl)) I
known to be as —3 - Eemtore the force at Q, 1s

for the mcasure of the centripetal

= QCXP?L)&; ﬁ’ or its BQual .y ,V ; where the divi-
sor (') is as the cube of (QCg) the fluxion of
the area AQ

The vexy ‘same * theorem may likewisc be deduced
from that given by our second method : for, since (K)

&3

* Art. 68. theuyd'curvatumuQ:sumvaruﬂy =10 the
value of ——ﬁ- (there found) will hm, by subnmumm.
N ~. ' s
become = u,:f’

Tius nxpremon, theugh in §pman ce leu simple than
g ﬁm fnuml. is, for th,c'general part, motc commo-
@aulm pmme

€
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Cororrasy I. | ‘

229. If the point C be so remote that all right-lines
drawn ‘from thence to the eurve inay be considered as’
parallel to each other, the farce will then (making Q r

— 52 :
oendic o _ ey
perpendicular to Cg) be as Goxo bare‘lyas
~— X )
Q‘:?’ ; sinee s (C Q) in this case may be ;ejqcted.
From this expression, which is general, in all cases
where the force acts in the direction of parallel lines,
it appears that the force, whick always acting in the
direction of the ordinate Q E, would retain the body

. ]
in its orbit, is every where as -;;Z; because Q C here

woincides with Q E, and Q r becomes = . .

Cororrary II. .
230. Becausc the force, tending to the point C, is

universally as -C——,{,—?—?Qﬁ (or“?%) the force to any
other point ¢, will, by the same argument, be as
‘.:-;—}3,—{;? Q0 Hence the forces, to different centers
C and ¢ (about which equal areas are described in the
' cp 0
cQ

same time) are to each other in the ratio of

s ;
B inversely.
c

Conorrary IIL,

231. Moreover, the ratio of the “velocity at Q to
the welocity whereby the might revolve tn'a oircle
about the center C, at the distance C Q, is 'essily 'de-
d‘uced from hence : for, since the celerity a4 ‘Q is that

»

)
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w«. the gurve itself is known..

. THE USE OF FLUXIONS

Werbv the body might revolve in a circle about the

0,. and the* forces wxdmg to the centers O and
«C are to each other gs u (C' P) and s (C Q) : it there-
fowe fnﬂows, 1!‘ the ratio sought be assumed as » to w,

that Q—a : 6—5 : .u s« (by Art. 212): Whence also
vt w‘-Z'leQO (u R) : s xQC (&) and conscquently

R SN VY

(beeauseR:-.- .

The same pr ogomon may also be derived trom Corol.
2. - Prop. ¥. or it is there proved that v« w [

\/‘ ¢ —; and it appears from above, that

_-17 =~ - : whence the whole is manifest.

IfOL bemade perpendicular to Q ', Q T, will be
CPxQO uR QL R
( )'—"'"“‘ dCQ ¥ »

fore v : w : Q L* C Q : which is.gnother proportion
of the pmpoaed celmtws.

and there-

Conorrary IV..
232, Last} , the law of eenmpeml foree bemg given,
the nature of the trajectory A Q may from hence be
fmmd for since ths force (F)m universally defined

by-;,—, nmcndémthat-g;-w:ll be = the fluent of

. ¥s; whieh, when F:sngenmtemuof s, will become

known ; and then, the relation between % and s being

r
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L ]
EXAMPLE 1T

. . 1
233, Let the given Curve AQH be the thmic
Spiral, and C the Center thereof : then u (CP) being -

. . bs % bs a® \ * Art. 61
in this case = —,% we have -o-+ (=— X — ”
’ | cu’cf( PR W/t Arteat

\/ bt 8) —unity. Tlence, P
a " bss :
it appears that the foree is in-
versely as the cube of the distance ;
and the velocity, every where,
equal to that w{lereby the body
night revolve in a arcle at the
same distance.

EXAMPLE IL

Q34. Let it be required to find the Law of the Centripetal
Force, wherely a Body, tending t the ocus C, tsmade
to revolve in the Periphery of an Ellipsis AQDB.

From the other
focus F draw FK P Q
allel to CP meet-
ing the tangent PQ
(at right-angles) in
K, jon F Q; put- :
ting the transverse = A € O F B

axis AB = q, the

* o
.

; ' 2
semi-conjugate O D = {4, and the parameter | é&)
=p: then, CQ and CP being denoted ia"ihove,§5ms'sl.
we have FQ (=AB~CQ)=a—s; whence, by res-
~ son of the similar triangles C Q P and FQK,;, it will be
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s:®la—s FE=2"2X% But FExCPis
&

*=0D* (by the nature of the curve). Henoe we get

:{b‘ mdcomeqaent)v ! = —;—f—t——:_';

Y

d-rl)(ll

whereof the fluxion being — %—-': = — ia.f- we obtain
* %

b s

AL 9. — ¥ =i x— = e =
+Art.281.%%2 B Te T p Y t T a
FQ

hall 4 it : , , petal
A0 Henve, it appears that the centripeta

Jorce is, indhis case, as the of the distance in-
versely ; and the velocily at z is to that whereby the
body mgh! describe a circle at the distance C Q. cvery

w&at, znlhmtwqu Q to AO‘.
If the curve had been ati hyperbola ; then iy

L)
ut (immdgf‘-’-';"—“‘x %°) would have been = }b-,
¢ 2 1 2
so.;-,;-’so-l-’-;x;-_.l) ,tht.vctyumeasboﬁvre

But, had it been a paubola, the cqumon would bave
been —'-E-‘-,x t= b, or- (= —-—)--‘p. end

2
the fom, stall, as —. Bit th medsmofd\e velocit
% P‘Q € y

VE A/EEE) in b b by

= V3, it follows that the velocity in a’parabola is to
that whereby the body might describe a circle-at the
mdutamﬁomthc comler, @ the cmumtratio

ﬁhmgw
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« .EXAMPLE HL
985. Let it be required to find the Law of the Centripetal

Force, by which a Body, tending to any given Point C
in the Axiv, fs made to describe a conic Section AQH.

N

0T A F C ¢

' Put the semi-transverse axis (O ‘A) =a, the s.cmi-
conjugate = b, and the given distance of the pgint C
from the vertex A=c: put also the abscissa A E =,
the ordinate E Q=y, and C Q=s (as before).

The arca of the triangle ECQ being (=3EC x EQ)
=¢;v;ay’ its fluxion is therclore = .ﬁ:--f%:-'?—f;
which added to yi, the fluxion of the area AEQ,

gives ﬂj;y%v-:ﬂ for the fluxion of the whole ares
A CQ desoribed about the center of force. Whenee
(by Art. 228) the required centripetal forcc at Q@ will

be as -———:—i‘i—-

Frgiagl Which expression is gc'metal, .
let the curve be of whaw kind it wil. But in the

case above, y béing = %— Vx4 2°,° we have § =

b3 x (a+ ) ) R Lo +j* ;
S o=y Y = 7T o and oy + ey =
(IV‘% I.3~ Wr ,
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bi x84 ax ¥ ca ‘ _—
;a Ve 3 ?m:l therefore, hy substitating thesc

1 t —““\..y a‘s
values, we PRSI ST—— L
> cy 4yt — gyl b xca+ax reat’

. at . .
Whieh, because Pl constant, will also be as
X
«

-:-M‘z—ﬁf::-:-;. From whence it follows,
cutax+ cx-

1°. If ¢ be = F a, or the center of forec be in the
center of the section, the force itself will be barely as
(F ) the distance,

2. 1If it be in the focus, then ac 4 ux + c2 becoming
=CQ x a, the force will be inversely as the square of
the distance.

8. < If the given point be in the vertex A, the foree

. § . . . .
will be as —:  which thercfore in the circle (where «=
A C

;";f ) will be as %—;, or the fifth power of the distance

reciprocally. . .

4°. Lastly, if the point C be at an indefinite distance
fl:om the vertex, or the force be supposed to act in the
direction of lines parallcl to the axis A O ; then the foree
will be as the cube of OE inverscly.

PROPOSITION X

236. To determine the Ratio of the Velocities of Bodies
revolving in diffcrent Orbits, about the same, or dif-
Jerent Centers s the ‘()rbits themselves, and the Forces
whereby they are described, being given.

Tt AQII beany orbit, described about the center
of force C," and lct the force itself at the principal ver-
tex A be denoted by F'; also let » stand for the semi-
parameters or the ray of curvature at the vertex, a,rld
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let €' be perpendicular to the®tanggnt Q P

Then, the celerity at A being always as V7 F
(by Art. 212) we have CP; CA :: ¢/ F (the ve-
lnuty at A) to £A Z.‘_l‘/_r _I_, the velocity at Q (by Art.
Q25). Which answers in all eascs, let the values of
A, rand F be what they will. Q.°FE. I

-
0

Cororrary L
237. If the centripetal force be as the square of the

distance inversely, or F be expounded by AICﬂ , the
, : CAC r

cclocity  at i — \/ —

velocity at Q 4‘1‘71. become TP~ AC':,O

r L. .
%J/T: whence the relocities, .in different orbits, about
the same center, arc in the sub-duplicate ratw of the
paramelers, and the inversc ratio of the perpendiculurs
Jrom the ceuter of force to the tangents, conjunctly.

Cororvary II. .
238. ITenee, if the eclerity at Q be denoted by Q q.

and Cgq be drawn. then Q ¢ being as (i% 1t follow»

that V7 is as U1 > Q qa or “as the tnangle Q Cy:

L1 n

259
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V ﬁﬁ?ﬁn the arcas desocibed abaut a common center of
Jorce tn a given iime, ave in the sub-duplicate ratio of
* o the parameters. . N

Cororraxy ITI.

239. Lastly, since the area of the curve AQHB, &c.
* Art, 234 whet an elli?sc,"‘ 1s known to be as (AOxO0D) AO x

v'rxAO (supposing O to be the center) if the same
be applied to V' r, expressing the arca deseribed in a
given part of time (by the last Cerol./ we shall thence
have AOx VY AO,or AO, for the measure of the
time of one whole revolution.” From whence it appears,
that the pariodic times, lct the specics of the ellipsis be
what they will, are in the sesquiplicale ratio of their
principal axes.

. PROPOSITION XL

240. The centripetal Foroe, tewding to a given Point C,

‘ lm‘u%as the Square of the Distances reciprocally, and

', the Direction and Velocity of a Body at any Pornt Q,

being given; to determine the Path in which the Body
moves, and the periodic. T'tme, in casc it returns.

1t is evident from Art. 234 ﬁd.%ﬁ, that the trajec-
A QB is a conic section ; ‘whereof the point C is
4t one of the foci. ’ '

-
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Let F be the other focus,, and upon the tapgent
P QK let fall the perpendiculars C P and F K, and let
CQ and FQ bedrawn: also put the semi-transverse,
axis A O=a, the given focal distance CQ=d, and
the sine of the angle of direction C QP (to the radius
1) =m; and let the given velocity at Q be to that
whereby the body might revolve in a circle about the
center C, at that distance, in any givgn ratio of x
to unity: then it will be m: 1 :: F,Q*:AO6 (by
Art. 234) therefore #2 ; 12 :F Q (2a—d) : AO (a);

d Moreover, sinee
2—n? ’
CP=mxCQ,and FK=m xF Q, we have OD? (=
CPxFK) =m*xCQ x FQ= "%

L—n2
semi-conjugate axis (O D) is given likewise.

Lastly, it will be (by Art. 239) as C T¥ : AQ?::
( P) the periodic time in any given circle, whosé radius

AO*

crTt
lution when the orbit is an cllipsis; ‘that is, when n2 is less
. 2d
' 2—n
bacomes infinite) will degenerate ¢o a parabola; and, if
n? be greater than 2, the axis bcinﬁ negative, it is then
an hyperbola ; whose two principal di

whence A O (a) is given =

»
; whence the

18C'T, to

x P the required time of one revo-

than 2: for, if 72 be = 2, the curve (as its axis

1ameters are equal to

od Lmnd .
2 and ;7=-_—.-=— . . E. I
L 2 an ug — 2 . Q

" ComoLLARY. .

241. Soeing'n'either the value of A O, nor that of 4
the periodic time, is affectod with %, it follows that the
principal axis, and the periodic timc, will repain inva-
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.~ riable, if the velocity at Q) be'the same, let the direction
2t thik poins be whs o ol e e I

« The same solution may likewise be brought out, from

. Art. 988, by first finding the principal parameter : for,

‘it i8 evident that the area described by the body about

the center C, in any given time, is to the area de-

seribed in the same time, by another body revolving

. in a dircle at the distance CQ, as mn to unity - hence,

* Art. 238.it will be 12 ? mn? ; : d ; (m?n°d) the semi-parmmeter :*

from which (proceeding as above) we gor a x mnd

(= 0 D?) = m* x (%wd—d°) ;-and consequently u =

pmpr the same as before.

PROPOSITION XIL

242. The centripetal Force being as al»}yl Power (n) of
e

the Distance, and the Direction and Velocity of a Budy

at a;{ Point A being given, to delermine thc Orbut
or Trajectory. .

H " From the cen-

. .+ tex of foree C,

to any point B in

the required tra-

jectory ABD, let

C B be drawn;

‘{oin C A, and

et Ab be the gi-

ven direction of

' the body at the

oint .A,d and

b perpendicular

E  thereto ; . also let

the velocity at

+ A’ be to that

'whereby a body

' - might describe a

' - circle AEF, about the center C, in any given ratio

" of p to unity; putting'C A=g, and GB=ux : then,

A
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bocause this last velocity (the centripetal force being as
0wt M

v or @) iv righdy defited by o %,% the.velocity" Art. 2is.

of the ‘body at:#A will be' truly: peipressed by
i - o '
paT. . oo ¢

. Moreover, it is proved in Art. 221*’&41 206, thas if the
cclerity, at any given distance o from the center, be
denoted by, ¢, the celerity at any other, distance « will

o %MH - 21""” )
be trul \/ ° H
: ruly represented by + T
whenee, pa®  being substituted for ¢, we have

V P g.r-'*‘ . ' .
2 > L 2 I .
Pt + TIT < — for the ‘oeicmy at B

But now, to determine the curve itself from hence,
let BT be a tangent to it at B, and 8 P perpandicular
to BP: also let C'B, produced, meet the periphery of
the circle in E ; putting the arch A E=3, the forcsaid
velocity . at B (to shorten the operiition). = », and
Cb=0b: then it will be (by Art. 225) v ¢ (the ve-

locity at A)::b:CP ='%°-‘: “shenoe BP (=

ettt mgm— 212 e B2 " PO '
s/cne-crc)'-_-.._..._....‘/” "“';~

Mareover (by Art. 35) we have, as CB : C:P: N

%’11;3“‘) the velocity of the body at B in a direc-

tion perpendicular to C E ; and consequently as CB ;

...CP CPxCE_=*" "
CE: é-—ﬁ X‘ v (thO; said velomty)-po Wx v

the angular vclocity of the point E (revolving with the
body). By the same article, the velocity at: Bq: the

oAy o
B PRV R
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wcnzwmu Lx v: therefare, the velo-

‘ﬁij o?EbmngmdhveiwtyufB, i the said direc-
: CMCE fBP

um,u w &R lwﬁﬁxmnsofAE(:)
sndCB(z‘)mutmnsequmtlybemtbu ratio; that s,

CPxCE . BP... . l‘;_CI’)(CE
-A—W g-% % wmz ﬁaﬁ»—‘xﬁ

l

b v a - ok
— N - ——&;__
v x X Vz"v‘ bict : r\/r‘v’ ﬁ
\m‘)y . ) .
= Wh:chequmbnxsgeneral,lctthc
x .._-...._bi
c!

law ¥f e eeuhpetal foree bo what it will: but fu
mwmmw be:s!nga-.:g:g +——«I x @l

Mm lmd c‘ = ﬁ‘a‘*’ T3t becomes ¢ =
4, Coa

Mtuthemeﬁmod'theﬁphmouon, from
which, whén'found, the orbit may be econstruoted:
‘becann, when AE, or the éngle ACE is iven, as

_welluCB ﬂsorumd'tlmpmntnu given.

" Butth ui\;alue is indeed too complex to admit of

a fient tel‘ﬁl,'or even cifdular arcs

and logmthm,w in certain pl;rynculu cascs ;
- iponets .

~ 5. dome others wheapin shie alues of p and
anﬁgwﬁcﬂumu "QE
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B anonunr ? O
i

o
B

248 If the gwenveloaityatAbemch dm P+t

;—-—T o, orp::“ (wlucb lsalw.yﬁ ponsble
when the value of n+1 is nagumve) our equation will
become #== - abp:é : which, by put-

. !xn+3
-—»"‘ b2 + % A

* abs

ting n+4 B==m, &c. ""Ji reduced to 5 = :
. x>
, :‘-\; -by—==

whereof the fuent will be found (by the saaond part’
of this work) cqual to + —2-0— multiplied by the dif—

ference of "the two cu-cular a!u, whosc secants are

i
ba‘--l
ofd:earéhd\ﬁmepcumnof%hepwl}, mthc
orbit, is given.

and 7, wtlteudmeumty Fmausvme’

But if the angle of direction C A b be a ri@lt"\,pne,-
the Buent will become barely = _-t‘% x arch’ ‘whose

A O , .
secant is -%:(\')ecmﬁith&n basu, and the: arch whose

secant i -g, =0) which thereforc when x3 becomes
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infiniee, will be truly defined by + %x whole pen

phery ";AF, &c. Whence it is cvident that the body
must either fly entirely off, or fall to the center C, in

a pumber of revolutions expressed byiéi—!; accord-

ing as the value of m is positive or negative.

Thus, if #= —2, and m= 1, the body will fly
entirely off in half a revolution: and, if » = — 4,
:nd mz= -1, it will fall to the center in half a revo-
ution,

t
Cororntrary Il .

244. Morcover, though the fluent expressing the angle
at the center canmot be exhibited in a general manncr.
yet there are certain cases of the esponent (r) where,
its respective values may be derived from cach other.

For let (as above) n+ 3 be put =m, and (to
shorten the operation) let C A (@) be taken s unity
then our equation will be transformed to : =

b

- 2 S e mahe
a l+m;"’2"52—ﬁ“—2‘-_‘;
3=~’ﬁ$, and it will be farther transformed to { =
N Sh—
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r : 2 r
?‘-—-2,[)‘1‘ + T-Q. q'z Q,r * r — 2.p‘.'.

Ag \ s ”' ‘ »
r—2.¢° ik

: ]
r——p’xvj-—Q) and then wue shall‘?

have =2 x = ] - .
mn .
.v; 14— x gl = Y

r-—g’qg 7—2-92

Which exp;'ession (cxcepting the general multiplicator

2
-;n-) being exactly of the same form with the first

above given must, therefore be the fluxion of the angle
at the center, when the index of the force is r—3;
for the very same reasons that the former appears to be
the flusion thereof when' the index is m~3 (or ).

'Y .

Hence, if the fluent of
by

T-*——T e 5 s Or the
1+ 2 e b -
J r—2,q xd - 2¢°

angle at the center, when the exponent is #—3 (or
4

4 '
o -—3=;~;——§—3) be denoted by w, the value

of z, (the measure of the said angle, when the ex-
_ponent is m — 3 or n) will be tru:ly defined by —7—;2. -
From which we ocollect, that if the indices of the

‘force, in any two cases, be represented by » and 7-;—%

~38, and the'respective “distances from the center ly
x and z ¢, then the angles themsclves corresponding -

to those distances will be every where in the 'constant
ratio of 2 to n + 3. . Therefore, when the orbit can
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be omtmcted in thepne case, it also may in the other,

W the above et;mnon T (= rix r—9>'

EIER e e tion of the odeites st A,
2+n+l.pt

does not as it sometimes, when
nm.mwm‘”"’ - "

- Conom.ur 111

US5. If the bod}; be sup to move in a ver-

tical divection A then, putting the _velocity
2 !
e A - — =
P vt | X ”+1 0, we get «

€ ‘

(CH) = 1p® xu+l+ﬂ;ﬁ x a = the height

to which the body wlll ascend : henee{p‘xn+1+l“
x a—a (=AH) is the distance through which it must
freely descend to acquire the given celerity at A : this
distance, in case of an um?rm force, when n= 0,
will beveme = § pta: and, when the force is in-
venelyasthesqweof the distance, it will then be=
Pe A o o
2—p~
But, when p-—l, or the velocity at A is_just suffi-
cient to retain :bodymvhecxrdeA.EF AH becomes-
.

%F ‘-—a“ i M”ﬂj

. ferestid will be oqual 0 hut
o peid il be aqual iﬁﬂd#m'd', »

L -
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N [ ]
| Comorrary IV. . :
246. When the value of »+1 is positive, the ve.
locity at the center; where x == 0, be barely =
—— ‘ﬁﬂ‘" ) A
2 +1, i . '
\/p+n+1xa“,but1fth§vdueafﬁ+l

be negative, the velocity at the center will be infinite ;
bocause, thtn 0™ is infinite.

. Cororrazy V.
247. Moreover, ;hm n+1lis ,negat.ivé and r in-
finite, the velocity also beoomes:\/ P+ 2 xa*“;

n+1
* because then z*+'=0. ¢
Hence,. if the centripetal force be inversely as some
power of the distance greater than the first, the hody
may ascend, ad infinitum, and have a velocity always
2
n+1

greater than A/ pe 4 x a*'; which is to

wtdl
pa * , the given velocity, at A, as \/P2 t - i 1 to

- And this will actually be the case when the value
2
- 1’

but not dtherwise, the square root of a negative quan-

. sity being impossible. .
""" Thus, if n=—2, ar the force be inversely as the
square of the distante, 4id p%, at the same time, greatts’
than 2’(' 2 ) the body will not only gggﬁme'to’

of p* + -n—:% is pesitive, or p* grex;ter tﬁ'

—a—1
ascend in infinitum, but have a velocity always greater
- than that defined by ¥/p*—2, which is its Jimit.
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. 248. Hence the least celerity sufficient to cause the
" body to ascend for ever in a nght-linc is given. For,

putting \/p“ + -

\[ 2 Therefore the least celerity by which

x @' =0, we have p =

—n—1
 the body might ascend for ever, is tothat whereby it
may revolve iz‘1 a circle AEF, as \/ 2 it
— —

unity. From which it ap rs that, 1f the force be
inversely. as any power o dzstana greater than the
“third, « less velocily wil owm a body to ascend ad in-
finitum than would rctam tina ctrcle

- ScuoLiuM.
249. From the ratio of the velocity

u+l

( i ”+ P at — 1) wherewith  the
body arrives at any distance x from the center, to that

w1
*‘,'Art sn( )“mxttcpght to have to revolve in a circle

at the anee, it will not be difficult to determine

in what casés the will be forced to the center, -

and in‘whas others it wil rcontinue to fly it ad 7 Lﬁmtum

For, first, if theangle C A b be acute, or t

from A begins to descend, it will continuc to docso

itactually artives. at the center, ‘if the. fovmer velogity,

dm-mg the descent,” be not smnewhere grcater than the
. e e n

A a»+| 2
: P T
ater ,than’«.muy ; because, if it ever bogins to aseend,

£

’ la{:tcr, or the quouent
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it must have an apee, as D (where a right-line drawn
from the center cuts the orbit at®right-angles) and
there the celerity must cvidently,be greater than thate
sufficient to cause the body to revolve in a circle.

Secondly, but if the quantity T

V/ L. 2 av 2

p- + m X;;;_—I’-m,. in the gocess IOf the
body towards the center, increases so as to become
greater than unity, or be every where so; then the ve-
locity at all inferior distances being more than sufficient
to retain a body in a eircle at any such distance, the
projectilc cannot be forced to the center.

After the same manner, if the angle CA b be ob-
tuse, or the body from A begins to ascend, it will con-
tinue to do so for ever, when the foresaid quantity is

«always greater than unity, or, which is the same, when
the body, in its recess from the center, has in every
place through which it passeth, a velocity greaer than
sufficient to retain it in a circle at that distance.

It therefore now remains to find in what laws of the
centripetal force these different cases obtain: and, first,
it is easy to perceive that when the: value of n+1 1s

— f\/wf' 2 will
poslfl‘cxtato p."'.n-!-lx?-“—“Tkl e

by increasing &, become equal to nothing. Thercfore
the body cannot ascend for ever 4n this case: neither
can it descend to the center (cxcept in a right-line)
bocguse the foresaid quantity, by diminishing x,"be-
mes greater than unity (or any other assimable .
Wpgnitude). ’ ‘
“But, if the.value of 22 be betwixt — 1, and — 3,
the said general “expression, - taking « infinite, will als3

N . . R . . 2 .
become infinite, provided bhuc .valuc of p° +. mih
2

—n—1

positive (or p? greater than ) Therefore the
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body, in this ease, may gsoend ad infinitum, but cannot
possibly fall to the *eenter (except in a right-linc) since,

A /"',, :‘i ” the value of the general expression,

when x=0, is greater than unity.

Lagtly, if n be expressed bx any negative numbger
greater than 3, or the law of the foree be wmversely
as any power of the distance greater than the thind, the

a9
X ===
n41 2 n + 1
will, still, be denoted as in the preceding case; but
-2 . .
R less than unity.

ticre the latter of them, \/
n +

Therefore the hoady must, m this ease, ether ascend for
+ ever, ex be forced to the center: except in one parti-

calar circumstance, hereafter to be taken notice of.

Now,.from these observations we gather,

1°. That, when the centripetal foree is as any power
of the distance directly, or less than the first power
thercof inversely, the orbit will always have an higher
and a lower apse: beyond which the body cannot
ascend or descend.

2. That, when the contripetal force 1s inversely
as any power of the distance (whole or broken) be-
twixt the first and third, the orbit will also have two

(2

. two extreme values of Pt

[5)
apsides, if p be less than \/ “'T:Ti‘ but otherwise,
only onc; in which last casc, the hody, after 3t has
passed its apsc, will continue to recede from the centey
mn infintfum.

* « 8° That when the force i¥ inverscly as any power
greater than the third, the orbit can. at most, have but
onc apse ; but, in some cases, it will have nonc at all
and it may be worth while to inquire here, under s\:h:xt
restrictions of the velocity (p) this will hn)l)pcn ; since
thereby, besides being able to know when the body will

&
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be forced to the center, &c. gre shall fall npon_a cir-
cumstance somewhat remarkable anfl curious.

Now it appears, that, if the pudy from A begins tg
descend, it must, when it comes to an apse st D, have
a velocity there greater than is sufficient to retain it
in a circle; in which case the general expression ©

g g °.
P+ sy e Tl (so oftan mentioned

above) must accordingly be greater than unity. Let
it be therefore made eguai to unity, which is the utmost
limit thereof, beyond which the orbit cannot admit

¥

of an apse ; putting at the same time %, or its divisor

‘....’;'.‘.'.-:.\:i:",.., - 2—;_":" 3
P+ r;{::ml“ X 2% = pbt — m‘:’, in the

general  equation of the orbit, equal to nothing

*(it being always so at the apsides). Then, from

thesc two equations, duly ordered, we shall get x =
) 1

o T T TN 44
{...'t.ii._!;._).’.i x a, and p? ( = '“T‘) =
n +f aw 1
P T .
%__i..’f: LEN S Now, it is evident, if the
n 4+ 3 f b

value of p be greater than is given from the last equa-
tion, the orbit will have an apse; but, if less, it can
have nonc. 1In the former case, the body will there-
fore fly quite off ; and in the latter, it will be forced to
the center. But we are now, naturally, led to inquire
what will be the consequence when the value of p is
neither greater nor less, but exactly the same as given from
the foresaid cquation : thi is the case above hinted at :,
and here the body will continue to descend for ever in a*
spiral, yet never so low as to enter within the circle
; "
YT W b
n+8

xa. For, if

whose radius C ) is =

*vot. 1. T
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¢
the contrary were possiblg, the body, at its arrival to the
circumference of that circle, would (because of the
foresaid equations) not only have a direction, but also
velocity proper to retain it thereini which cannot be.
wse the parts of the orbit on cither side of an apse
are always similar to cach other.

From the same equation, the value of the hmit
will also be gjven when the angle of dirceuon C A6 is
obtuse, ur the body is projected upwards.

For that cquation (as is easy to demonstrate)* ad-
mits of two different roots, or values of p; the onc
greater, the other less, than unity : whercof” the former,
giving D (1) less than C A, is to be taken in
the preceding case, and the latter (making C I) greater
than (" A)  the present.  And the boﬁy will, either,
continue to ascend for ever, or come to an apse, and
from thence fall to the center, according as the given
value of p is greater or less than that here specified..
But if it be neither greater nor less, but exactly the
same, then thebody, though itwill still continae to aseend
for ever in a spiral, yet it can never risc so high as
the circumference of the circle whose 1adius CD 5=

i

D aruna e W '

24n+1. pr ™
n+8

already delivered, in respect to the preceding case.

x a, for reasons similar to those

* Mathematital Dissertations. p. 167.



APPENDIX
TO
'OLUME THE FIRST.
. R canseend

IN‘ presenting the student with an Appendix, the
object of the editor is to furnish him with such addi-
tional matter as the progress in this subject, and others
dependent upon it, made since the original publication
of the work, scems to demand. Many important dis-
scoveries in the Fluxionary Calculus, under different
titles, have since that period been published, both by
our auther himself and contemporaries, and subsequent
writers.  The applications of these improvements to
questions connected with Natural Philosophy, have
heen equally extensive, and in order to understand the
great works of Lagrange and Laplace, and many other
important works, which are treated in a manner wholly.
analytical, it has become neeessary to have at command
every resource which this branch of abstract inquiry, in
its present improved state, can afford. As far, there-
fore, as the hmits of un elementary work will permit,
we will endeavour to supply these desiderata, making,
at the same time, such remarks upon the work itself as
may appear useful. ‘ N

SECT. I.—In this Section we have the fluxions qf ,
algebraic quantitics only. The fluxjons of logarithmss
0 ex?oncntials, and of circular quantities, are given in

- articles 126, 250, and 142, respectively. In the exam-
ples we intend to give in maxima and minima, in drew-
ing tangents to curves, &c. &c. (subjects which are in-
troduced previously to those articlés) it beiffig necessary

o ‘ T 2 " >
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to employ the fluxions ofesuch quantities we shall pro.
coed to determine thgm d ’

L} .
1. Requived the Fluxrion of a*, a being constant, gnd x
vanable
By prdinary algebra
A“:r- A3
a'...l+Ax+l 3 + i3 3‘+ sesenes @ where
A=a=1=1. (a=1)4§. (a—1)~...... w *
Therefore, taking the fluxions of each term
A3xti A‘ 5%
(d')"AJ+A QT+12 123‘*'“'0
A
= Aix(1+Ar+—i—é- + eeenae )

*

= Aixa.

¢

Fore'= (1+a—Ty=1+1 .(a_1)+x.‘3;3
(a=1)*+ ..ot
=14z {(a~1)—%.(a=1)*+}.(a=1)}
——e. }+ Brt+ Cx? + &c.
B, C, &c. being at present unknown.
e =14 4r4 B4+ Cr3 +......
Similarly a***=1 + 4. (x+4) + B.(r + 4)*+ C.(z +u)?
Also g =0a* x a* = (1+4x+Br"+...) x (1+Au+But+,..)
' =14+4.(r4+u) + 4. 2u+ B.(2* + w)
. +AB(x*a+u*r)+........ byactual multiplication.
Hence 44 su+ BA (-4 w2) 4 ... = 2 Ban +
8 C (2% +w'z) + &e.
3
s B = m,C._BA 1;8’ and in the

sathe mamer may the other indetermitates be found.

X

¢
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prd.—..—a—l-% a--l 2+ @z, a) lbemg
the characteristic of hyperbn Iogmthms) ( ( :
. the fluxion of an exponential (a*) i equal to the
product Jfﬂ the exponential itself, the hyperbolic loguruim
of the constant, and the fluxion of the variable.

Let a = e = the hyperbolic base, Then le = 1 and
(€) = e

(%) To determine the Fluxion of log. x, @ being the
base of the System.
Let u=log. 2. Then x=a,
and ¥=(a') = lax % x a* ....xlaxu(by D
a »
xlo.
Or, The fluaion of a logarithm equals the flyxion of

* the variable, divided by the product of the variable and
the hyperbolic logarithm of the base of the system.

If {.a =1, or a = the hyperbolic base, we have
.X
= (Ir) = s

=

(3:) To find the fluxion of z*.

* Lt u=sa*

Then !.u=v.l.x. Therefore:
'=él..t + (lx)'vzﬁlr*-i; [€3)
u...vz"l.r-{-xvx"" |
(4) Toﬁnd the fluzion of sin. x, and qfcos x.
By Demoivre’s Theoregn

cos. nbok v/ —1. stn. m0==(cos. o+v’—1 st o) }
cos. n9-1/—-’1 sin. nﬁ_(qos. 9=V —1 sin. ”8)"‘

* This Thqoremls best pravpd by the actyal multi-
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.
Adding and subtracting these equations, after ex-
panding their right'hand members by the binomial

theorem, and dividing by 2, and 2 V/ =1 respectively,
we get

cos. n8 = cos."b— ulg:}) cos. 20 <in. 20 4

n.(n=1), (n—2) (n—3) cos, "0 . gm0~ &c

2.8.4
and stn. nd = n.cos. ™ 8 sin. 6 — f—'—i"-:-},-]i%-(i:—g-)
{n— N =) (n—4
X €08, "398 sin. '6+£(" L, gﬂQ—S):?s .).(.'.f._.--)

% cos. "B . s, *8 Ae

plication of cos. 4+ V1 sine A, cos. BrV —1x .

sin. B, cns. C . vV -1 ur Ca.eeo. to 2 texms. The
product will be L
cos. (A+B+...... nterms) t VY =1, s (41 B+

C+ veevermt tmm) = (ros. 44 \/——"1 . SN A) x

(ws. B+ V=1 win. B) x &e. Lot = B =
F o

Then cos. n A+ ¥V — 1.sn. n A= (cos. 4% vV
sin. A)" which is the theorem in the case of 7 heing an

integer. v
Again, let a = 1;; 4.
Then (cos. ¢ v <1 sin.a)' = cos. ga + v >1x
‘an. a=cos, pA + V1 sit pA=(cos. 4 2 |
sin, A). ‘ .

.'.cos.?IA + ;/:_l- u'n.?l- A= (cos. 4 1/:-1-

o
sin A)7 witich s the other case.
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Let n= w,me::O.sothatnamaybeﬁm}emd*x

Then cos. §=1, sin. Gzé-—;: = (g“}) ’g &e. &.
and by substitution we find .
x° PO 2" 9
“’"”’1“‘1.2"’1.2.3.4 1.23456 ?
. x xs Zle . '
it 1Y S BN 10 R B +S

Hence
o x ¥ '

(sin.ay =2 (1~ 12 1234712 345.6* wees)
=X €08. &

and ‘
: e

oy ==& =55 tyggas o)
= — & sin. x. -

Hence, The fluxion of the sine of an arc gquals the
product tff the flurion of the urc and the cosine of the
arc. Also, The fluxion of the cosine of an arc equals
minus the product of the fluxion of the urc and the sine
of the arc. :

These results arc derived from the circle in a more
stmple manner by our author in Art. 142

o
<

5. To find the fluvion of tan. T, cot T, sec. x, and :,‘
cosec. 1. ‘

{tan, x)' = (

& cos, & X% oM %r 3. (cos. %x+sin. 1)

— —

= g = -7 P
cos. x .. cos. v . cos. fu

sinoa: (sin, x)' (cos. 7Y’ sin. x
€os. ‘x) €os. X “cos. 'x

= — (radius = 1), or =& . sec. % or =
cos. *x ‘ 3

¥, (4tan. ). g.‘ . "
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mm«»ﬂ ' i
Againt (ot 2) = (188 9F—7) = - —

00s. *(90 ~1) =
—a

= 2. (1 4cot. 2x).

Also (‘m. ) = (

1 V' = (cos.x) & smnx
)'—: ( )"' ‘,Or

cos. ¥ c0s. "  cos. %k

= & tam. 7 . sk, 1, or = i ¥ sec. fx—1. sec. 2.
sin. (90—x)

* cos. 2 (90 —x)

And (cosec. x) = {sec. (90°— a)} =—d

-3.c08. % ) ]
wim, °x ° or == — X .cof. X.coseC. 1,00 = — X .

v cosec. 2x ="} . cosec a.

These results, as well as those deduced in the pre-
coding articles, being of frequent occurrence, the student ,
is recommended to commit them to memory. They
will enahle him to find the fluxions of the most cownphi-

’ -1 i4+stn 2z =
cated forms, mchasl,;—;-_:—l-,l. TpeprnpetlP g

St X.C08. X S0 nX
2 ? (stm 2)"
after the proper reductions, are found to be

. 2% i g =M. sin (r—1) 2.4
e | e £ 80 0T -
e*—1 "’ cos. x> "¢ * (stn. x)™*! ’

Z i . i), &. respectively.

1
s cos (1. :r) &c., whose fluxions,

Having prepared the student for finding the fluxions

* .of cvery species of quantitps we will show him the

dtility of some very theoreriia.
Let f(z) represent a quantily any how involving &

lled a unction of x ), and let 1t be required to cxpand,
w‘ f ascending

it ts possible,. f (x) in lerms of the
qu‘u ? "

. e i



W ,,’;‘r" sy

Ammeuzﬁ..A+Bw+§’ﬁ+Ds’+Ez‘+.. ‘s
A, 8 C. &c,bangeunstant L

Then § = B+2Cs +8D2* 4 4B +......

'i-—oc+3 D1 + 4. 8Ext + 5. 4F 8 ..ot

?;s. 2D +4.3.2E5+5.4.8Fx 4 ......
&c.=&e. the law being evident.

Let x = 0, and the corresponding values of u,

’: =, &. be denoted by U, U,, U, &e.

Then 4=U, B=U,, C=U, x4, D=U,x .

2.3
* &, == &e.
. x2 z;
Thereforc f(z)=U+ U,.x+ U,.E +U,.

2.3
+ %e¢. which is the Theorem of Maclaurin. '

Ex. 1. Required to expand 1. (1+x).
w= L (L4a), o U=.()=0

“_ 1 __1__1

x 1+.r" 1T

i 1 L9 -1

¥ (A+x) ¢

i 2

Ell ey L

i 2.8

B gy Bt

&c =&°n, ‘ &n :-"‘-&c * v

The!eﬁ;rel(l-l-z‘)-m %—4-3-- +...... .
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f
Ex. 2."Required to express an arc in terms of its sine.

.

Let x=stn. u
Then u=arc whose sine is r, *. U'=0

¢ 1 "1 .

It == (see 4), . U=1 (radius

. being 1)

L U=0
(1 =22y

i 1 3.2

3= >+

To-s)y 3=y

*3 Q
(1_»)3 (1-zy)’

o
i
]

x‘s (l_x‘)

Py -U_;=l

x (94 %), .~ U=0

=3.8.(1- .x*)—; +2.5.9a- (1 -.x’)v

8.5. 724 (1=—a7) °, .. U,=8.5
&c = &e.
&0 3.8x

4 &c.
iast 12845 T

Henceu=1ax+

Ex. 8. Required to cxpress an arc tn terms of s
langent.

Let x=tun. u.

. ¢ - .
! Then, since %:. (1+u5)~, (by 5) by procecding

as above, we got

xi
u—-.x»—- e + PR TIXTIITY

3 &
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Other examples are, T'o exppess a number i terms of
its logarithm; To express (cos..r)%in terms of 2% ~To

e, .
ctpress — in terms of 2 ; &c. &e. *
cos. ¥

. T g . 1
In many cases this Theorem fails, as in u = —
X
. ®
u=1(x), r=sec. u, r==coscc. u, &ec. becagse in the first

{] = %:cc, in the sccond U=!.(0) =— @, in the

third and fourth r can never cqual 0. In many of these
cases @ transformation will give the function the form
proper for developement.  We have not room, however,
to produce any instances. .

Supposing « = f (2} to be such a function of x,
a3 is devclopable into a series of powers of r, with con-
stant co-efficicnts, we may assume

w=f(z)=d4x+ Ba'+ Co+........0
Let x become, by the variation of x, t+ 4. 'Then
d=f (x+ Dy =A.(x+ k) + B.(r+h) + C(x+h)y + ...

=41+ B4 Ca'+.......
+h (ade="' + bB2"= 4 cCr' +.....)
h? —— A JE—
+-1-'—2~. (¢.a=1. dz=*45.5—1. Bx*
+ ... ) .
;-
—e 1a—24r—+bb—1
+L2.3,.(a.a la—2 427 +bb~-1x
b=2. Bx™ 4 ........ )

% &o. &Iy the binomial theorem; whigh. »

we must suppose established on .‘a]gebqical prir!ei;gl‘as,‘ :
But Ax‘-i-’Bx"i-...i’.‘. =f{;r) =u ,

e u ) "
adrt 4 bB Tt =g R :

288
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FPRENDIX,

.. A
R *‘z.,'?.'"vﬂfw“'v' oo
B L s %
#.0-1. dr= 4 bITT B th =
 &e = &e
At # b

s &, i
..ﬂ:j‘.(l‘-}-&):ﬂ-ﬁgh-{- ;_-;- 1.2+;—;. 123

4+ &g which was first given by Newton at the end of
his Principig, but is known by the name of Taylor's
Theorem. Lagrange and some subsequent writers
make this theorem the basis of the Fluxional or Dif-
ferential Caleulus, by defining the fluxion or differential
of a function to be the second term of its developement

according to that theorem.
The theorem may be simplified by making k=i ;
for then °

l. » ﬂ & "“.'
f-@hi) =uti+ y5+y5g+igast ke

Functions of various kinds may be expanded by this
theorem, into a variety of series, by giving to (k) the
requisite forms, &c.

We will give an example.

- Let « = tan. 7'z, (or the arc whose tangent is

‘ L .
) = T~ by supposition.

" Then r=tan. u=tan. (—;— —y)=cot. y

— ﬂ *3 ' : & !' ;
L F ...iytcm. = - (‘,"F ) :Jmc 3 .

=~ oin.y coily oin. %y +

“.F,'».Z’V » cos. 29)
- gy ty. sim By

.
i .



ML abm,

e ., -
and = — ™ 4y. ain, by
&c. = &e. '
Hence tan. =" (x + &) = tmi."'.r + sin.y. sin.y. §
' e s

— 8in. %y, sin. 25 + sin, y sin. 8y . -—---am.fyx

sin. 43(. ';' + seeesannas (@)
Leth = — .

” » xe
Then, tan, ~'x = T TY=T.siny. sigy + 3 X

: 4
sin. By . sin. 2y + 5 sin. 3y, oin y + T eindyx
sin, v + R NP ()] '
Since 2 = cot. y, we also have
w ) sin., 2y
=Y +siny. cos.y + g 0% Wt (©)
Again, in series (a) let h = — 2, and we get

22 . L
2 tan. ~'r = T Ry, sty + 5. sin BYx

By ‘
sin. %y + T3y Y F s, ()
Fﬁbstitutiné cot. y for r in (d) we get
2 2
; y+sm.y coay+ .sth.2y.o?g.?y+-§-x
stn. 33/ cos. ’y + . serassessssansennananaiies (€)e * °

Hence,bymahngy... ,Wehave.
s x 1 2 2 ‘2‘ 2 2

it aatsaEa e et
C e




*W&"‘;ﬁ; P “ \
N D R S ,
"3 .?1\+2+3.. e R A
And by similar substitutions in series (2 ), many other
beautiful formule may be obtained. See Fuler, Inst.
Cale. Diff. Part 11, 57, &e.

Maclaurin’s might evidently have been deduced fron:
this theorem.c

Given y=a+1. ¢y, toexpand u = fy = f. (u« +2¢y)
according to the powcers of x, @ and f demoting known
Sunctions, and a being independent of x and y.*

Since y=a+x . ¢y, we have

b, x ,
—=y 4 T ¢y = v)
y 2 &
'Z: =—-+a.
£ T A a?
¥ B ¥
= ot X7
E AR & ¥}

Now, since v is a function of y, and y is cvidently a
function of r, taking the flusions in the supposition
that x is the principal variable, we have

:=‘;Z (this will be manifested by sn example,
such as o = fy=f.(p2) = (a+1)", where¢ =n x
(a+2)". (a+2) =n.(a+2)"%). '

LA ANES A

ks y/o ¥ "y at
. 0 Y B
- = 'y" T - '3/‘,
. kxS ‘y. 2 y ‘ »
&e. = &e. "



S AP

AP SRR AV
3},_,...2.?/, . £+.l‘.y‘ '.i“‘+'t'(:i)' 7
&c.'-—-&é. \ * ‘

Ags in, from the equation % = f{y), taking a as the '

variable, we have

é Y,
-:-=—.—x‘—y.-

r Y x

i W g § u
#EpXaEteE X3
&e. = &e.

But by Maclaurin’s Theorem (see page 281),

v=U4+ U,z + U,. —-+U 23-{-&tc.

*and U = f(c), the value of « when x = 0.

0 = (—{l‘al x ¢a,
0 OV Y
o 21
= =
&e. = &e.'
Ce iy f . (fa)
-'u=ﬁ+r¢a.(‘-—€.—) z((¢) }

£ Y . ) (La)l ..
R S b

. a?

+ &e.
Thw thenrcm (makmg x=1) was first gwen by

287
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whosé name x;bei;;s, ‘and is highl unprcant
A w examples will show its advantages. d

Ex (1). Let it be rcqulrcd to revert A4 By+€'f+
covernnes =0, or tn express y _ in terms of the con-
stants 4, B, C, Xe.

Sin 1% Ey

lDCﬁy:,-—-B—ﬁ.( +w+ y”+ l.‘dlo')g
comparing it with u=fy=f. (a+2¢y), we have .

,u,__:y,a.-—_- ——E,fa.-.-:a,w::l
Q= --‘—y-:.(C'+Dy+Ey‘3+ veeras)y and -

Qa...-- (C+Da+Ea'+ ...... )
also(-‘—fgl =—'= 1

Hence :
a

. Uy . o
{(fPa) i % . %a.(fa) ?.; (C + Do
s—--—--—-—-a. a

—24 2
+ o) x ;T.(C+Da+.....)'— % (D + 2K
F )} = do. G e.

1]
2%:1; 5624 + &c.
. 5C‘a““
' -w' B’ - .



| kpeENom. ;
ExR Lot it be requireds to gxpress the Egcentric
+ Anomaly of o Planet, reckoning from the Perdhelion, iy
- Terms proceeding acoording to the Ascending Powcrs af
the Ecoentricity of the Orbat. ,
If y denote the eccentric anomaly ¢ the cecentricity,
and ¢ the mean anomal y 1t is well koown that
Y=n + ¢. sin.
which being compared with
u’:jj/;: a + . 9y, we have
E=SHe=alr=¢ gy = uny, ad .
Jo=a=nt, ¢a=gna=sm n

. £
Hence-(‘»—f:l = -:;:n.

RIS -(-?}

Qu sin. nt . cos. mt x nt x'n
e, nt .
n° X sin. 2nt
&e. = &e.
By performing the successive operations, and substi-
tuting, we shall finally obtain

N e €
yzﬂt"*'ﬁwm&’? nt4 i.ﬂ. 2)(2 . SN, 2M+i':§.‘3' 9

o« ‘
» 4 . ’ »
X (3“.8!71. 3nt—23 sin. nt) + 283 a ( ‘lt‘~ i‘m 4nt

o . 5
=4 P sin, ) 4 ppge x (5% s Bnt

-5, 3‘*. sin, 8at + > '-lg-‘-g.s{ﬂ‘ 7!2) + & From thO. ;q .

comparative smallness of e, this scries converges very
rapitly. .

. For dther examples to this thearem, see Lagrange,
Reésolution des, Equations Numériques, and 4 Collection .
;o VOL X . v .

o
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0 Emwpk the Appboal the Differential and
I£Wal Calewlus. y G. Pezwoc{ ﬂ

This theorem has been extended by Laplace to the

form

u=fy) =S {f(@+1e9)},
which' it is required to expand according to ascending
powers of x.

Assume = f. {f. (a+2py) | = }. (a+ 0y

Then, by Taylor’s Theorem

Ya (a)” 2@y): | (a)
v=da+ 2 Loy + S "'1'."22' » &
2(ey) |
T3 T

Alse 0y = o. { f(a+10y)} = & (a+ vey) by sup-,
posmon

’ (20) (Pa)” (@)
> :p_y:—.q:,a-i—-——-:;.-—)-m.gy :“ . 1—'—5-4-

(914) 3"(%)’
o' 1.2.3

Let;a_a,,(\l'—-—.—?—=a‘,(¢a) = a,, &c. = &c.

 a
?.a ] 'AP’ ‘S‘?ig‘)"' E—3 A, 9 (¢ ) -—A’, .=‘=&c.

and gy = v
4

X
Hmuza.t‘a,v X &+ a0 X W] + a;v¢ X
¥ '3 N

fas 7 '

smdv=4d,+ 4,0 xz+.A,u“x {?“' A9 x
3

X
155 + &o.

+ &e.
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Alsov” =4 +24,4,v x o + e,
= 4 + &e.
&c = &c.
<. by substitution, we get

g
u=a,+a, 4, xx+ (2,4, v+a,A,,‘-’)~i—-—

(30, 4,0° + 60,4, 4, v+ 0, 47). —1-—3-7 + &e.
But, by Maclaurin’s Theorem,
2
w= 1+ U,. .+ U,. -5 + & [sec poge 281.]

and supposing = 0 in cach of the above coefficients,
we got ém ce on that supposition v = gy= ‘0, (¢ +xey)
es <P,
.U = ao = \L(l
Ui=a,4, = Atk X

(¢_a) («:_a) . +(tg) (0.0}t

U=20,4,v+a,48=2

= 1 (9, a)% S"\L‘a):

siailarly U, = 7;]? x { (0 a). (W)%
&e. =&e.
.'.u.-*..f.{f(a+w\y)} =y.(a+ .¢y)

@ay o)

=¢a+¢,a. "“;."" —'"-"'-'-Er—-'——-—-—-— X.

(bay } '

- { (0, 0)}.
Lzt g
which is called Laplace’s Tkro;cm. ’
* v

xl
X733 &




292

i

*

S
;
APEERNHIX.

This Theorem migh have boen established in the
sgme manner as 's, and vige versd., The stu-
dent is advised, for the sake of practice, to nse both
vodes of demonstration,

For the application of these principles, we refer the
student to the Collection 05[ Kaamples, &e. by G, Pea-
cock, A. M. &¢., where he will find abundant illustra-
tion of this subjeet, especially in what relates to the
invesﬁﬁ}tinn of the roots of cquations. Sec also La
place, Méchanique Céleste, tome 1, p 170-—181.,

We now come to Partil Flurions, called by
D’ Alembert, who applied them so successfully in many
physical problems of the most arduous solution, P'artia!
Differences. o

If u be a function of a and y, denoted by

] u=f.(2y)h
and its fluxion be first taken on the supposition that
alone is, variable, and on the supposition that y alonc i
variable, we shall have results of the forms
Fxy).d, F(ny)y:
which are termed the partial fluaions of u, relutive to
x and y vespectively.

Also, since it ean make pe difference in the entire
fluxion of u, whether we suppose its parts due to the
variation of 2 and y respectively, to be gencrated together
or separately, we have

v=F6y) s+ F (5,973,
which Geometers represent by

f v )
= &+ ¥ Ferrrnrsernennni(@)
‘ .":.— Aml—;— being named ¢h€ Partial-Pluxional Co-cffi-
cients relative to & and y respectively.
¥ Aguin, operating in the same manner upon each of

the terms in equation (a), and conbinuing the same prin-
ciple of nota:?oh, we have "
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" “ ¥, 4 u
U d o = 4 )+(‘:—- ¥ +~—‘:yx-).

¥ 2y ¥ P
U o, e
=. 5 ¢ 4 2;—; Xy + ;—i y"............(b)

for % % =% %y, smee we shall obviously get the

same result whether we take the fluxion of* u, supposing «
# constant, and then again supposing y constent, or in
the inverse order,

In the same manner, since, for the above reasons,

# # U
T T N
o (m)
u % U u
T T T T e T Tin
Y yx Ukl 2y .
&e. = &c.

the erder of the variables in the denominator Yhowing
that in which they are considered variable, we have

s g .’f._ "
u.._‘,‘,x-i».ii.j,-{-f}‘w_,-'}-j, ...... ©

&e, = &e.

By examining the results marked o, 6, ¢, the law of

continuation appears very similar to that in the Bino-
mial Theorem. N

Those equations also exhibit the successive fluxions
of functions of ¢two variables in a manner different from
the method used by Simpson.

Fx, Required the fuxion of xy.
) Let u =wy.

7 L3
Then & = —g ¥ o+ },:n_:}, by (a)

L iy e
but < A=y (considering y cunstant)
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ﬁ L4
and -; 9 = y& (z keing*constant)
Li=yb + 27, [Stepage ]’

If u = f(2,9, 2, &c.) the same considerations will
show that

¥

. DU D
u..éa+!;y+t~+&c,

and so on for any order of fluxions. .
The following Theorem of Euler affords an applicu-
tion of this theory.

If u=f(x, 9, 2......) be an homogeneous function of
oYy Zerenrs aohose terms each rise to the same dimension
m, and we have

= Xi+ Iy +2:4 ...
then it ‘may be proved that ’
X+ Yy 4+ Zs 4+
m
By putting y = 92, » = 22, &e. we easily transform
to

u=a"f. (1, E—, ....... )

2’ x
and taking the tluxion relatively to cach of the varia-

g ey .

bles, 2™, %’ = e by the principles just delivered,
et f (L 5 )
W = mr x.j(r, 2 )

bx L

x!.*
-
Nz =
&t xi e~ 81
- D st aiana o d
+3‘X-——-.‘ ”

H)

o+ Ko
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‘W“’f ("‘ esrve o) - 1’.—" P W'Q"" ** .nn}i

P, Q, &c. being put = (y) ( \)
But w also = Xi + Yy + ZZ +
. eyuating co-efficients of &, y, &c. we get

X =mf (y 2oy —a2yP— 1"":1Q

i x
— 8 Y=1r"P,Z=12""Q &e. =&ec.

and substituting for f ({!f‘ —;: v ) P. Q, &e. trans

) . . m
posing the negative terms, and dividing by 22, thae
v
finally 1csults
m = A1 + Yy ~ 7 1+ .
"This thearem 15 wsetul m the megation of homo-
geneoub Cq\li“\()nﬁ.
We will give another example.
Given two different functions of ¥, y
. F(a,y)andf. (2,9)
D . N & - .
to determine if one function be a function of the other.

Letu = f (%97 ... (¢) and assume
F(z,y)=0{f(5y)} =0e@ =0

Hence-—:-f-i-gg-.’ﬁ:m‘s@'(u)byh_yp. .

But from equation (¢)

.

. % . %
% X
& Yy

295
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6° &
, -q-—i+-§y.=-4x X g + ;—M(ﬂ)

which ean be true onlfvthen
- = ¢(),and~=——¢(') ‘
y ¥

Hefoe 2 . .'{‘. -

X ¢ y y x

the equation of condition, which being satisfied |
F (z, y) is a function of f (r, ¥).

As a particular instance, take
(@2 + V'y)Y(ma + By ' =F(,y) }
and @%?" + biy* — abry = f. (2, ).
¢ Ratr® + B3abyat — by’
Here (ax + by)!
2y + Sablzy’ — a’hr’
(ax + by)*

¢

= *r —~ aby

T re wm)m R o8|

= 2’y — aln

which bcmg substituted in equation (/) the two mem-
hers are found to be ldenucal and F'(x, y) 1s therefore
a function of /' (z, y).

It is easily secn mdwd that
F (x,9) = (ax + &) x f (3, 9).

In this place we might show the method of elimu-

* nating constants from equatons between two or more
viriables, by successt olz taking the fluxions and making
proper substxmtums ut as it involves' no new prin-

. ciples, nor any dxﬂiwlty in the application of those
already explained, we shall procced to mattern of

’ﬂ‘ mpo;tanoe .
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We shall here treat of Vanishing Fractionsy or those
fractions which, under certain clrcumstances, assyme the

. . 0
indeterminate form T
L]

Let% == Q be such that (N and D arc functions

of z) x being put = g, both numerator and denominator
. . - Ld
may vanish ; required under these circumstances, a de-

. N
terminate value of ik

Let N,, D,, Q., &c. denote the values of N, D,
Q, &e. when for x we have substituted a.

Thensinee N = D Q °
N=DQ+ @D
N QD

* =t

N, N, *
and D, =Q = D—;, smee D, = 0

N, 0
Agmn, 1if 557 also = 5> W have

N'=D'Q+°!D +QD

3

L J
and 75 = Q, = -I—j:, since D and D each=0
(] (]
N; o 0 i P
If n. still = g+ We must repen the operation, an
so on, till at length we axsive at a determinate valug « °

N, _0: ’
This value will be that of 55 = 5. | Sce page 155.]

=

a__Vaﬁ__.mi?

3

z\

Ex.l La Q=
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ot daxt + Tatn — 20’20tV Tx — 1t
x?-f‘.éax-—ag-{".!a%-—‘x? :

D,
Ex 3. Lt Q = I (l denoung the hyPerbohc
logarithm.)
Then ;Q-"" D = nd.
| 1o
Ex'4 La Q= ._&;;-E- ¢
N
Then Q -"‘—-“%Q =§

Ex. 5. W
x4 220 + 1)”x"* L4+ (21:94-2”—— 1) a+i—nta™t?
Let Q= = |
N, _ on + 1 ,
Then'@ = 20 = 20 - 1@) 3" 1) whxch ex-
‘ D,
. presses the sum ‘of the sericss
¥ +29 + 32 4+ ..... Ry

4 Thxs method fmlmim some cases of NV and D being .
", functions of m'ntxonal -

; mor:luls Yt;nnomxals,h&cci‘ v;r‘e Shtb
R subjoin a process of geveral application, which has the
", advantage also of being, very simple,,. LA i
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Let ¢ + 4 be substituted for x in N and D,* which let
be expanded by Taylor’s theotem,®or any other® equi-
valent process, in series ascending according to thg
powers of &, so that we may have

Q= A‘;‘:::g'i:t- which being considered ac-

cording to the three cases m — , =, or < m/, will give,
by putting =0,

Q=0
A4
OIQ4=];
1

=— = .
or Q, 0

Henee, then, the following general rule for finding
the values of all functions of x, which assumc the

0 .
® form ~6- when x=a

Take the first term of N and D eapanded according
to the asccmling powers of h (x being put=a+h), re-
dwe the cesulting fraction to its lowest terms, and then
put F=0: the result will express the value required.

. wa
® . osn
0 2
We thus find 2 hecomes — = 1—, on the
4x cos ikl 0 8
]

supposition that r==0

wrel” — T pma41 0 1
R
when 2=0; which functions express the series
1 1 bt 1 ®
1 - IJ + 8‘«' p—a + 51}, _-__ s + senssient *
1 1 1

and 1°+x~+2‘+1-’

respectively.
*®

tgrr b e @
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~ » Ng " . )
Sometimes D isvof the form % which may, how

ever, be reduced to %, and treated acoordingly.

For.%'-‘-s-@_.l_
Tew T~ (1 0
‘ ()

N, 0
Alsowehave-l—,— =® —-® =g-

1

Examples of these kinds of functions are

. ¢
cot, —
(1) %7 = -_E-:",: — 2 cot. 28, which becomes -:—;
4 1

~ Q2cot. 29, when 1= ®; and b—i = -3--—2«:2.26,

Dy 8 ] ]
which is the valuc of tan. § + § tan. 5+ g tan g
4+ &c. to@.

= é o+ Ex—(—c:‘—-l)’ which expresses the

o=

(2)

! . 4 ®
i7a 7 35s e

L}
’

‘ N, .
1Tere H =00 - X

i
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of one variable, and a few examples i Transcendental

Functions (exponential, logarithmie, circular, &0.2, and

in functions of two or more independent v.atiables. ‘

The function of x expressed by u=f( r) admits Q); a

; , . L . U u-
mmmumormmmm,gf;:O,or:feachqf—;,;;z
:- e -’-’ 4 N 5
i u . % U u u 7]
and F:O,orgfeachqf}:—,;;,—&;,;r;,md g
(3
%

. “ U
¥ =0, or &c. according as 7907 ;o OF 5 or ®e. re-

spectively, is negative or positive.
For, by Taylor’s theorem [see page 284.]

A P - B2

zt,::f(.r—-h):u-—%h-{-%--i—é —ereee
% % ke

u3=ﬁ(x+§)=u+-;h+;3. Tg t o

u, and u, being the values impnediately preceding and
succeeding .
Now when A is very small, any one term of the series

Ab+Bh 4 ...... @ 18 greater than the sum of all the
succeeding terms: for BR:4+CH+...... = & (B+

Ch+ D+ ......), and Clyt DA +...... = h. (C+Dh, ,

4...vou) 18 evanescent compared with B, .. Bh* §s
greater than CK° + LA +...... and so on

_ P B
Hence all the terms beyond f? - g I Uy % May

be neglected, and we have

\ , - 801
SECT. II.—The subject of mavima aM minima. -~ -
has been so amply and ably tréatedby our antho?, that = -
little need be. given in addition ,to this section. We.

shall content ourselves with applying Taylor's theorem,. .

to distinguish between marima and minima of fonctions



| AFPERDIK.
Y mua iy WK
,4 W - — it
. FrtE TR

.

T T
w=ut cht o3 ¢

© Butin the case of u==maz. u is greater than both u, and
o, which cafinot possibly be unless & = 0, and T
is negative. And when u=min. % is less than cither
u, OF 4,3 therefore, in this case, 1:' = 0, and :-;5 is
- positive.
SR . | :
Again, fet both — and 7 equal 0.
@ ki he

Thenw=2—%" {g37 5 T1.23.4

A
W=t 5738 0 1.2.8.4

the

higher powers of & being neglected for the same reason
as before. By the above mode of reasoning, it also
appears in this case, when » = mazr.. or min. we have

iy il ii W )
) .i—.-.\Q, e =9, x—.—;é,(), and il negative or

positive quantity, according as u = maz. or min. The
‘same process may evidently be continued.

Yo functions of two, or mere variables, the characters
vhich distinguish the maxima from the minima, may,
by a similar but more complicated process, be ascer-
tained. : P
L If u = f (% y)y it will be found that according as
¥ = max, or, min. the partiel flurions' A L

"
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— j‘l
22 .
i are both negative, ,or both positive, and
and =y S
y
in both ecases, ‘ (
# @ : (‘ii 2
—_— - "4 — .
7 7 X g* is greater than xy)

"ExamrLES IN TIANSCENDENTAL Funcnovs

1. To jind that Number which bears the, greatest
Ratio to its Logarithm (hyperbolic ).

Let z be the number.

Thenz-i = max. and taking the ﬂuxion's, we have
&
b~ (lx)
s lv =1 =1l or z = e the hyperbolic base.

(ﬁ) T’ divide @ Number n into so many Parts, that
their continued Product may be a Maximum.

Let 2 be the number of parts.

Then G)' = maxz.

and since the ‘greater a quantity is, the greater s its
logarithm to the same base. A

n\* n °
l. (-) =w.l-=max.
X

=0 [seepage277] .

l--nx-—O

,.l-—-l::l "i
x

PES

”
;'.‘ = C, a!ld x =y —a
N [4

.,,a!:

the maxzmum
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, (8). o divide an Arc 4 ( Radius_of the Circle
C M;{l) ‘fulo two Yuch Parts, that the Product of the
’{: Power of the ong, and the m* Power of the other,
‘may be ¢ Mazimum.
: Letazona,pni'}:. :
~ Then 4 - 8= the other, and
B 9 x sin. *(4 — 8) = max.
and taking the logarithms
nl.sin 8 + wml.sin. (4 - 0} = mar
. nb cos. 8 m cos. (4 —~6) _ .
C T sin 8 o (d -8
" Hence tan. (4 — 6)
- tan. 8 )
m+n _tan (A—6) +tan 8 sin. A
tan. (4—0) — tan.§ = sin.(A—20)

m
=

and e
M —R

coom (4= %) = B2 T sin 4, which give

A~ 2, and . 6, Hencealso 4 — 0 is known.

| 4 Required the value of x when s.-i’—‘:&-—-—x) = a m-
wimum. ' . :
®
dnswerx =0+ 2. B

‘ g .
The following examples will illustrate Art. 45, p. 43.

(1.) Amongst all Paralllopepedons, shose Plancs are
cular to one another, and ag given Magnitude,
Jind that which has the least Swrfact
"¢ Let %, y, 5 be, thé'¥hree edges of the parallelape-
on . N il .

" Then, since the magnnudenngm '
|  xys = a (s giveli quantity)
" and 2y + 205 + fyz = o minimam
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~ by substituting for x, and .mkinj; the halfy |

1;y+xx;§ y.;?-y:.-ml‘n
0ru==a;y+§ +g=mm
U a .
. ;-y—-;;:Ol
a;ld—-x- a —-OS see page 43
y yi -
Hencey = — =ax£=£.
a a

Sy = a’
also z = a' » which indicates that the parallelopi~
and . s = of

pedon is a cube.

(2) If a, b, ¢, be the prime Factors composing a
gtun Number A, required the Number of Times each
must enter that Number, so that &t may contatn the
greatest possible Number of Divisors.

Let x, y, 2, be the number of times @, &, c, are taken
respectively. ' .
Then a*bvet = 4.
Andu = (z41).(y + 1) (z + 1) = max. (see Bar-
low’s ‘Theory of Numbers, p. 82).
Now first we will eliminale z by means of
gla+ylb +slc=14

xle )

14
whence u=(x +1), (y+1) (i; - =y )

» VOL. 5 X
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.= ‘rla ()

'.‘

t &
(x41) (y+1)-‘-‘ = 0 (by Art. 45).

y
and—-— @+1). M ’:: 3’”’ + 1)

- (x+l).(,y+]).-{lz =0.

and id —ala—glb + le=(y + 1. l&
s+ Da=(y+1).8
. a
s = “"l- -
xla = ylb B
simihﬂyzlcz'ylb—-l.;;
also = ld — ylb — xla.
.. we have the two equations

xla:_ylb—-l.%

andxla=u+l..§--231b

Hence 4 — xla — ylb + lc = (x + 1).10}

which give

8ytb=u+l—z—+l.§
g 1(dac) — 20
oy 305 .
Yo, (. (Abc)'— QAUa
iy = = (A0 = 2
_ 1 (Aab) — %

ad 3 = Bl
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SECT. III.—Supplementary to this scctfon, which
treats of drawing tangents to curves) we may giv8 other
modes of determining the positien of the tangent, with
additional examples in ¢ranscendental and other curves ;
also @ brief exposition of the method of drawing -
loles, or those lines which touch the curve al a potnt
whase abscissa ¢s infinite.

(1) If x and y denote the abscissa and ordinate of @
curve pespectively, and 9 the inclinalion of the langent

to the line of abscisse, then -'Z- = lan. 8.
For the angle SCn = CFm = ¢ (fig. page 54), and
y:%.:82.Cn:.1:tn 8 .

. 2:- = N B uurveerinnnns (a)
&

+This equation is useful in determining the position of
the tangent, or of the curve, at particular pomts in the
curve ; e, g. required the angle at which a circlé cuts its
diameter.

Here y* = 2ra ~ a2

] -1 T2
sotan. b = *y—_- = —me——aome - -
A Virar — 2* Y

Let x and thercfore y = 0.
Then, at the point of intersectior,

Yan. § = -S =,

or 8 = 90°,
which we also know from common geometry.

(2) Reguired the Condrjjons of Contact of any two
Curves w Equations are y = f.(z), § = f’{ (£)y
x and & being measured on the same straight linc.

Since at the point of contact the two curves mect, we
there have
=y
z2

307
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Also, the eurves having the same stm‘i'ght line touching
them both at the polut of*contact,

(3

{—;: tan. 0 (sce equation g ) = 3

'}

o

The conditions of contact arc, therefore,

y éﬁy .
and{—;— _ 3 verrerensesenns (B)

xX

The use of these expressions will readily be pereeived
. from what follows.

Ex. 1. Required to draw a Parabola whose Aiis
shall coincide with that of a given Circle, and touch the
Circle in a given Point.

Let 3/‘2 = 2rr — a*

and 4% = pi
and parabola, p (the latus rectum of the parabola) being,
at present, undetermined.

g be the equations of the circle

¥ P
tmmF==@
mdd _ T3

iy

Hence, at the point of centact,

P r-—.r(b .
7 S A equation &)
2 v

orp = k2 X 2 x (rez) =2 (r—=)
y O
2« gyt Uy =t

Sohm e = e = e
P2 2(-9)

If, therefore, a parabola, whose latus rectum is 2. (r—2),
ouaed vertex, distant from the ordinate of the given poin
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g — ot 0 .
m, .be deseribed, it shall
touch the circle at the given point.

Ex, 2. To draw an Ellipse of given Eccentricity,

having the same line of abscisse as a given Circle, and
touching it in a given Paint.

Herc y* = &z — a*
e
and ¢* = -:’-1—- (et ~ 3%)
constants to be determined.

At the point of contact
rex y y b a=x

in the circle, by 4 =

¥

} b and ¢ being the

Yy —x
Ywhenee 52 = X a%
a—z

Let the given eccentricity = e
-z

”
Then g¢” — €2 = 8 = —— x %
a—zT

and by reduction we get
a® — ra* — ¢fa = xel,
from which, having found the possible values of o, we
et &, which engbles us to construct the tangent curve as
in the preceding cxample.

Bx. 8. To draw o Straight Line touching any given
Curee in a given Point.
Let y = f. () be the equation of the curve @ * °
'z = 4 + Bk that ofethe tangent .
4 and B being to be determined, atd z and «” having
the same origin and direction.

At the point of contact

) B:-.%,-:%,andysg}, gnd.ralz."
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nAd=§ Bl ==Yy
. x

91‘
2

. 0

Jetd

X X

=y -
Y=y - xa’
.

m‘y"y =% X (1"""&')-".--.“....-..' (t")‘

which is the equation of the tangent to any curve, and
may be used in many cases morc commodiously in
determining its position, than the common expres-
sion for the spbtangent.

The normal being perpendicular to the tangent, will
have for its cquation

.

Y —-y= —‘; X (17 =1x) ceernnnnn (@)
¥’ and .z'f” being its co-ordinates, and 1, g, those of the

curve.

Thus, in the hyperbola refurred to its asymptotes,
the equation being

__ab
‘y_-.‘l‘

we have, from ()

ab ab  abr’ ¢ ab ab
J=y- G @=d=g -4 T=-3
X &+ ——
x
And from (d) -
‘ , L 1+ atht — xt
Y= — :

Again, in the Cissord of Diocles,
3
= ‘;& (page 59)
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and we readil ﬁnd tbc ugtions, of }the tangent n&
" normal to bey eq M g’ :

\ vz
J= 2 o) (3(1-91' o -ax)
1 e — 2. (a—2)%"
wdy'= = &—%"’"ﬁi

Also in the Witch, the equation being ’ )

‘ \/a.r-—x“
| ¥y = _._...;-.__.,
we have ,
a
) = - dl"+ 21"" Sax
4 2z, Var-x* x ( )
2. \/ax-— at , ‘a‘ '
and y'= = T gy

In the logarithmic curve the equation is
y = o
and it casily appears that the

L
subtangent = P 2

j=a+ @=a)cla

' @& - (2 - —
wd /e @ = 6= X g

In the curve whose equation is
y = x*

Thc subtangcnt , ...;—-— (see page 21

g-—a: +(z’-—x) (1+l.x)x

. AT
,mdy’._:v-—mlm)x.

31" o
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The reader will find no great diffculty in applvi
these faxms in the s8lutiof om Prohlemg . pplymgf

" «Todrawa stragght Line from a given Point touch-

ing @ given Curve ; ' ‘e
o draw a Curve of a given nature passing through
a given Point, and tmkz'u,g: given Curoe. 8

(3). We ndw proceed to determine the asymiptotes (if.
any) of a curve (f:ﬁned by parallel ordinates; a gubject

of considerable importance, although entirely overlooked
by our author. :

Let CD E be an' asymptote, or tangent at an infinite
‘distance, to the curve A M V., ' '

A 3 ¥

" Also let M'T be a tangent at the point M, and draw
A B, P D, at right angles, to CF ; andyput A P=gz,
PM=y. *

- ¢
PT =3-;,~, and AP =',.¢""

AT =‘Z; -z whwh ="A C when « is infinite.

Also% = "tam; 'MT’P’ (see page 807) yh}ch.= )

tan. ACB ;.: :%%, when z lsmﬁmte
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Hence by making » infinite in the values,’deduced
from the equation of the curve, of ¢

yx
—— e 1’
. 'j . z' S0NPsBERe (c)
X
and% X (‘% — z-)ory-. ..g

we get A C and A B, which arc sufficient,to determine
the position of the asymptote.

To fihd all the asymptotes we must treat the equa-
tions () in a similar manner for the infinite value of y.

If AC and BC be both finite, CB being joined
and produced indefinitely, will be the asymptote re-

uired.
1 If A C be infinite and A B finite, C E Leing drawn
through B at right angles to A B, or parallel to A F,
will be the asymptote. .
s If AC be finite, and A B infinite, the asymptote
will pass through C at right angles to CF.

If AC and A B be both infinite, the curve will

have no asyaiptote.
If AC and AB both = 0, the asymptote passes

through A, and its direction is found by ‘% = tan, 8
(see page 307).

lf&tgzozl)and AB be infinite, it coincides with AB.
IfFAChe infmitc, and A C = 0, it coincides with
AC.

Ex. 1. Let the Curve be the common Hyperbola,

bz
whose Equation is y* = — . (%z + x%).

Qax 4 x* °
e (page 58y
ax

and.-.AT:PT- a:::m

ThcnPT =

818
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. Henet C is the genteg of the hyperbols.
C. xy br
€ AG m9.!/""'§' = ‘/%M"’ x° Ty
bxe ‘

. ¢

~.‘.-_Ahz m"=ib. . )
Hente, drawing A B, AB’ = + 5, on different sides

of C A, and joning C B, &c. we get the position of the
asymptotes, the same as by the orglcnary methods of zeo-
metry.

Ex. 8 Let the Equation of the Curve be
! Y =~ 23 = axy.
Then it ¢ill he found that
AT = 3y* — 82% — Raumy

9x* +ay
. -
T Sxtday ,
ay  ay . .
and .. AC = Bt = 3, (¥ being finite).

Now, to separate the variables, put %% = u (which

will apply in similar cases). Hlenee y = Szu, and
substituting in the original equation, &c., we get

3
| Qi’,“"'-u-&:(),'
and's, being finite, may be omittod when x is infinitc.
o oo 2N = @
Cwn=g
v Heee AC='g"
" .’ o0 a. aﬂ
ag _ ey . ay y
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AB‘-?‘—’—"}‘Z- =‘ % x.'%"'

¢

¥ _xc=Z.
L ~AC=7-

Taking, therefore; A B = AC = %, and joining B,

&c. we shall get the asyroptote required. b "
Other curves having asymptotes arc, the Cissoid.
(= =), Conchoid (a+#) - @ = 2)=y, the

a—T

Vo= ‘
Witch (y = &__“.’f_.__’i) - Also the curves whosc
x
cquations are pP=ar?+7 and azé—by* +cxy=0.
'S L
Another method of determining asymptotes, is by
finding from the equation of the tangent - ¢

A g ’

§-y=7 (2= 1)
for what values of x its ordinates become tnfinite.

Ex. In the Cissoid we have (page 311)

P = __‘,_..‘{.‘7:-—- (30.—':25.1"— ax)
. (a--a:)% °

which becoming infinite, when z=a, coincides with the

tangent, or is an asywptote.
ther applications will readily suggest themsclves.

(4) Given the Equatioh between the Radius Vectors

(), and the Angle deswribed (9), of«a Curve, to draw<
angent at any Point of it. '

" Let S P be any-position of the radius vector of the

curve A B whosc pole 18 S, Also let S T be dravn ttt ‘

gight angles to S P, neeting the tangent PR in'T,

«. 815
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and with S as center, and radius = 1, deseribe the
circle A p cutting the curve in A and S P in ?

Then, since the point P has two motions, one in the
direction S P, and the other perpendicular to it, arisin
from the angular motion of S P, 1f the indefinitely smnﬁ
space P R, uniformly described and measuring the velo-
city of P in the curve, be resolved into P Q, Q R per-
pendicular and parallel t» § P respectively, P Q, &lrl
will represent the velocities of P in those directions, or
the fluxions of a circle whose radius is S P, and of SP.

. .Thenpg:b',andweha'chQ=-§§§-qu=‘(0'.
Also QR :PQ::SP: ST, waence the subtangent

sT=1
4
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Ex 1. Todraw a Tangent to a Curve whose Equa-
tion tz ¢ 0 .

f .
b= p
¢ 9 ™! ) nyt
T T e

-1, w1 L]
Take, therefore, § T = “— and join T P: TP wil
be the tangent required.
When n=1, the curve is the Spiral of Archimedes.
When n= =1, it is the Reciprocal Spiral.
When n= =2, it is Cote’s Lituus.

L}

Ex. 2. In the Involute of a Circle

. /Pz P

b =p

o
Hence, subtan, = __0_ =
ap

Ex. 3. (n the Conchoid

o b, —

T =) V-2t a=l
i byt

b = V=2 ta—p

Other examples are the Conig Sections referred to the
Joeus, a circle whose pole is in the circumference, and

1
the curves whose equations are, § = Y

% = ¢
f=a- 0=+ b+ g + &
.

In this place we might dilate upon the eonditions of

contact, &c. of any two curves referred to the same pole,
and deduce conclusions similar to those for curves
referred to an axis; but matter of greater importance
claims our attention.

817
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i

g)é. Jo find the Asymptotes of Curves referred to
a [ .

20"
. Compute the subtnngcmt'-;r for the infinitc value of

¢> and find the corresponding valuc of 6. Draw<a per-
;;endicular to that radius voctor which passes through
the extremity of this value of 8, and measure upon it
the value of the subtangent. Then the ndicular
at the extrenity of this subtangent will be the asyrop-
tote required. -

If when ¢ s infinite, 9 is finite, or = 0, the curve
admits an asymptote.

If when p 1s infinite, 6 is infinite, there is no asymp-
tote.
If when { is infinitc, ¢ is finite, the curve admits a
circular asymptote, the radius of the circle being that
finite value of ;.
¢ ‘
-

Then, since 6 i not infinite when 5 is, the eurve
admits an asymptote, and the subtangent

ST = _—:;gu_' = 0
P

when ¢ is infinite, for all values of n except 1, and
6 then = 0.

Whenn = 1, ST=—a.

Hence, supposing & to
begin at A, the  infinite
value of ¢ will pass through

A, and ST, perpendicular
mSP,beingput‘—).:cna, then /’A\

T D, perpendicular to S T,
Yill be the asymptofe.

This is the Reciprocal T
Spiral Q)———-—« T

S «

Ex.‘l. Let ¢ =

P Zub

-




Lotn=2 "
" Then ST = 0, and the on
being ot A, § =0, and the

. asymptote coincides with S P.
“This is the Lituus.

‘When 2 is any number greater
than 2,,S I is still the asymp-
tote. -

Ex. 2. In the Conchoid, the equation is
secant 8 = p — G
4
and . ST = b
(r—9) V¢ =20+ a*=b*
= b, when ; is infinite.

1 ]

and since sec. § = @, when p = ®
0 = 90°.
D

Hence, if T pe the
begginning of b, TAa
uadrant, and ST=bd,
the ndicular T D
will be the asymptote.
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El.é. Letés—-‘g—_-::.“

Va—¢
¥
P

When 0 = 0,y = a.

Also ; cannot exceed ¢, because then ¢ would be
imaginary.

. a circle whose radius is@ is an asymptot= to the spiral.

. Also p makes an infinite number of ryvolutions before
it terminates in the ccnter. For whenp =0, § = .

i
X 40 L e b1 .
Bt Let= e
¢ Then, since p must aleays be greater than a, and
“yet may approach jt ncarer than by any assignable dif-
¥emnce, e circle ab described with the center S and
radius == @ will be an asymptote to the spiral.
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- JSECT. IV. Simpson, in this soction,  havig
. omitted to treal of Bpirals and ihose curves which are
referred to ascentet or pole, we shall endeavour to sup~

A .
———— \\ .
‘2\\\ ~ N ;‘
NN
\ \
5\
W
JEE— B o
) &} g
\ )/
NN y/4
>~ 2l
e e
/ v

Again, @ subtangom
o 3

gf T e -
ST = ——— oz =1, when p=00 -

L (p? o= i)
And 0 then = V. S
Tence, Abemgnhc- be rinniug of 4, and ST = 1’.;TD.
perpendicular to ST, will boan axymprote t0 tt);evcurvfs;
—

“

pb' she defect. See page 83.
wydL. L . ¢

..

b
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f

o lﬂiyﬂx‘ ,

“g&:’a dumd;& Points qf mm;y Flmn

Let C be the poiut of contrary flexure. Then sup-

P C convex towards S, and CP'S concave, it is
mdeut that the icular upon the tangent Sy
increases from P to C, and afterwards decreases. At C

therefore theperpendmﬂnus maximum, and its
fluxion = 0.

Let 8 Yy = p.
Now from similar triangles (fig. page 316)

Sy:Py.: PQ:QR,
or retaining our former notation,

piVr—pipx by
B YT LT v""

=
P ;f +c‘0‘ ;7 A

,mﬂ%g&aﬂ&uiﬁumﬂnmwmm that & 1
eonstant, we obtaia

‘g; *%& - "’gg"

=
) | N ¢
’ G+ )
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But at the point of bﬁn&ary,ﬂexu;e 7 =0; bewe
en

T
P©2 r"
92.— ee.—'. ."A.“(f)

18 the equation of condition for & point of ommvy

flexure. ‘
Ex. 1  Required the Points of contrary Flexurevn
1

the Curve whose Equation s 6= r
] no N3
’.=z-— P'“,”?— = )
3 s+l &y
Hao o= = = 5 X ¢
n+l
= "2 ﬂ"”-H
Therefore, by substitution n equation (f) we get
i O R
o g W ¢

i

2

| ]

Heace ¢ = (n.-l) ....... verrs (8):
1 Vn—-l

ad b= 5 =
4 T
If n be negative, these umons are impossible, o1

the spiral has no ts of inflexi
Ifnnl,;umlg;ube, andcamhunomﬂem

u'n==9,p—-‘ﬂ- i Ve
, 1
; »ﬁaﬂdo =k 2
f Mﬂmvﬁuuafnmggwepmn@&gﬂwom
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Ex. 2° In the C considered as a Sprral,
sequiréd the Pointa :y"a‘n exion. Sper

* Here sec. § 2= ¢ ~ a.

> By *
v op TR0

L3

—a
Hm%f o~ !'z:;‘". y/,‘-—-ﬂa,.*.a:..b.

-

—— -
§; = -"-3;— X (22— 4ap + 2% =b%)

and subgtituting in (f) we find, after the requisite re-
ductions, that

b —6af —b* Q' —8H +da
+ g+

3 = p+a. (bt—a?)=0,

¢

the solution of which will give the values of p corres-
ponding to the points of inflexion required. .

Tn this place, if our limits would permit, we might
give an exposition of the theory of singular points

ueral ; as of Mudtiple Poinis, Points of Undulation,

onjugate Points, Points of Double Undulation, &c. &c.
On this subject the reader may consult, with great
advantage, Cramer, Introduction a I' Analyse des Lignes
Courbes, and A4 Colliction of Eramples of the Applia-
tions of the l;iﬂ'crential and Integral Calculus. Ig)y G.
Peacock, A. M. &c. {

SECT. V  The theory of Contact_and Osculation
is better explained as follows.

Let two curves whose equations are y = f (1),
§ =F(7), (xand 2’ being measurcd from the same
point, aud alang the samc Tine), touch one another,

Then (page 307) ,
=y m&lgw‘g
Also, if we suppose » and # fo incresse by the quantity

i
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h, and the corresponding increments of y, y' ® be k, &
respectively, Taylut%?ﬁm’will g"nna‘st,x’sx'y v

Iy By B
=5+ 12 Y% Tag T

R S AN L
wdb =ty Ta vy Tas to
and .-, the distance between the curves
1IN AT A L
b—F= (I -L)is (L - L)ygree
measured along the ordmate corresponding to the
abscissa 2 + & ; or the deflection from the tangent, is the

less in proportion, as there are more of the equations
« .y

y _ ¥

x 2/

Y Y B o - (g)

v =T

&e, = &e.
that 15, the contact is so much the more intimate. Tt 1s
said to be of the first, second, third, Ke. orders, accord-
mgi as one, two, three, &c. of these equations obtain.
Ience we reduce the whole theory of Qsculation to the
solution of the fallowing problem. ’

Gwen the nhture of « Surge to find s dimensions
(i ¢. tts indeterminate Constants) so that it may touch e

twen Curve in a given Point more wntimately than any
other of the same knd.

(1) Leta, 3 be the co-ordinates of the tangent
curve, and first, let it be a staaight line, Ve
v ° ’ L[]
Then, since‘gﬂ;- 1» cungdtant, and ;{; s -;:y,—;, &e. all

»

vanish, and ;:é, :g;, &c. do not vanish, except when
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(3,.9) is also a straight Line, only one of the equations
. (g) cbtain,
Hence one strasght line connot touck a ctrve more
’ Elosely than another.

When (z, y) and (2, 3) are both straight linek, then
o e e & éqyuztim obtain, and the kines
actually coincide.

(2). Let @, ¥) be a cixcle whose general equation is
@ =)+ y—Oy=R W
R being the radivs, and («, £) the co-ordmates of its
;entet referred to she line of abscissa of the piven curve
% 9)

Then(.r‘-—:)-}-(g-ﬁ). 'Z, =
y-lg yl ......... . (II)
and 3 4 7t (§-8). 5 =0

Hence obtaining § — B and 2’ — 2, and substituting
them in the given equation, we get

L asE
o B Taol..mu )

which completely determines the radius of the girole
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which touches the curve (r,y) more intimasely than
any other ; because no other Yircle %ill require morc of
the equations (g) to obtain. .

This is a oontaet of the second order.

The circles of stmple contact ave innumersble; for,
from the uquation“:;? the circle, the first of (%), snd

the conditions of simple contact ;;.:= %, y= 9, we
readily obtain

y
R':{'; R

& =x -—-----—;, sndB::y—v -—-——-js,
y r.
V1L Vit
whcnoeR:(asmz)\/l-}%z '
Yy
. Teesanasesen ()
orR-.—:(y—-B)\/li-‘g-zs .

which, sunce « and B are aindeterminate, must have -
munerable values,

Lguating these values of R, we get
Bmy= =2 (sa—2)...... l
K’ J ) (1)

which denotes thet the locus of the pdints whose co-or-
dinates are (=,9), or the centers of the circles of sumple
contact, is the normal of #he given eurve at the pomt
of contact.

Proceeding 28 above, we might detetniine the degrees
of oontact of other carves. We should find that the
ellipse, having four constants in its general equation,

has three orders of contacty and in genersl, that an e

ospulating curve having (24 1) constants in its gen
ﬂuauon, can only be determined in dits dimensigns by »

the cquations {g) vbtaining, and therefore, that.is is
‘suscepsible of a contact of the v onder. This we must
leave to the reader. '

27
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Gmetmbave%gteea to adopt the circle, fromaits
regularity of curvature afid general simplicity, as the
measure of curvature of other curves; and that circle
Which touches a curve most intimately at any point, is
called the cirele of curvature, and its radius, the 2adius
of curvature of that point.

Qo+ &)

Honee B = ..7‘..... e (M)
It

the radwus of curvature [p 72 ]

i 1
In the above expression a 1s canstant, but, s being the
arc corresponding to 1, y,

3

——
—

L3

» and making & vary, we have
LANES
¥

(;'_?)-Vi-*&:]
T K

;3
LR e (n)lp 4]

which is the complete expression for R,

(3) The above method will apply rsith the same
suecess in Polar Curves. ‘Woprefer, however, deducing
the expression for & in tlus case, as follows:

1f ; be the radius 1ector of a curve and 8 its inclina-
tion to the line along which x would be rocasured,
we have , i

cbprntmmaedinsre
. e=VE Ly o
¢ xmp.cos.Pandy o). sin. 0
and from the oquation of the circle of curyaturc, and
the conditions of contact [p. $6] we get, by substitution,
(’ £08, 9"‘\"“)': 4 {P ﬂ‘ﬂ. o“:ﬁ)cvg Rg EYTI\A Y (p)
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and taking the fluxions twice with regard te p and 4,
we get

'(,.cas.gp-.) (i‘-m 8=p sin. 8) + (p 2tn. 0—B) R

({an 9+pcos 8) =0, and( cos. b — p sin. By

+ (p cos. 8—a) x (—g—; c0s. 6 — 2 -g- stn.29—p cos. B) +

(%.—m'n. 8 + pcos. B) + (p sin. 6 — B) . (0-; stn. 6 4
2 ;— c0s. b=p sin. 8)=0; whence obtaining p sin. 6~ 8,

and ¢ cos. § — a, and substituting thenf in equation
(p) we finally obtain

R: I T T PR RS sesasrensa 1
,4_,.21:.._, [ IQ)
] '

(+.) The evolule 1s evidently the locus of the centers
of thc circles of curvature for the different points of the
given curve. Tts co-ordinates arc therefore  and 8, and

its cquation wikk ho determined very easily by substi-

)
suting for y, Z » & dedysed from the cquation of the
curve in terms of x, in the cquations of contact [sce A].

E—a) +(y—B.: ﬁ
2 cirireernnes (1)
and1+y +(y=-8.5£=0
and thence climinating 2.

We shall thus obtain the relation between « and
or the equation of the evolute.
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The evplute of every algebmrical curve, bei i n
length,y to the R&e&?& of the radi qf’ curouctlguzc“ core
responding to'its eatremities, is always rectifiable.

.

‘We have not much room for examples in this theory.
Tske the following :

. Ex.1. Let the curve be the rectangular hyperbola
referréd to its asymptotes, or 2 y = a*.
Then we readily find

.._.x’ at 3
B= el 1+ ;;).

and from equations (r) and that of the curve

Sx at Sat x?
a= gt g wd A= oo+ -

Hence, to eliminate v, we should have, by the usual
methody to solve an equation of the third degree. An
artifice, however, will simphfy the matter.

. a x al a {Sa x?
Sinee a =5 x ‘33“*'9)’““-'5'(*;*;?)

i .
2 2 y ¥ ¥
4Hm.;=(~;°)o{(¥k+ﬂ)h*(.—3) ?
) ¥
1

-~

2x a .
d - ) X
B (2) G +8+ -0
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' \

2 k] -

wi 7. (%) = e+ ' = e =B, e’ oquaton
to the coolute. .

Ex, 2 In the ellipse (4 = i’-.: . & — 2%), we shall

find \

© (a’-a"—.be *

a?
R= 2 :

and the equation to the evolute,
(@a.af + .8 = (& - )3,

Ex. 8. In the Trisectrix the equatc:ou is p= 2
Jos. 6+ 15 and we casily find by equation (g)ethat

R=(_§j~_4’cos.9)j *
9 + 6 cos. 0

SECT. VI.—Ths Section, treating of the fluents
of algebrarc functions only, is imperfect ; in investigating
the arcas, &c. of all sorts of curves, we may have occa-
sion to find the Hugku also of eaponential, iogarithmic,

wd circylar fgﬁ&iona. .

(1) Tofind the ﬂuemff a 5.
Let a* =«
Then & = a*i.l a [p. 2T7.]

' . u _ a .
..fa'x_.-:—;-z-!»c.. m-!-c,cbemgsupposed d.le..

l
constant which vanished by taking the fluxion, and de-
noting the flucnt of the quantity which tely

follows it,

S31
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rcqu:red qu.i, where U is any
lon o a'.._u, wlwtcvcr
‘Sm:iz

ut.a as above, we have

.
J U = f%, which is reduced to an algebraie form

) To ﬁnd the fluent of x.a*s, whick i partly
algebraic and partly exponential.
Since (vuw) = dw + @
and .. Séw = vw — fiv, we have
. ) a* ..oat xa* a*
fa'mx.z:r..mxx-—jar-‘-z:-l—-.-—--—m-—-
the tluent required.

And ‘gener al{y, rcquzrerl the fluent of X a'd, where,
X is any algebraic function of x.

Let X, = f-Y,
i
x =X
[+ %
&e. = &e.

Then since fX x a% = X—— T fXa’x==
o X - 3—- J X, a*d, if the process be continued we
a

shall obtain

$e

. _Xe Xy X
A fXa'a...——-—la' m)-;*}'([)'?-&.
a na™t . (n-l)...ﬁ.lg
™ "a. —— L I bt e
“&S0E=y {“'4«'* "y
when » is an integer. :
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This method will always reduce djyoct powers of zor
its functions, ¢ ¢
‘When the powers are inverse or in the denominatos,
we myst make .
' X, = fXx
X, = fX,d
&ec. = &c. and »
5/2?::’ x ¢ =2Xa—1lfX i a
continued, will give
fAixa' = X, a* — la Xya* + (la)*. X,¢a = &c.

[ r f('l'i' ——q* 1 — l' a
E ) T T =) e () (R)
(. oy~ [t

C 1S g s s e mie——— ———.

(n=1)...2.1J) 2"
(3 To find the fuent of £1. a

Sinee (1) = E [p. 277.]

. R\
S& x I.r::ah—-f._ N
X

e — T + €,
and gcnﬂ'a.lry,‘rc uired O fluent of & f. (1. x) . where
J denotes an algebraic fup@tion.

Letlr = u
Then x = ¢
and © = u ¢ [p, V7]
Henee faf.(Iz) = fo'uf(u) which may bee
found by the general process explained in she preceding

article.

(4.) To find the fluent of X &1, x, where X ts any
Algebraic Function of x.

388
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Hmf}a.hswm-f{-;- foig
whtich will be algebraic if /X% come out in that form.
Ex. 1. Let X = 2

' i

1
Then f.!'..il.t = mlx-— I:&"ﬁ_-:’% X
(r—-1) +C. .
And generally, to find the Fluent of Xi(l. x)%
Let X, = S X*¢
Xy = [Xa
. &e. = &c

Then, by continumg the above process, we shall get

JXi{le ) = X, ()= nX (lay~-'4n (n=1) x
X, (lr)~*— &e. ‘

X

(5.) Tofind the Fluent of m—j;
(X
a

(X, 1')'

Let X, =

X, =

&e = Gﬁi
Xi £
Then f@-): = fXr x — (i)
=a-np— T -
' Xu Xa&

=e-nar TJe-n @’
m%:aﬁ
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Hence, by continving the process, we obtain
Xz —-Xz, Xz y
Gy = G=D@r ~ G-D. 6@y "
&c., censtantly diminishing the negative index of lz'

It is worthy of remark, that the general form - X
J- (Ix) being = (/x)" x f. (Ir), may be always mtegrated

L]
i

(6.) To find the fuent of & sin. T, & tan. T, & s€C. %,
and & vers. x.

First % sin, 2= f—(cos. x)’ (sec page 279).

€= SN 3 F Covvacrenenencnn ®)
% stn. a — (cos. x)
Again fEtan. o= y7mm— = \————
gain fa tan. v P
= = l.(cvs. x) + ¢
sin. x >
s fitan, pe= fH,—— = | = - T+ €L
Sitan. x fxcosx — . cos. 2+ c...(c)

Hencc]'a&coﬁx:mz.(%—x).—_- —f(;— —
z) tan. (;— - ) = 1. cos. (?— -—1) 4 c=r.(sin.1) +¢

-~ S cot. z‘-—-jac . -—f—--——l st T+C o (d).
L)

sin.x ym.x
. tcos.x (" (sin.af
Again [ sec. p5= vy x" wos. iz ) 1—snix

j‘%(cmx) J'*(smx) =LVT Fema

145t 3




LN
5

m}apm
a‘v?' I=d s + co= 1. V 1+m:. Tt =-:.“:.‘f;“

—t. &
l.'m(ﬁﬁd--;) + ¢

. s f \r
Y f*‘mn o= fmzl‘ tan, (“‘!" ‘é) + C..-.m(c) o

a 1 L.

Hmeefroom..rr. T L, tan. ' + L...mO}:.
Finally fiovew. = fi. (1 —cos 1) = Jv —
SECOH X ==L~ o T+ Courr vavean cvevrans ()

Hence fx coversed sin. 2= [x wers. (g— —-T) = -

L 4 . L 2 - . ' 4
JG=wm (F-n=-F+1rmnl(f

(7-) Tofind the Fluent of i stn.*x x cos, "z = F,
First let us reduec .
By the form fdw=1vw — fwr, we have
F= [ sin, x . cos."x x sin."2
n—1

1
o -~~:-’_—i- .co8, "Y'r X sin ""z+ m X

J% cos. "tix , ein, .
But eon, "2 sin, "r=cus "z #in. "z x (1—sin. )
=008, "T 88, “m = cos. "x #iN. "X,

mtn 1 b ot
~—-—-1-F....... 1 €08, rm"‘x+ﬁ

: i e [ 008, ™% . aV0, "B, OF J
1 —
¢ LY foned, v
F..wm“m. T g, #+-~v-|nx

f‘ M- 'w m T‘% wpesshosrpaeadadenisovoires (k}
in wheich » che inlex of s, » i reduced by two.
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Again to reduce m we have
. [ ]
F = ficos. r.sin."r x cos. "2

1 . .
= — — sin. "' cos. " 4 [ & sin "t %
A+l

n 4

[ ]
cos. "1, and reducing as before, we obtain

. . s
st "o a0 om-1
P o= + J A siw "2 cos. "
m -+ n m-

P SN ¢ ¥
which reduces the indes m by £.

Continuing these reductions we shall at length arrice
at the stmplest form of the fluent, When m and # are
integers, our last foom will be one of the fras in the
preceding number

. . AT . s
o« 8 T6 find the fluent of " —en -~ I

Tocen "1
¢ -
To reduce n, we have
F o= fvoan vocon "0 soain T,
and proceeding as hefore, we get .
1 sin " - Y Pyane ™y
P — . — —.—--’(.-———-—- .,...(m)
n= N 1 n ", O T

wieh red Mu.
To reduee 2 we have
) = [¥e¢
and we easily obram

1 an. e n—m42 Uiy .
S e e (0

ens' 2

SRTU X eos Ty,

-
s —

Tm=1" en." " n—To .
which reduces m hy twn

Repeating these operations, the fluent may be re-
duced to its most simple form: and when m, » are mn-
tegers it is reducible to some one of these in No. 6.

- . o - a
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y . 2 s "x
Henrce we may Mnd the fluent of % tan. "r= R
€08, "%
* EY
of & sec."r 2= - , and therefore of & cot. "z, and of
cos. K
x cosec. "a. '

€

(9.) To fitd the fluent of ——>

sin. "x. cos"v

°

The process required for rcduunb m and n here, does
not differ from that delivered in No. 9 for reducing m.

(10.) 7 fnd the fluent of 3 sin.~"a, 1 ten.”
x sec, "'y and < 1ers. —T1, where an. "'r, & dmom
the arc whose stne s 1 to rad.=1 &e

¥ N " «
Fqut, Jx s, T'a = x vin. e — fr (st ) =

TWn, "'x — ( (see page 270, line 8) =

1/1-—-.1
Tosin™'z = VI 10+ e vvnneniinnnnl0)
. , - - ax
Agamn, (4 tan."'r = Tilan. T8 - S ( see

. rremyy

p- 279, No. §)=x tan. x"'] . L. (1 +11y Menn(p)

-

. »

XX
Again, fiscc.”r =2 a;}?"'"* - ———,.._____i (sce
v xt —

X

P 280) = x sec. 7'x -~ ft/.z*-—l . But t/.;‘-r:l:

* (-

\/xl- 1 (x+\/1‘—-1)
x+1/z"--.-1 +t/a.~-1
e f& m.-’rz” m:"x Landd l.(x + Vctz Laud l) eve (q)
b ! 8




At_mxblx.

Again, /3 vers. "= vers. "'z g [ . (sers. ')’
Tet vers. 8 = r =1~ c0s. 6, ~. &= 0 sfh. 6=
FV1 — cos.%0 = 0V — 2%, - 6 = (vers."2)'%

2 .

V—r
. v hé 0
o -1 -t o ax
Hence [ & wvers. ~'z = & vers, 7 = | ===y
J V-
L d 3 . . . X
Irx X X :
alldf’—“j":::':,._—' == - e e —— e
Viar=uq: J YRy -2 VS VEx—it
— V00 Zrt o vers. e
< we finally obtain .
Sivers. x=(1—1) vers. "'x+ V2r—ritc...... (r)

Ifence there will be no difficelty in gettng the
Quents of & cos. ~'r, € col. ~'a, ¥ cosec. ~'x, and

acopers. d. .

(1) 7o find the fluent of X < 2", where X s any
function of v, and = the are, whese sing, or cosiue, or
tangent &c. = r.

Lot == = I a funcuien of 1.

X
7

SPX 3 =\
IPX = X
&e. = &c.

Then f X1 = A" — o/ X P32, and repeating
the elmmtion, we got )
SXir=Xg—nXg " +n. (=1 X" ~&e......(5)

Having thus laid down the general prineiples of the

subject, the reader is enabled to supply the detail
himself,
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SECT VIL —Ex. }. 7o find the ared of the

« logarithmic curve, whose equation s

Yy o= o

Syi = fa'N = ;‘; + ¢ (sce p, 381.)

‘ 1
Let @ = 0y then the aren = 0, and ¢ = —

is. . In the sinvoid whvse equation is y = sin. x
we have

1

Fys = /¥ sim 3 e= ¢ — cos. 2 (see p. 333)

. == 1 — cos. 1.

Fo ot

equation 1

»

In the conclotd reforved to pule th
-

o o sec. 8
p=hscedra S, = T, ab§ sec.
» *

i
g 1

a8 b ey
4 r—;—z o tan. 8 + ab. I, tun., (»ﬁ,u. + -5:-,}4" o .
q:»—o‘.
f T
o3 R
Let the area = O when 6= 0.

Se L
Thea ¢ = . F abl. (B). b

Ve (see pp. 188, 185.)

6
“PJ LY e bl - Ud-—:gz + 2
‘w Pé*z"g an. 3-r 4ot . . 3 g - '
ta ' ¢ B

. LU SECT. VIIL—In this Section, which treats of the
I yeetification of curves, we may add the fluxional ex:
" pression for the arc of a curve, as defined by a reduc
scetdr and the angle al the polge.

fle ang P

v

[ T
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In figure page 157, if Rm denote the fluxion of the
curve AR or 3, tbenmr_(CR}...p, and Nz =
(BN)=¢. LetCB=1.

cr

Hence ¢ = V'mri -+ Bri = t/p“ + p*0%..... ,...(aj

‘which is another expression for the fluxion of an arc.

Ex. Let =" be the equation of the curvc.

Then : = p V1 + n?p™,
whose fluent cannot be found generally except by
approximation. .

When n.=1 or the curve is the spiral of drchimedes,

z= L V1 +¢
Letp . V1 +pt=u ’

"Then & = QFV] +pt — 1/{_-}-_(;‘
= M/l +p* J
Vity
s LG VITR 4o (e
p. 140.) :
Let the arc = 0, when § = 0; thence ¢ = 0,
vand s = .’—‘/1+P + 1.0 (wk VTH5) (see p. 164)

When # = — 1, or the curve is the reciprocal spirat

z::_“%'.vfl + ¢
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Ifut“/i + 3%

Then & = f_’_._*:: F__.__. 2 1 -1
¢ A0iEn u Vitg Vitp x (7 + )
/

='%' VIF§ — —t= ....__

‘ ¢ v +p°
Hence z = V1 + 5% + m——,—::.
J V14
) Vitp-1
But J"‘—'L'—"‘ = 3, —==— (5ce 14} h
Vire ¢ ‘/1+ig+](see , where
Simpson might have shown in the same way, that
Oy 4+ x'—
A PR RS
vV a* + x? Va+aita

Hence, and taking the correction on the supposition
that the arc vanishes when ¢ does, we get

= VIt +l ==l 1
T Vit +1

SECT. IX and X.—Jf a solid be generated by
the double motion of a curve whose plunc is constantly
perpendicular to that of a rien LwrTPe~cue e the
direction of 1its own line of_ .bscissa, and the other in
that of the given curve, 50 that the intersections of the
curves may be their common m%?tém, its solid content
s thus obtained :

Let AN=r,PN=y A'N = 7.

 Hence, since [yi' == the arca of P A’p, the sohd
centent of P A p A’ will be expressed by :

S = fif2s = 2ffyi.
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B
. r
[}
ﬁ .
A TN 0
A
“
S\ .
,l
N‘\ C

Ex. fet BAC be a semicarcle whose radiuseBO s r,
and P A’ p a triangle, whose equation is y = ax’.

—o (Yoot '
Here § = N‘/xfa ...Qfxga + fex =

ra—x’ ret al
2 [ L—~-) + ek = — — —
a 8a

2a
area B i\;: Z Ogzhen y =0
sec=0; and the suﬁ&—.;O, when =0, ... ¢=0.

4+ cx+c¢’. But the

rxd 3y
Hence § = — e = -—, when x = 7,
a 3a 3a

W w2

re
= X P =
a

il

EIR S

the triangular base x

‘altitude. ot

Other examples will .cadily suggest themselves.

The expression for surfaces so generated, will evi-
dently be s = /% ./, z and 2 being the ares of the
curves. ’
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we might now jm)cf‘od to the disenssion of curves, |
* curve surfuces, aud solids, in’ generdl, as. reforred to |
‘rthree. rectangular co-ordinaics, that is, dny "how .dis-
* pleed in space ;  but it would greatly exceeg the limits
‘of this work. The reader will find all the infornation
"%ﬁm intricate subject, he gan desire, iy the works of
o Monge.

4
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